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Deep Inference

Proofs are sequences of inference rule instances.
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Deep Inference provides shorter proofs

There are classes of formulae with exponential size sequent
calculus proofs and polynomial size deep inference proofs.

An improvement of few steps can determine the search success.
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Non-determinism is mainly due to context management.
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Reducing Non-determinism In Deep Inference

Theorem: MLSdIlis is complete for Multiplicative Linear Logic.

Theorem: The cut rule i1s admissible for MLSdIis.
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Multiplicative Exponential Linear Logic

extends MLS with the rules for exponentials.
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Multiplicative Exponential Linear Logic
extends MLS with the rules for exponentials.

can we reduce nondeterminism in proof search in MELL?
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Multiplicative Exponential Linear Logic

The interaction condition preserves completeness for MELL.

Theorem: ELSdIip is complete for MELL.
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Multiplicative Exponential Linear Logic

The interaction condition preserves completeness for MELL.

Theorem: ELSdIip is complete for MELL.

That is, ELSdlip and ELS prove the same formulae,

and so do |14 other systems intermediate between ELS and ELSdlip.
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Independence Lemma for ELSdIip
The non-interacting formulae do not interfere with each other.
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Lemma 23 (Splitting for Copar). For any formulae R, T, P,

(i) either |[R>@ P| and T are provable in cELSdIip,
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Lemma 25 (Splitting for Modality 7). For any formulae R and P,

if [7R '8 P] is prova cELSdlip.

PR IT %70, 7% ...7% 7Q]
cELSdeH



Splitting Lemma for ELSdIip - ?

Lemma 25 (Splitting for Modality 7). For any formulae R and P,

1
cELSdeH

cELSdeH
7R P]



Context Reduction for ELSdIip

Lemma 26 (Context reduction).
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Context Reduction for ELSdIip

Lemma 26 (Context reduction).

For any formula R and context S{ }, if S{R} is provable in
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Completeness of ELSdIip

Theorem 27. Systems cELSdlip and cELSdI are equivalent.

Proof.
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Theorem 28 (Cut elimination).

The cut rule is admissible for system ELSdlip.



Reduction in Nondeterminism: Example
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Reduction in Nondeterminism: Example

C ([awbw(a®b)]®@[awbw (a®b)])
dlis — — :
Cle@b)p([awb@[aebe (a®b)])]
dlis — —
Al ol (a®D)®(a®b)® ([a®b] ® |[a®b])]
il L’ Ta®b) s (aob) s (a9 ®asd ® ewe])
il ‘JUQ [(a®b) 2 (a®b)w([awb @[awh @ [ded & [ewe])]
I Tl s aeb) g (avhlelced ®asbl®ded ®cwe)
dlis — — — — —
Hlie (a®0)2 (a®b)2 ([([a2b]@[cwcl®@[awb®@d)®d ® |ewe])]
b¢°b¢'w¢°uL[(a@)b)@(a@b)@([(m@m®C®[a@m®d)?é@ l®[ewe])]
o e 2a®b) e ([([ah]®@c®[awh ®d) wesd ® e el

proof step | 2. 3. 4. 5. : : :
cELSu 41 [ 22 [ 53 | B3 | 28 | 28 | 15 | 15

cELSdlip | 6 | 6 | 6
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Conclusions

Systems with deep inference bring about shorter proofs
but also greater nondeterminism in proof search.

With a purely proof theoretical technigue, this nondeterminism
can be reduced, also for MELL, without sacrificing theoretical hygiene.

The systems can implemented as term rewriting systems, and
orthogonal techniques, e.g., focusing, concurrency, heuristics,

can be used together: theorem provers are under development.
Modal Logics with deep inference should benefit from this techniques.

Next milestone: prioritizing the rule instances in a clean manner.

The results on MELL are of independent theoretical interest.



