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Abstract: High-order numerical methods offer greater accuracy and efficiency than traditional low-
order approaches, but their practical adoption can be limited by stability and meshing challenges.
Ensuring nonlinear stability is key to making these methods robust and reliable for real-world
engineering problems, especially in situations involving moving meshes, such as fluid-structure
interactions, moving parts, and adaptive grids. The compressible Navier—Stokes (CNS) equations
possess a convex entropy function, related to thermodynamic entropy. This function acts as an
admissibility criterion for identifying physically relevant weak solutions and provides a means of
demonstrating nonlinear (entropy) stability by bounding the solution in the L? norm. Maintaining
entropy stability for CNS equations has been a major focus of research. Recent advances show
entropy stability can be preserved even as computational grids deform, using a discontinuous
Galerkin split form of the arbitrary Lagrangian Eulerian (ALE) approach. This work builds upon
these results, demonstrating the effectiveness of high-order entropy stable DG methods in large-
scale simulations with mesh motion. In particular, a canonical test case for mesh motion validation
is presented, along with an oscillating airfoil in dynamic stall and the start of a propeller flow.
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1. Introduction

High-order methods are particularly attractive because they can deliver a given level of accuracy with
fewer degrees of freedom (DOFs) than low-order methods. They typically exhibit improved dispersion
and dissipation properties; however, their robustness depends critically on the design of provably stable
formulations. Ensuring nonlinear stability is key to making these methods robust and reliable for real-
world engineering problems, specifically, in situations involving moving meshes, such as fluid-structure
interactions, moving parts, and adaptive or deforming grids. The Arbitrary Lagrangian Eulerian (ALE)
method has been widely adopted over the past century, beginning with the seminal work of Hirt [1]. Many
different formulations have applied the method to incompressible flows [2], fluid-structure interaction
problems [3], focusing the analysis on linear stability [4], geometric conservation laws (GCL) [5], and
high-order spectral behavior [6, 7]. More recently, the ALE formulation has been successfully applied
to summation by parts discretizations of the Discontinuous Galerkin Method [8, 9, 10]. These works
proved entropy stability and entropy conservation properties for the compressible Euler and Navier—Stokes
equations (CNS). These hyperbolic systems of equations possess a convex entropy function, related to
thermodynamic entropy. This function serves as an admissibility criterion for identifying physically
relevant weak solutions and provides a means of demonstrating nonlinear (entropy) stability by bounding
the solution in the L? norm. This work applies a similar formulation to large scale applications involving
different types of moving grids, geometries, and flow physics. Section 2 briefly introduces the system
of equations and the numerical discretization characteristics. Section 3 presents the three test cases,
compares them to reference solutions, and comments on the physical results.
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2. Methodology

Considering the Navier—Stokes equations in conservation form, we define a space-time mapping that
accounts for both curvilinear coordinates and mesh motion. The mapping transforms each element to the
reference element for which all the computations are performed.
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are the viscous stresses. The system of equations is closed by the thermodynamic constituent relations:
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where cp is the specific heat capacity at constant pressure, 7' is the temperature, R is the gas constant and
M,, is the molecular weight of the fluid.
Considering a generic coordinate mapping from the reference domain & € Q = [—1, 1] at time 7, to the

physical domain x € Q at time r. Where the Jacobian of the transformation is defined as J = ’ (;9((;’?) LIt
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where (8) and (9), are the GCL equations in space and time. Yamaleev [10] and Schnucke [9] proved
that this system of equations is entropy stable provided adequate boundary conditions. The proofs
demonstrate both at the continuous and semi-discrete level that entropy conservation is achievable for the
system of equations. In this work, we solve the compressible Navier—Stokes equations [11] with a high-
order entropy-stable discontinuous collocated Galerkin method. We use summation-by-parts operators
to compute spatial derivatives. Fluxes are evaluated with the two-point flux function from [12], with a
penalty type of approach between cells and at boundary conditions [13, 14]. The two-point flux function
is modified and takes into account mesh motion. For this set of test cases, we also consider a rigid motion
of the full grid. This allows us to guarantee that both the space and time GCL equations are always
verified. It also reduces the computational cost since there is no need to solve a discretized Jacobian in
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time together with the hyperbolic system, like proposed by [10, 9]. On the other hand, this approach is
limited to rigid movements and prevents any type of grid deformation. The SSDC solver is built on top
of the highly scalable Portable and Extensible Toolkit for Scientific Computing (PETSc) [15], its mesh
topology abstraction (DMPIlex), and its scalable differential-algebraic equation solver components. The
method handles unstructured curvilinear meshes, which allow to simulate complex shapes. Quadrilateral
and hexahedral elements are handled natively, whereas triangular and tetrahedral meshes are converted
on the fly by splitting. The collocation nodes inside each element are distributed according to the Gauss—
Legendre—Lobatto quadrature points; in addition, both h and p adaptation are handled by the method.
Explicit time integration is performed using the third-order Runge—Kutta scheme of Bogacki—Shampine
[16] with four stages, with the first-same-as-last property. Adaptive time stepping is achieved with the
embedded second-order method of this Runge—Kutta scheme.

3. Numerical Results

The following Section reports 3 different test cases with increasing difficulty. First, a 2d airfoil is compared
to state of the art high-fidelity solvers. Then, a canonical 3d LES computation for an airfoil undergoing
dynamic stall is performed. Finally, a novel LES computation of a starting propeller in forward flight is
performed to showcase the applicability and the scalability of the method.

3.1 Heaving-pitching Airfoil

We consider the flow about a NACA-0012 airfoil undergoing a heaving and pitching motion. This test case
has been considered for the High-fidelity CFD verification workshop [17, 18]. The flow is at Re = 1000,
and Ma = 0.2, with a unitary chord length. The airfoil motion is defined by 2 degrees of freedom: the
height £ (¢) with respect to the initial position, and the pitching angle 6(¢) with respect to the point at %
of the chord length.

h(t) = 51 = ¢t (10)
4
6(1) =5 (1 +6r" - 12 + 87°) (1n

We consider the more complicated motion that combines both heaving and pitching. Moreover, the
native grid from the workshop is used to reduce the variability compared to the reference data. Figure
1 shows a close-up of the grid, few structured layers are then transitioned into a fully unstructured grid.
Each cell is discretized with third order polynomials collocated on the LGL points. Even though the
flow is laminar, this specific configuration is chosen since the abrupt polynomial motion and the high
variation of the angle of attack generate a strong force variation and allow for proper testing of the mesh
motion capabilities of the solver. The computation is started from the converged static solution of the
airfoil. Figure 2 shows the forces in the streamwise and perpendicular direction along time. A total of 2
convective time units is simulated to perform the maneuver. Overall, there is strong agreement compared
to other solvers from [18]. Similarly, considering an instantaneous snapshot of the vorticity field, Figure
3 phenomenologically resembles the results from [18].

3.2 Dynamic stall of a SD7003 airfoil

A famous test case characterised by airfoil motion is the SD7003 in dynamic stall due to plunging,
originally investigated by [19]. The airfoil has a unitary chord length and is placed in a uniform free
stream. The flow conditions are Re = "# = 4.0 x 10*, Ma = 0.1, with a fixed geometric angle of

attack g = 4°. A sinusoidal plunging motion is imposed in the direction normal to the incoming flow.
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Figure 1: Computational grid with LGL collocation points, degree 3. The grid is the same as the
workshop [18].
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Figure 2: Time series of the load lift and drag aerodynamic coefficients.

The vertical displacement of the airfoil is prescribed as
h(t) = hysin (2kF (1)), (12)

where (hg) is the plunging amplitude and (k) is the reduced frequency. The reduced frequency is defined

ask = 7;]]: , with (f) denoting the plunging frequency. In the present configuration, the motion parameters
are 22 = 0.05, k =3.93.

The function (F(¢)) is used to smoothly increase the oscillation amplitude from the initially developed
static-airfoil flow to the fully periodic plunging motion. It is written as

F(t) =1—-exp(—at), a=92. (13)

This ramp avoids an impulsive start of the motion and reduces the strength of artificial transients during
the initial cycles. The plunging velocity modifies the instantaneous effective incidence of the airfoil.
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Figure 3: Instantaneous vorticity field for the heaving+pitching motion at r = 0.5.

With the adopted sign convention, the effective angle of attack can be expressed as

o)

U £

ae(t) = ap — tan™! (
For the selected reduced frequency and amplitude, the variation of (a.g) is sufficiently large to produce
leading edge separation and dynamic-stall vortex formation during part of the plunging cycle. An
unstructured grid is generated starting from a structured boundary layer and an unstructured farfield
circular domain, positioned at 50 chord lengths. Similar spacings as in [8] are considered. A uniform
degree equal to 7 is considered, with a spanwise extent of the computational domain L, = 0.2¢, and
periodic boundary conditions are imposed in the spanwise direction. The outer boundaries are placed far
from the airfoil and are assigned freestream conditions, while the airfoil surface is treated as an adiabatic
no-slip wall. The mesh motion is imposed analytically as a rigid motion of the full computational domain.
The simulation is initialized from the fully developed flow around the static airfoil. The computed flow
field shows the characteristic sequence associated with dynamic stall. During the downward motion of
the airfoil, the effective angle of attack increases, and the suction-side boundary layer separates near the
leading edge. A coherent leading-edge vortex forms and is convected downstream over the airfoil surface.
As this vortex grows, it becomes unstable and breaks down into three-dimensional structures, producing
a localized transitional region above the airfoil. Further downstream, vortical structures generated in
previous cycles remain visible in the wake. During the upward part of the cycle, the effective angle
of attack decreases, and the leading edge region reattaches. A similar separation process occurs on the
pressure side during the opposite part of the motion, but the resulting vortical structures are weaker
because of the positive mean angle of attack.

The aerodynamic force coefficients are defined as

Fp
Cp=+2—, (15)
P LpaU2s
and P
L
CL=17—%5= (16)
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where (Fp) and (Fr) are the streamwise and transverse force components, respectively, and (A) is the
reference airfoil surface area.

The mean value of (Cp = —0.0823) is negative, and it is consistent with the original value from [19].
The obtained thrust level is close to that reported in the reference computation, and the temporal histories
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of both (Cp) and (Cp) exhibit the expected periodic behavior, as shown in Figure 4. Finally, Figure 5
shows a 3-dimensional visualization of the minimum and maximum lift conditions, which respectively
correspond to the bottom and the top of the trajectory at two of the instantaneous peaks captured
in the computation. Overall, the agreement in the aerodynamic coefficients, together with the close
phenomenological correspondence of the vortical structures, demonstrates that the present numerical
framework accurately reproduces the main physical mechanisms of the plunging-airfoil benchmark.
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Figure 4: Time series of the lift and drag aerodynamic coeflicients.

(a) Minimum lift condition. (b) Maximum lift condition.

Figure 5: Instantaneous flow visualization at different phases of the plunging motion. Iso-surface of the
second invariant of the velocity gradient tensor (Q = 50) colored by streamwise velocity (u).

3.3 Propeller in forward flight

We consider the flow about a starting propeller in forward flight. Similar high-fidelity computations have
been performed for hovering cases in the works of [20, 21, 22]. In this case, we consider a simplified
propeller geometry based on a NACA-0012 airfoil with a blunt trailing edge. The twist is linearly
distributed along the chord from 15° at the root to 5° at the tip. The propeller has a radius of 0.15, and the
blade sections have a fixed chord length of 0.02. We consider an angular velocity Q = 6000 rpm, and an
advance ratio J = % = 0.4, where u., is the freestream velocity, » is the angular velocity in rotations per
second, and d is the propeller diameter. In practice, == represents the distance advanced by the propeller
with a single revolution. The propeller doesn’t have a hub; the two blades are separate and start at 20%
in the radial direction of the blade. We perform a wall-resolved LES simulation of the starting propeller;
the freestream Mach number is Ma = 0.035, whereas the Reynolds number based on the diameter and

freestream velocity is Re = 240000. The grid is designed to achieve a streamwise spacing equivalent to
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Ax* =30, Ay" = 1, and Az" = 10 at the wall. The wall region is extruded from a triangular surface
discretization into prisms. Outside of the extruded region, the volume is filled with tetrahedral cells up
to a spherical farfield with radius 33d. As a result, an initial grid of mixed triangular prisms and tets is
generated. The solver automatically handles this topology by splitting both prisms and tetrahedra into
hexahedra. A uniform degree of 3 is used on all the elements. To kickstart the computation, at first, a
coarser resolution is used to pass the initial acoustic perturbation; subsequently, a uniform h discretization
defines the final grid for the computation. A total of 76 million cells, corresponding to 4.9 - 10° nodes,
defines the computational domain. The timestep is automatically adapted to ~ 10~7. Figure 6 shows a
section of the grid topology for the lower refined grid. The grid shows a representation of cells defined
by local LGL points. The fully refined computation has 23 times the number of nodes.

Figure 6: Slice of a blade section at 0.75% in the radial direction. Grid refinement at the beginning of
the computation.

Preliminary results of the computation capture the first half of the revolution. In detail, figure 7 shows the
pressure coeflicient distribution on the suction side of the blade. Proceeding towards the trailing edge, it
is possible to see significant pressure fluctuations due to turbulent eddies detaching from the surface of
the blade. Considering the skin friction coefficient distribution, the tip vortex and root vortex are more
visible, as well as the turbulent fluctuations on the surface. Figure 9 shows a close-up of the tip region;
the tip vortex, given the abrupt geometry of the blade, has a strong impact on the flowfield on the suction
side. Instantaneous visualizations of the flowfield show the development of the starting vortex and the
turbulent structures on the suction side of the blade. Figure 11 shows part of the tip vortex disrupting the
flow as it progresses towards the trailing edge of the airfoil.

4. Conclusions and Outlook

Overall, this work presents an analysis of several applications of the entropy stable ALE discontinuous
Galerkin method with SBP operators, specifically aimed at achieving scale resolving computations of
turbulent flows. The primary objective is to facilitate stable, accurate, and scalable simulations of
turbulent flows that involve complex geometries and moving boundaries, which are often encountered
in engineering applications. The current results support a validation of the framework with canonical
test cases of increasing difficulty. The 2d heaving-pitching NACA-0012 establishes a common ground
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Figure 7: Surface distribution of the pressure coefficient C,,. Tip on the left, root on the right.
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Figure 8: Surface distribution of the pressure coefficient Cy. Tip on the left, root on the right.

with similar solvers for simple motions and unstructured grids. A 3d iLES computation of the plunging
SD7003 airfoil shows that the solver is scalable and can compute complex separation phenomena,
with accurate prediction of flow structures and aerodynamic loads. The dynamic stall phenomenon
is accurately reproduced when compared to reference data. Finally, the starting propeller shows a
preliminary application of the method to a real-world test case, with a large number of degrees of freedom
and complex flow physics. All in all, the computations are satisfactory, and the solver is tested with
different polynomial degrees and types of motion. The propeller test case will be further investigated,
as this is the first part of the computation, and possible future directions include but are not limited to
aerodynamic, flowfield, and aeroacoustic analysis. A possible route to improve performance and reduce
the overall cost is to consider hp adaptation throughout the computation.
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