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Abstract: Non-conservative numerical operations may alter the propagation of discontinuities in
hyperbolic conservation laws by violating the integral balances underlying the Rankine-Hugoniot
conditions. Among the various sources of non-conservativity encountered in computational fluid
dynamics, mesh-transfer procedures are particularly relevant in moving-mesh, adaptive, and re-
meshing frameworks, where the numerical solution must be repeatedly projected between different
computational grids. In this work, the effect of non-conservative mesh-transfer operations on
shock propagation is investigated. A theoretical framework is developed to relate the conservation
defects introduced during the remapping process to deviations in shock speed. For a nearest-
neighbour transfer operator, it is shown that the artificial displacement of a discontinuity generates
spurious conserved quantities that can be interpreted as localized source terms attached to the
shock. The analysis is first derived for Burgers’ equation and subsequently extended to the
Euler system in terms of mass, momentum, and energy conservation defects. The theoretical
predictions are assessed through a series of finite-volume simulations on moving meshes. In all
test cases considered, the shock-speed deviations observed in the non-conservative solutions are
accurately predicted from the conservation defects introduced by the remapping procedure. The
results demonstrate that incorrect shock propagation is a direct consequence of non-conservation
and provide a quantitative framework for predicting shock-speed errors in the presence of non-
conservative numerical operations.
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1. Introduction

Shock waves are a fundamental feature of nonlinear hyperbolic conservation laws and may emerge
spontaneously from smooth initial data through wave steepening. In compressible CFD, their accurate
resolution is essential, since even small errors in shock speed or position may accumulate over time
and significantly degrade the accuracy of the numerical solution. For systems of conservation laws, the
propagation speed of discontinuities is uniquely determined by the Rankine–Hugoniot jump conditions,
which follow directly from the integral conservation principle. As a consequence, preserving conservation
at the discrete level is essential for obtaining physically correct shock dynamics. This requirement forms
the basis of conservative finite-volume methods, widely used for the simulation of compressible flows
and related nonlinear problems [1].

In practical CFD applications, however, strict conservation may be violated for several reasons. For
example, in several contexts, it may be advantageous to reformulate the governing equations in non-
conservative or primitive-variable form. Such approaches are often motivated by their more direct
access to physically meaningful variables, their potential to simplify the numerical treatment of complex
physical models, their improved conditioning in low-Mach-number regimes [2], and their ability to
facilitate the enforcement of positivity-preserving properties [3]. However, unless special corrective
measures are employed, discretizations based on non-conservative variables do not generally guarantee
the exact preservation of the conserved quantities at the discrete level. Conservation errors may also arise
even when the underlying discretization is formulated in conservative form. A particularly important
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example occurs when the numerical solution is transferred between different computational meshes.
Such transfers arise naturally in adaptive mesh refinement, dynamic mesh adaptation, moving-mesh
methods, re-meshing procedures, overset-grid approaches, and multi-physics simulations involving non-
matching discretizations. The transfer of solution data between meshes is commonly performed through
interpolation or projection operators, whose primary objective is often the preservation of local accuracy.
Unless specifically designed to do so, however, these operators do not necessarily preserve the globally
conserved quantities of the governing equations. Conservative remapping techniques have therefore
been developed to guarantee exact preservation of mass, momentum, and energy across mesh changes
[4]. An alternative strategy consists of performing a non-conservative transfer followed by a corrective
repair step designed to restore the conservation of the transferred quantities [5]. This additional repair
stage, however, comes at the price of increased computational effort. As a consequence, simpler non-
conservative approaches remain attractive because of their algorithmic simplicity and low computational
cost.

The present work investigates the relationship between conservation errors generated during mesh trans-
fer and the resulting deviations in shock speed. To isolate and quantify this mechanism, we consider
one-dimensional Riemann problems for both the inviscid Burgers’ equation and the compressible Euler
equations. The Burgers’ equation provides a simple scalar framework in which the connection be-
tween conservation errors and shock motion can be analyzed transparently, while the Euler equations
demonstrate the relevance of the phenomenon for realistic compressible-flow systems. Numerical exper-
iments are performed by comparing a fully conservative reference solution with a solution subjected to
repeated non-conservative mesh-transfer operations, thereby systematically altering shock propagation
through the introduction of spurious conserved quantities. The present paper is structured as follows.
Section 2 presents the theoretical framework developed to relate conservation defects introduced by
non-conservative mesh-transfer operations to shock-speed errors. The analysis is first carried out for the
inviscid Burgers’ equation and subsequently extended to the one-dimensional Euler equations. Section
3 presents the corresponding numerical validation for both test cases. Finally, Section 4 summarizes the
main findings and discusses possible directions for future research.

2. Methodology

Since mesh-transfer operations only arise when the computational mesh changes in time, the numerical
framework considered in this work is based on a finite-volume discretization on a moving grid. Two
different strategies are employed to account for the mesh motion. The first is a fully Arbitrary Lagrangian-
Eulerian (ALE) formulation, in which the mesh velocity is directly incorporated into the numerical flux
function. In this framework, the solution remains associated with the same control volumes throughout the
simulation and conservation is preserved by construction. As a result, no transfer of the solution between
different meshes is required. The second strategy adopts an Eulerian formulation, in which the governing
equations are solved on a sequence of different meshes. At each time step, the solution computed on
the old mesh must therefore be projected onto the new mesh through a mesh-transfer procedure. Unlike
the ALE formulation, the conservation properties of the overall method are no longer determined solely
by the finite-volume discretization, but also depend on the transfer operator employed to reconstruct the
solution on the updated mesh. The conceptual difference between the two approaches is illustrated in
Figure 1. In the ALE framework, the numerical solution remains attached to the moving mesh, and its
evolution is entirely determined by the conservative finite-volume update. In the Eulerian framework, the
numerical solution is first advanced on the old mesh and subsequently transferred onto the new mesh.

Among the many transfer operators available in the literature, the nearest-neighbour (NN) procedure is
considered in the present work because of its simplicity and robustness. The method consists of assigning
to each target cell the solution value associated with the closest cell of the source mesh. In a formula,

𝑢𝑛+1
𝑗 = 𝑢𝑛

𝑖★
𝑖∗ = arg min

𝑖

���𝑥𝑛+1
𝑗 − 𝑥𝑛𝑖

��� . (1)
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Figure 1: Comparison between the fully ALE formulation and the Eulerian formulation followed by a
mesh-transfer step.

The NN operator is formally first-order accurate. Furthermore, because each target value is directly
copied from an existing source value, no new extrema can be generated during the transfer process.
The method is therefore monotone and preserves the range of the numerical solution. These properties
make it particularly attractive in the presence of strong discontinuities. Despite these advantages, the NN
interpolation is generally not conservative. The total amount of conserved quantities after the transfer
does not necessarily coincide with that of the original mesh, and spurious mass, momentum, or energy
may be introduced into the computational domain. In the following subsections, we investigate how
the conservation defects introduced by NN transfer affect shock propagation by considering Riemann
problems for the inviscid Burgers’ equation and the compressible Euler equations.

2.1 Inviscid Burgers’ equation

The inviscid Burgers’ equation reads

𝜕𝑢

𝜕𝑡
+ 𝜕 [ 𝑓 (𝑢)]

𝜕𝑥
= 0 , 𝑓 (𝑢) = 𝑢2

2
, (2)

where 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑇]. Providing as initial conditions piecewise constant data

𝑢(𝑥, 0) =
{
𝑢𝐿 𝑥 < 𝑥0

𝑢𝑅 𝑥 > 𝑥0
, (3)

with 𝑢𝐿 > 𝑢𝑅, the exact solution consists of a single shock propagating at a speed which follows the
Rankine–Hugoniot condition

𝑉𝑠 =
𝑓 (𝑢𝐿) − 𝑓 (𝑢𝑅)

𝑢𝐿 − 𝑢𝑅
=

𝑢𝐿 + 𝑢𝑅

2
. (4)

For the analysis that follows, it is convenient to introduce the numerical mass, defined as the integral of
the solution over the computational domain,

𝑀 (𝑡) =
∫ 𝐿

0
𝑢(𝑥, 𝑡) 𝑑𝑥 . (5)

For the piecewise-constant shock solution, the numerical mass can be expressed as

𝑀 = 𝑢𝐿𝑥𝑠 + 𝑢𝑅 (𝐿 − 𝑥𝑠) , (6)
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Figure 2: Shock displacement induced by a NN mesh transfer. The shaded region represents the
conservation defect introduced during the transfer.

where 𝑥𝑠 denotes the shock position and time dependence has been omitted for brevity. The previous
expression highlights the direct relationship between the mass contained in the domain and the location
of the discontinuity. Differentiating equation (6) with respect to time yields

𝑑𝑀

𝑑𝑡
= (𝑢𝐿 − 𝑢𝑅)𝑉𝑠 , (7)

showing the explicit relation between shock speed and the time derivative of the numerical mass.

To isolate the effect of the mesh-transfer procedure, we assume that the finite-volume solution is repre-
sented through a piecewise-constant reconstruction and that the discontinuity is exactly aligned with a cell
interface. At time 𝑡𝑛, the shock is located at the interface 𝑥𝑛

𝑖+1/2, separating the constant states 𝑢𝐿 and 𝑢𝑅.
After the mesh motion, the same interface is displaced to 𝑥𝑛+1

𝑖+1/2. When an NN transfer is employed, the
cell values are copied onto the nearest cells of the new mesh. The discontinuity is therefore reassigned to
a different interface location and becomes effectively dragged by the mesh motion, independently of the
physical propagation prescribed by the Rankine-Hugoniot condition. The process is illustrated in Figure
2. Denoting by Δ𝑖+1/2 the displacement of the interface due to mesh motion, since the left and right states
remain unchanged, the only effect of the remapping is the modification of the region occupied by each
constant state. As shown in Figure 2, this produces a spurious variation of mass equal to the area swept
by the displaced discontinuity,

Δ𝑀 = Δ𝑖+1/2(𝑢𝐿 − 𝑢𝑅). (8)

The numerical mass associated with the non-conservative transfer can therefore be written as

𝑀𝑁𝐶 = 𝑀𝐶 + Δ𝑀, (9)

where 𝑀𝐶 denotes the mass obtained through a conservative update. Using equation (9), the relation
between the conservative and non-conservative shock speeds is

𝑉𝑁𝐶
𝑠 = 𝑉𝐶

𝑠 + 1
𝑢𝐿 − 𝑢𝑅

(
𝑑𝑀𝑁𝐶

𝑑𝑡
− 𝑑𝑀𝐶

𝑑𝑡

)
= 𝑉𝐶

𝑠 + 1
𝑢𝐿 − 𝑢𝑅

𝑑Δ𝑀

𝑑𝑡
. (10)

Equation (10) establishes a direct connection between the conservation defect introduced during the
remapping step and the resulting deviation of the shock speed from its conservative counterpart. The
additional term may be interpreted as a shock-attached source of mass, whose strength is equal to the rate
at which mass is artificially introduced by the non-conservative transfer. Therefore, a non-conservative
mesh-transfer operation does not merely perturb the solution locally, but directly modifies the propagation
law of the discontinuity through the violation of the underlying conservation principle. In the particular
case considered here, the conservation defect originates from the displacement of the mesh interface.
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Differentiating equation (8) with respect to time yields

𝑑Δ𝑀

𝑑𝑡
= (𝑢𝐿 − 𝑢𝑅)𝑣𝑖+1/2, (11)

where 𝑣𝑖+1/2 denotes the velocity of the interface carrying the discontinuity. Substituting into equation
(10) immediately gives

𝑉𝑁𝐶
𝑠 = 𝑉𝐶

𝑠 + 𝑣𝑖+1/2, (12)

showing that the mesh motion contributes directly to the propagation speed of the discontinuity. Nev-
ertheless, this result is specific to the present configuration and relies on the explicit knowledge of the
interface displacement and velocity. By contrast, equation (10) is independent of the specific transfer
operator and remains valid whenever the remapping procedure introduces a conservation defect while
leaving the states connected by the discontinuity unchanged. Its practical advantage is that it relates
the shock-speed deviation directly to the evolution of the conserved quantities, which can be readily
evaluated from the numerical solution without requiring any information about the local mesh motion.
Consequently, equation (10) provides a general framework for quantifying shock-speed errors induced by
non-conservative transfer procedures.

2.2 Euler equations

The Euler system of equations, written in terms of the conservative variables density 𝜌, momentum
𝑚 = 𝜌𝑢, and total energy 𝐸 = 𝜌(𝑒 + 1

2 𝜌𝑢
2), reads

𝜕𝑼

𝜕𝑡
+ 𝜕 [𝑭(𝑼)]

𝜕𝑥
= 0 , 𝑼 =


𝜌

𝑚

𝐸

 , 𝑭(𝑼) =


𝑚
𝑚2

𝜌
+ 𝑝

(𝐸 + 𝑝)𝑚
𝜌

 =


𝑚

1
2 (3 − 𝛾)𝑚2

𝜌
+ (𝛾 − 1)𝐸

− 1
2 (𝛾 − 1)𝑚3

𝜌2 + 𝛾𝑚𝐸
𝜌

 , (13)

where 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑇] and under ideal gas law assumption the pressure is given by 𝑝 = (𝛾 − 1) (𝐸 −
1
2
𝑚2

𝜌
), with 𝛾 = 1.4. Providing as initial conditions piecewise constant data

𝑼(𝑥, 0) =
{
𝑼𝐿 = [𝜌𝐿 𝑚𝐿 𝐸𝐿]𝑇 𝑥 < 𝑥0

𝑼𝑅 = [𝜌𝑅 𝑚𝑅 𝐸𝑅]𝑇 𝑥 > 𝑥0
, (14)

with 𝑢𝐿 > 𝑢𝑅, the exact solution consists of three elementary waves: a shock wave, a contact discontinuity,
and a rarefaction fan. These features are separated by regions in which the conservative variables remain
constant. Different from Burgers’ equation, the Euler system contains three conservation laws associated
with the conserved variables density, momentum, and total energy. It is therefore natural to introduce the
corresponding integral quantities 

𝑀𝜌 =
∫ 𝐿

0 𝜌(𝑥, 𝑡) 𝑑𝑥
𝑀𝑚 =

∫ 𝐿

0 𝑚(𝑥, 𝑡) 𝑑𝑥
𝑀𝐸 =

∫ 𝐿

0 𝐸 (𝑥, 𝑡) 𝑑𝑥
(15)

representing the total mass, momentum, and energy contained in the computational domain.

In order to isolate the effect of the mesh-transfer procedure on the shock propagation, the mesh motion
is restricted to a region surrounding the shock wave, while the contact discontinuity and the rarefaction
fan remain unaffected by the remapping process. Under this assumption, the conservation defects
introduced by the transfer originate exclusively from the displacement of the shock interface, allowing
the same geometrical arguments developed for Burgers’ equation to be applied. Let Δ𝑖+1/2 denote
again the displacement of the shock interface induced by the mesh motion, as in Figure 2. Since the
conservative variables remain piecewise constant on either side of the discontinuity, the NN transfer
modifies the amount of conserved quantities contained in the domain by an amount proportional to the
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shock displacement. The resulting conservation defects are
Δ𝑀𝜌 = Δ𝑖+1/2 (𝜌𝐿 − 𝜌𝑅)
Δ𝑀𝑚 = Δ𝑖+1/2 (𝑚𝐿 − 𝑚𝑅)
Δ𝑀𝐸 = Δ𝑖+1/2 (𝐸𝐿 − 𝐸𝑅)

(16)

where the left and right states refer, as usual, to the states immediately adjacent to the shock. The
numerical solutions obtained through conservative and non-conservative transfers, therefore, satisfy

𝑀𝑁𝐶
𝜌 = 𝑀𝐶

𝜌 + Δ𝑀𝜌

𝑀𝑁𝐶
𝑚 = 𝑀𝐶

𝑚 + Δ𝑀𝑚

𝑀𝑁𝐶
𝐸

= 𝑀𝐶
𝐸
+ Δ𝑀𝐸

(17)

Proceeding exactly as in the Burgers case, the shock-speed deviation can be related to the conservation
defects through 

𝑉𝑁𝐶
𝑠 = 𝑉𝐶

𝑠 + 1
𝜌𝐿−𝜌𝑅

(
𝑑𝑀𝑁𝐶

𝜌

𝑑𝑡
− 𝑑𝑀𝐶

𝜌

𝑑𝑡

)
= 𝑉𝐶

𝑠 + 1
𝜌𝐿−𝜌𝑅

𝑑Δ𝑀𝜌

𝑑𝑡

𝑉𝑁𝐶
𝑠 = 𝑉𝐶

𝑠 + 1
𝑚𝐿−𝑚𝑅

(
𝑑𝑀𝑁𝐶

𝑚

𝑑𝑡
− 𝑑𝑀𝐶

𝑚

𝑑𝑡

)
= 𝑉𝐶

𝑠 + 1
𝑚𝐿−𝑚𝑅

𝑑Δ𝑀𝑚

𝑑𝑡

𝑉𝑁𝐶
𝑠 = 𝑉𝐶

𝑠 + 1
𝐸𝐿−𝐸𝑅

(
𝑑𝑀𝑁𝐶

𝐸

𝑑𝑡
− 𝑑𝑀𝐶

𝐸

𝑑𝑡

)
= 𝑉𝐶

𝑠 + 1
𝐸𝐿−𝐸𝑅

𝑑Δ𝑀𝐸

𝑑𝑡

(18)

These expressions establish a direct connection between the shock-speed error and the rates at which
mass, momentum, and energy are artificially introduced by the non-conservative transfer. Therefore,
similarly to the Burgers equation, the effect of the remapping procedure can be interpreted as the
action of localized sources of mass, momentum, and energy attached to the shock wave. It should be
noted that the present configuration represents a particular case in which the conservation defects in
mass, momentum, and energy all originate from the same shock displacement induced by the mesh
motion. Consequently, the three localized source terms are not independent but are proportional to one
another and produce a coherent modification of the shock propagation speed while leaving the states
connected by the discontinuity unchanged. More generally, non-conservative numerical procedures may
introduce independent defects in the conservation of mass, momentum, and energy. In such situations, the
resulting source terms would no longer have the same intensity, and their effect would not be limited to a
modification of the shock speed, but would also alter the left and right states adjacent to the discontinuity.

3. Results

The theoretical predictions derived in the previous section are now assessed through a series of numerical
experiments involving both the Burgers’ equation and the Euler system. The objective is to verify whether
the shock-speed deviation induced by a non-conservative mesh-transfer operation can be accurately
predicted from the evolution of the global conserved quantities. All simulations are performed using a
cell-centered finite-volume discretization on a mesh composed of 𝑛 = 512 control volumes. Numerical
fluxes are computed using Roe’s flux-difference splitting scheme [6], while time integration is performed
with an explicit fourth-order Runge–Kutta method. Spatial reconstruction is carried out using the fifth-
order Weighted Essentially Non-Oscillatory (WENO5) scheme [7], providing high-order accuracy in
smooth regions while avoiding spurious oscillations near discontinuities.

The fully ALE formulation, for which exact satisfaction of the Geometric Conservation Law (GCL) is
enforced [8], is used as the conservative reference solution. The non-conservative solution is obtained
by applying a nearest-neighbour transfer after every time step, projecting the solution from the current
mesh onto the corresponding ALE mesh. The shock location is identified through Harten’s shock sensor
[9], and the corresponding shock speed is obtained from the time derivative of the detected trajectory.
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Figure 3: Comparison between conservative and non-conservative solution of inviscid Burgers’ equation:
𝑢(𝑥, 0), 𝑢𝐶 (𝑥, 𝑇), 𝑢𝑁𝐶 (𝑥, 𝑇).

For each test case, four quantities are compared: the exact shock speed 𝑉𝐸𝑋
𝑠 , the conservative shock

speed 𝑉𝐶
𝑠 , the non-conservative shock speed 𝑉𝑁𝐶

𝑠 , and the predicted non-conservative shock speed 𝑉̂𝑁𝐶
𝑠

obtained from the theoretical relations derived in the previous section. Agreement between 𝑉𝑁𝐶
𝑠 and

𝑉̂𝑁𝐶
𝑠 would confirm that the shock-speed deviation is entirely determined by the conservation defects

introduced during the remapping procedure.

3.1 Inviscid Burgers’ equation

The Riemann problem is initialized with 𝑢𝐿 = 1.5 and 𝑢𝑅 = 0.5, yielding an exact shock speed𝑉𝐸𝑋
𝑆

= 1.
The computational domain has length 𝐿 = 3, and the simulation is advanced until 𝑇 = 1 using a time step
Δ𝑡 = 1.95 × 10−4. Two different mesh motions are considered. In the first case, the shock propagates
through a region where the mesh velocity is prescribed as a constant value 𝑣 = 0.2, while the mesh
remains stationary in the far left and far right portions of the domain. Although a constant mesh velocity
is adopted for simplicity, the theoretical analysis developed in the previous section does not rely on this
assumption and remains valid for spatially non-uniform and time-dependent grid velocity. In the second
case, the shock propagates through a region where all cell interfaces undergo independent sinusoidal
oscillations. The resulting cell size is

ℎ𝑖 (𝑡) =
𝐿

𝑛
+ Δ𝑖+1/2(𝑡) − Δ𝑖−1/2(𝑡) , (19)

where
Δ𝑘 (𝑡) = 𝐴𝑘 sin

(
2𝜋𝑡
𝑇𝑘

+ 𝜑𝑘

)
, (20)

with
𝐴𝑘 ∼ U

(
− 𝐿

2𝑛
,
𝐿

2𝑛

)
, 𝑇𝑘 ∼ U (0.003, 0.03) , 𝜑𝑘 ∼ U (0, 2𝜋) , (21)

where U(𝑎, 𝑏) denotes the continuous uniform distribution in the interval [𝑎, 𝑏]. The range of random
amplitudes is selected so that no interface crossing occurs during the simulation, ensuring that all control
volumes remain strictly positive. As in the previous case, the mesh remains stationary outside the region
crossed by the shock.

Figure 3 compares the conservative and non-conservative solutions at the final time. In both mesh-motion
scenarios, the left and right states remain unchanged, while the discontinuity undergoes a progressive
displacement caused by the repeated NN transfers. Although the spurious numerical mass introduced by
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Figure 4: Conservation defect generated by the NN transfer. The dashed line corresponds to the smoothed
signal employed to evaluate its time derivative.

Prescribed grid motion Random grid motion

𝑉𝐶
𝑆

1.00001 0.99937

𝑉𝑁𝐶
𝑆

1.20024 1.05425

𝑉̂𝑁𝐶
𝑆

1.19929 1.05469

Table 1: Comparison between the conservative shock speed 𝑉𝐶
𝑠 , the non-conservative shock speed 𝑉𝑁𝐶

𝑠 ,
and the predicted non-conservative shock speed 𝑉̂𝑁𝐶

𝑠 for the inviscid Burgers’ equation.

each individual transfer is small, its cumulative effect leads to a significant displacement of the shock
over the duration of the simulation. The conservation defects are reported in Figure 4. For the prescribed
mesh motion, the mass imbalance grows linearly in time, reflecting the constant interface velocity. In
contrast, the random mesh motion generates a highly oscillatory curve. In this case, a linear smoothing
procedure is employed to estimate the mass derivative appearing in equation (10).

Finally, Table 1 summarizes the measured and predicted shock speeds. The conservative solution repro-
duces the exact shock speed with excellent accuracy, confirming that the ALE formulation preserves the
correct propagation law. In the prescribed-velocity case, the non-conservative shock speed is approxi-
mately equal to the sum of the conservative shock speed and the imposed mesh velocity, in agreement with
the analytical prediction derived in formula (12). More importantly, for both mesh motions, the predicted
non-conservative shock speed 𝑉̂𝑁𝐶

𝑠 is found to be in excellent agreement with the measured value 𝑉𝑁𝐶
𝑠 .

This result demonstrates that the shock-speed deviation is entirely explained by the conservation defect
introduced during the remapping procedure. The small discrepancies observed in Table 1 are mainly due
to the numerical differentiation required to estimate both the shock speed from Harten’s sensor and the
time derivative of the mass imbalance.

3.2 Euler equations

The Sod shock-tube problem [10] is adopted as a representative test case for the Euler equations. A
diaphragm initially located at 𝑥 = 1.5 separates a left state characterized by density 𝜌𝐿 = 1, velocity
𝑢𝐿 = 0, and pressure 𝑝𝐿 = 1 from a right state with 𝜌𝑅 = 0.125, velocity 𝑢𝑅 = 0, and pressure 𝑝𝑅 = 0.1.
In terms of the conserved variables, the corresponding states are 𝑚𝐿 = 0, 𝐸𝐿 = 2.5, 𝑚𝑅 = 0, and
𝐸𝑅 = 0.25. Following the removal of the diaphragm, the solution evolves into the classical Riemann
structure composed of a left-moving rarefaction fan, a contact discontinuity, and a right-moving shock
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Figure 5: Comparison between the conservative and non-conservative density fields for the Euler equa-
tions: 𝜌(𝑥, 0), 𝜌𝐶 (𝑥, 𝑇), 𝜌𝑁𝐶 (𝑥, 𝑇), with a zoom for 𝑥 ∈ [2.65, 2.85], 𝜌 ∈ [0.12, 0.28].
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Figure 6: Comparison between conservative and non-conservative momentum fields for the Euler equa-
tions: 𝑚(𝑥, 0), 𝑚𝐶 (𝑥, 𝑇), 𝑚𝑁𝐶 (𝑥, 𝑇).

wave. The exact shock speed is 𝑉𝐸𝑋
𝑠 = 1.75216. Solid-wall boundary conditions are imposed at both

ends of the domain. The computational domain has length 𝐿 = 3.5, and the simulation is advanced until
𝑇 = 0.7, before any wave reflection from the boundaries occurs, using a time step Δ𝑡 = 9.76 × 10−5.
As in the Burgers’ test case, two different mesh motions are considered. In the first configuration, the
mesh moves with a prescribed velocity 𝑣 = 0.05. In the second configuration, the random mesh motion
defined by equations (19), (20), (21) is employed. To isolate the effect of the transfer procedure on the
shock dynamics, the mesh remains fixed in the regions crossed by the rarefaction fan and the contact
discontinuity.

Figures 5, 6, and 7 compare the conservative and non-conservative solutions at the final simulation time
for density, momentum, and total energy. Similar to the Burgers’ equation, the repeated nearest-neighbour
transfers induce a progressive displacement of the shock while leaving the states immediately adjacent
to the discontinuity essentially unchanged. The resulting position error accumulates throughout the
simulation despite the relatively small spurious global quantities introduced by each individual transfer
operation. The conservation defects associated with mass, momentum, and total energy are reported in
Figure 8. As observed for the Burgers’ equation, the prescribed mesh motion generates a linear growth of
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Figure 7: Comparison between conservative and non-conservative energy fields for the Euler equations:
𝐸 (𝑥, 0), 𝐸𝐶 (𝑥, 𝑇), 𝐸𝑁𝐶 (𝑥, 𝑇).
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Figure 8: Conservation defects generated by the NN transfer: Δ𝑀𝜌, Δ𝑀𝑚, Δ𝑀𝐸 . The dashed
lines correspond to the smoothed signals employed to evaluate their time derivatives.

Prescribed grid motion Random grid motion

𝑉𝐶
𝑆

1.75204 1.75177

𝑉𝑁𝐶
𝑆

1.80170 1.83391

𝑉̂𝑁𝐶
𝑆

1.80119 1.83826

Table 2: Comparison between the conservative shock speed 𝑉𝐶
𝑠 , the non-conservative shock speed 𝑉𝑁𝐶

𝑠 ,
and the predicted non-conservative shock speed 𝑉̂𝑁𝐶

𝑠 for the Euler equations.



Thirteenth International Conference on Computational Fluid Dynamics (ICCFD13)
Milan, Italy, July 06-10, 2026 11

the conservation error, whereas the random mesh motion produces strongly oscillatory defects. The latter
are smoothed prior to evaluating the time derivatives appearing in the theoretical shock-speed prediction.

Shock-speed results are summarized in Table 2. To avoid contamination from the initial shock-formation
transient, the reported values are computed using data for 𝑡 ≥ 0.2. Since the Euler system provides three
independent estimates of the shock-speed correction based on mass, momentum, and energy conservation
defects, the value reported for 𝑉̂𝑁𝐶

𝑠 corresponds to the arithmetic average of the three predictions. The
conservative solution reproduces the exact shock speed with excellent accuracy. In contrast, the NN
transfer introduces a significant shock-speed deviation in both mesh-motion scenarios. Most importantly,
the predicted non-conservative shock speed 𝑉̂𝑁𝐶

𝑠 is found to be in excellent agreement with the value
measured from the shock trajectory. This result demonstrates that the relationship established in the
previous section is not limited to scalar conservation laws, but remains valid for the Euler equations
despite the simultaneous presence of multiple conserved quantities and interacting wave families. It
is worth noting that the prediction remains accurate even in the random mesh-motion case, for which
no explicit relation analogous to 𝑉𝑁𝐶

𝑠 = 𝑉𝐶
𝑠 + 𝑣 exists. This highlights the practical relevance of the

conservation-defect formulation, which relies solely on the evolution of the global conserved quantities
and therefore remains applicable to arbitrarily complex mesh motions.

4. Conclusions

This work investigated the effect of non-conservative mesh-transfer operations on the propagation of
discontinuities in hyperbolic conservation laws. The attention was restricted to the nearest-neighbour
transfer operator, which was employed as a simple and representative example of a non-conservative
remapping procedure. A theoretical framework was developed to connect non-conservative remapping
operations with shock-speed deviations. For the inviscid Burgers’ equation, the artificial displacement of
the discontinuity induced by the transfer was shown to generate a localized mass imbalance, resulting in a
predictable modification of the shock propagation speed. The analysis was subsequently extended to the
Euler equations, where analogous relations were derived in terms of the defects of the mass, momentum,
and total energy in the domain.

The theoretical predictions were verified through a series of numerical experiments involving both pre-
scribed and randomly moving meshes. In all cases considered, the shock-speed deviations observed in
the non-conservative simulations were accurately predicted from the evolution of the global conserved
quantities. The results demonstrate that the incorrect shock propagation induced by nearest-neighbour
remapping is not merely a local interpolation error, but rather a direct consequence of the violation of the
underlying conservation principle. These findings highlight the importance of conservation-preserving
transfer procedures in adaptive, moving-mesh, and re-meshing simulations involving discontinuous solu-
tions. More generally, they suggest that conservation defects provide a natural framework for interpreting
and quantifying shock-speed errors arising from non-conservative numerical operations.

The present analysis also suggests several natural extensions. While the focus of this work has been
on non-conservative mesh-transfer operations, similar mechanisms may arise from other sources of
non-conservativity, such as discretizations formulated in primitive variables. Extending the proposed
framework to these situations could provide a unified interpretation of shock-speed deviations originating
from different numerical mechanisms. Furthermore, the nearest-neighbour operator considered here
represents a particularly simple transfer procedure. Investigating how more sophisticated interpolation and
projection operators influence wave propagation would help assess the generality of the present findings.
In particular, the present study suggests that transfer operators preserving the conserved quantities exactly
should not induce any systematic shock-speed deviation, since the mechanism identified here originates
from the artificial introduction of mass, momentum, or energy during the remapping step. Finally, the
analysis has been deliberately restricted to one-dimensional Riemann problems to isolate the underlying
mechanism. An important next step is the application of the proposed framework to more realistic
flow configurations, where multiple discontinuities interact, and the global imbalance introduced by the
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numerical procedure can no longer be associated with a single isolated shock wave.
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