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42 deep instances – 6 provide proofs, 3 redundant



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic

dli



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic

dli

Lazy: not a disjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic

dli

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic

dli

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

MLS - Multiplicative Linear Logic

dli

U and R have common atoms -
they can interact 

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

dli

U and R have common atoms -
they can interact 

Example: 

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

dli

U and R have common atoms -
they can interact 

Example: 

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

dli

Lazy: not a disjunction Deep: not a conjunction 

U and R have common atoms -
they can interact 

Example: 



Reducing Non-determinism in Deep Inference

Non-determinism is mainly due to context management.

dli

U and R have common atoms -
they can interact 

Example: 

Lazy: not a disjunction Deep: not a conjunction 



Reducing Non-determinism in Deep Inference

Theorem: MLSdlis is complete for Multiplicative Linear Logic.

MLS       - Multiplicative Linear Logic

dli 

dlis with deep lazy interaction switch



Reducing Non-determinism in Deep Inference

Theorem: MLSdlis is complete for Multiplicative Linear Logic.

Theorem: The cut rule is admissible for MLSdlis.

MLS       - Multiplicative Linear Logic

dli 

dlis with deep lazy interaction switch



Reducing Non-determinism in Deep Inference

Theorem: MLSdlis is complete for Multiplicative Linear Logic.
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Also, for 6 other systems 
intermediate between MLS 
and MLSdli. 

with deep lazy interaction switch



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

ELSu - Multiplicative Exponential Linear Logic



Multiplicative Exponential Linear Logic

ELSu - Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.



Multiplicative Exponential Linear Logic

ELSu - Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.



Multiplicative Exponential Linear Logic

ELSu - Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

Can we reduce nondeterminism in proof search in MELL?



Multiplicative Exponential Linear Logic

ELSu

extends MLS with the rules for exponentials.



Multiplicative Exponential Linear Logic

ELSu

extends MLS with the rules for exponentials.

dli

U and R have common atoms -
they can interact 

Lazy: Not a disjunction Deep: Not a conjunction 



Multiplicative Exponential Linear Logic

ELS

extends MLS with the rules for exponentials.

dli

dli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli

ELSdli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli

i

R and T have common atoms -
they can interact 

ELSdli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli i

ELSdli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli i

ELSdli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli i

i

R and T have common atoms -
they can interact 

ELSdli



Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.

dli i

i

R and T have common atoms -
they can interact 

ELSdlip

i



Multiplicative Exponential Linear Logic

The interaction condition preserves completeness for MELL.

Theorem: ELSdlip is complete for MELL. 

dli i

ELSdlip

i



The interaction condition preserves completeness for MELL.

Theorem: ELSdlip is complete for MELL. 

dli i

ELSdlip

i

That is, ELSdlip and ELS prove the same formulae,

and so do 14 other systems intermediate between ELS and ELSdlip. 

Multiplicative Exponential Linear Logic
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Conclusions

Systems with deep inference bring about shorter proofs

but also greater nondeterminism in proof search.

With a purely proof theoretical technique, this nondeterminism 

can be reduced, also for MELL, without sacrificing theoretical hygiene. 

The systems can implemented as term rewriting systems, and 

orthogonal techniques, e.g., focusing, concurrency, heuristics,

can be used together: theorem provers are under development. 

Modal Logics with deep inference should benefit from this techniques.

Next milestone: prioritizing the rule instances in a clean manner.

The results on MELL are of independent theoretical interest.


