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Abstract: The logarithmic formulation (log form) of the length-scale equation in two-equation
turbulence models is a well-known approach to guarantee the positivity of the length-scale variable
specifically in the transient phase of simulations. Although the log form is known to improve
robustness, it has been reported that the converged solution can differ from the non-logarithmic
formulation (non-log form) depending on the mesh refinement. These differences in the solution
become important when judging and comparing results from both forms on practical meshes with
limited resolution, as typically required by industry. For that reason, a recently-started migration
from one flow solver with the non-log form of the SST model to a new solver featuring its log-form
has led to a joint verification-and-validation campaign by academic and industrial partners. This
campaign included the following studies on a) the implementation of the turbulence models, b)
assessment of the mesh convergence behavior, c) the impact of the discretization settings on both
robustness and accuracy. In this paper, we aim to describe the results of our investigations and show
that the log form improved the robustness and y* sensitivity but also showed some sensitivities to
discretization settings and the implementation details.

Keywords: 'Two-equation turbulence models, length-scale equation, robustness, validation,
implicit solvers

1. Introduction

Recent decades have seen substantial advancements in several areas such as computing infrastructure,
applied numerical mathematics, software design, physical modelling alongside the industrial needs to
re-engineer workflows for optimizing operational cost, product development cycles and other business
competitiveness drivers. Such advancements naturally compel the up-gradation of the industrial engi-
neering tools from legacy frameworks to advanced platforms. Computational fluid dynamics (CFD) has
been one of the critical tools for evaluating and optimizing aircraft design. Transitioning from legacy to
the next generation CFD solvers is constrained by rigorous regulatory certification frameworks where the
advanced numerical formulations introduce basic discrepancies and validation complexities. Industrial
CFD solvers require Reynolds-Averaged Navier Stokes (RANS) based turbulence models to meet their the
day to day simulation needs. Hence, evaluation of these models in the new solver framework is one of the
first steps during the transition process. Aerospace industries have stringent accuracy requirements where
advanced turbulence models are necessary for better prediction of the physics. One of the widely used
turbulence models is the Menter’s Shear Stress Transport model (SST)[1]. While the underlying physics
of the SST model remain constant, the mathematical and numerical implementation often differ signif-
icantly among different solvers causing discrepancies in aerodynamic coefficients and flow topologies.
Therefore, an evaluation of the model implemented into a new solver is required through the verification
and validation processes across the relevant flow regimes using industrial grade meshes. While perform-
ing these activites one of the major elements that differed from our previous legacy solver (DLR-TAU
[2]) to the next generation solver (CODA [3]) was the usage of the logarithmic (log) form of the length
scale equation in the SST turbulence model. The motivation behind its usage arises from several reported
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benefits such as improved stability, iterative convergence, error convergence and acceptable differences
in the solution compared to the standard SST model [4] [5] [6]. The previous studies have also mentioned
the need for verification and validation of the log formulation [7] to ensure that the discrepancies are well
understood. However, there is a lack of such studies in the literature.

This paper addresses these differences found between the two formulations of the length scale equation
and the dependency of these formulations on the implementation details, the solver settings and mesh
refinement. One of the ways to understand the discretization errors arising from the two formulations is
to perform mesh convergence studies for various cases in different flow regimes. A mesh convergence
study done by Braun [5] on the NACAO0012 airfoil for the Reynolds stress models in the DLR-TAU solver
shows that the In(w) variant generates large deviations in the lift and drag coefficients on the coarser mesh
that vanish under grid refinement. As industrial grade meshes fall under the coarser mesh levels used in
these mesh convergence studies, we also use these mesh convergence studies to explain the differences
which the users may encounter when transitioning from a legacy code to next generation solvers.

The content of the paper is organised as follows:

Section 2  Describes the SST model and the length-scale equation formulation

Section 3  Formulates the details involved in implementation of the model such as the usage of re-
alizability limiters, clipping approximations, neglect of terms for compressible flows and
sustaining turbulence.

Section 4  Outlines the details of the legacy and the new solver such as discretization settings (convec-
tion schemes, gradient computation, gradient limiters) and time integration settings.

Section 5  Provides details on the cases and meshes where the differences were first observed, leading
to our further studies involving verification and mesh refinement studies

Section 6  Depicts the first observed difference in the far-field decay behaviour when using industrial
meshes, the results from the mesh convergence studies performed on different flow regimes,
effect of mesh refinement in the near wall and boundary layer and the effects on shock
position arising from discretization settings and trailing edge mesh refinement.

2. Two-equation Menter’s shear stress transport (SST) model

Menter introduced the SST model in 1994 to overcome the limitations of the standard two-equation
models by combining the strengths of k—w and k—e formulations using blending functions. The model is
based on the Wilcox k—w [8] turbulence model in the near-wall region which avoids problematic damping
functions while it provides good capabilities to predict adverse pressure gradient flows, the ability to use
simple Dirichlet boundary conditions and beneficial numerical stability. It transitions smoothly to the k—e
formulation in the outer boundary layer to the free-stream, thereby eliminating the sensitivity of the k—w
model to free-stream values of w ¢ specified for w outside the boundary layer. From this Menter baseline
model (BSL) [1], Menter modified the eddy viscosity to account for the transport of the principal shear
stresses needed in adverse pressure gradient flows leading to the shear stress transport (SST) model. The
SST model was then widely adopted as a standard eddy viscosity model (EVM) due to its robustness,
predictive capabilities and extensions like scale adaptive simulations and laminar—turbulent transition
modeling [9]. Although the SST model has improved capabilities compared to the other EVMs, it falls
short to correctly predict strong adverse pressure gradients with secondary flows, large separation regions,
vortex dominated flows where one has to move from the class of EVMs to more advanced models like
Differential Reynolds stress models (RSM). However, RSMs are usually not as robust as EVMs and they
come with additional computing cost for solving more equations for all Reynolds stresses.
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2.1 The w-based version

The equations for the SST model originally published by Menter in 1994 [1] as pubished on the NASA
Turbulence Modelling Resource (TMR) ! for the turbulent kinetic energy k and for the turbulent dissipation
rate w are given by:
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where p is the density, k is the turbulent kinetic energy, w is the turbulent frequency, U; is the flow
velocity, u; is the eddy viscosity, S is the invariant measure of strain rate defined below in eq. (10). The
latter relation (4) is the Boussinesq hypothesis. F; and F, are blending functions which are 0 away from
the surface (k—e model active) and 1 inside the boundary layer (k—w model active). Each of the model
constants is blended using ¢ = F1¢| + (1 — F1)¢,. The blending functions and the cross diffusion term
are given by
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where d is the distance from the wall. It was also recommended to used the production limiter [10] to
prevent the build up of turbulence in the stagnation region given as:

P = min(Py, 20 - B*pkw) (8)
Differences in terms SST1994 SST2003
Eddy viscosity (u;) —_pak __ —_paik
y Y (e max(a; w,QF) max(aj w,SF,)

Cross diffusion (CDy,,) | max (2;_)0'w i%% , 10‘20) max (250'w %g—fig—)‘;’i , 10‘10)

Production limiter (Py) min(Py,20 - B*pkw) min(Pg, 10 - B* pkw)

Table 1: Differences in the various terms of the two SST versions - 1994 and 2003

'https://tmbwg.github.io/turbmodels/sst.html
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After the publication of the original model, Menter modified the SST model through robustness opti-
mization leading to the 2003 version which will be referred in this paper as SST2003. Hence the above
stated model will be referred to as the SST1994 (1994 version) and the differences between these versions
are listed in the Table 1

where,
1 (oU; 9U; 12
Qi == - , Q=(2Q;;Q;; 9
J 2 (ax] axi ) ( J ]) ( )
1{0U; 0dU;

The constants (¢, ¢») used for the model are 8; = 0.075,0%; = 0.85,0,1 = 0.5,8, = 0.0828, 0%y =
1.0, 0,2 = 0.856. The other constants used are 8* = 0.09, k = 0.41,a; = 0.31.

2.2 Logarithmic (log) formulation of the length-scale equation

The log formulation of the length-scale equation (In(w)) had been previously implemented in the DLR-
TAU legacy solver for the Reynolds stress models [5] and had been reported to improve robustness across
various flow regimes and varying complexity through verification studies. Further more, the new solver
CODA [3] provides a combined framework for both finite volume (FV) and discrete Galerkin (DG)
methods, thereby making the log formulation essential in CODA. The transport equation for & = In(w)

(or: w = e®) follows from
DO DoDw 1Dw 1 Dw

Dt Dw Dt w Dt e® Dt
Then multiplication of the w-equation with 1/e® and substituting w for e yields
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For the computation of the turbulent viscosity, again a form of the SST limiter is applied, i.e., for the

SST-2003 model _—
pai

= _ 13

He max (aje®, SF) (13)

Note that in the @-equation, an additional term arises compared to the w-equation, emerging from the
transformation of the turbulent diffusion term given as:

0 0w 0w 0O 0 0w
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2.3 Boundary conditions for turbulence equations

Finally, we considered the boundary conditions for £ and w or /n(w). For the k equation, the standard
condition is k|,, = 0 at the wall. Another possible boundary condition is dk/dn = 0 with n denoting the
normal direction. The latter condition follows from the definition of k& and from the no-slip condition
for the velocity fluctuations, and so the theoretical k has a quadratic zero at the wall (see [11] p. 124).
Concerning w, the boundary condition proposed by Menter is to impose a value of w|,, = C,, r6v/ (,By%)
at the wall which uses the analytical flat plate turbulent boundary at zero-pressure gradient solution of
w in the viscous sublayer (see [11]). The method uses the value computed at the wall distance of the
first grid node and uses for extrapolation to the wall a so-called wall factor for w of Cy, r = 10. A study
of the extrapolation factor and possible adjustment depending on the underlying numerical scheme can
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be found in [12]. An alternative boundary condition [13] is a so-called hybrid wall-function boundary
condition, which uses a blending of the viscous-sublayer solution and of the log-layer solution of w in
a zero-pressure gradient turbulent boundary layer. This boundary condition gives a meaningful w-value
even if the first node above the wall is located above the viscous sublayer. For a mesh with y* < 1, both
boundary conditions for w cannot be distinguished.

3. Implementation aspects of the SST model

3.1 Clipping for k and w

Ensuring positivity of turbulence variables has always been important in the implementation of the
turbulence models. This is usually achieved by the classical clipping approximation technique [14] where
the variables are limited to some small fraction of their respective reference values. Even though the log
form guarantees the positivity of the length scale equation, it is possible that /n(w) when transformed to
w to calculate some terms like eddy viscosity in the equation, w can take very small values which affect
robustness in industrial solvers. Hence, we also additionally clip the log form in /n(w) when needed. The
clipping factors are set to 1078 for k and and 107> for w in the non-log form. While using the log form,
the clipping is always done after transforming it to w. When cases from suffer convergence issues, In(w)
is also clipped with a factor of 107>, Otherwise, the clipping factor is set to machine epsilon for In(w).

3.2 Realizability conditions

Although positivity preservation ensures the positivity of turbulence variables, when considering the
whole Reynolds stress tensor Til;”b = pug’u}’, it may not guarantee the physicality of the tensor. Real-
izability violations of the Reynolds-stress tensor can occur in the solution of the two equation models.
Durbin [15] explain this as the reason towards the stagnation point anomaly observed in two equation
models and formulated a time-scale limiter for the £ — € model as one of the potential ways to solve it.
Although Menter SST uses a production limiter for the stagnation point anomaly issue, the realizability
limiter imposes a stricter limitation and has helped in the robustness of the legacy solver for certain diffi-
cult cases. The legacy solver applied the limiter (see Appendix A) to w with the non-log form directly and
clipped w to a higher value than the clipping described in the previous Section 3.1. During the verification
experiments, some deviations between the log and the non-log formulations occurred skin friction Cr
profile at the leading edge. Initially, we did not concentrate much as it occurred in the pseudo-laminar
region, however when the realizability limiter was turned off, these differences disappeared. This lead to
a closer observation and the use of the realizability constraints by clipping directly at /n(w) were found
to cause not just the leading edge Cs deviation but also some weird blobs in the blending function F> of
the SST model. These weird blobs were also found when using the non-log form but was were visible in
the log form. The realizability constraints were however important for robustness, hence we took a closer
look at the derivation of the realizability constraints from Durbin’s work [15] which is described in the
Appendix B. The realizability constraints were then only in the turbulent eddy viscosity in CODA given
by,

ﬁal k

max (a1 max (a), \/6|§|), QFz) .

M = s)

It must be emphasised that the lower bound is only used in u, whereas the positivity-enforced clipped
values are used in y, for the source terms (i.e., the dissipation of k£ and w).

3.3 Limitation of turbulent source terms

The unlimited production term Py in Eq. 3 can be expanded and re-written as follows.

—~ 29U
Py = 2|5 - gpk%f (16)
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The second term in the above result could become negative when the dilatation is positive and for a small
enough y;, it may even cause P to become negative. To avoid such a situation, the second term was
omitted from the calculation of the production term.

One of the differences between the SST1994 and SST2003 model is that the SST2003 model uses limited
production Py, (as in Table 1) for both k and w equations. Use of the limited production in the w equation
leads to a more gradual increase in w from free-stream when approaching the stagnation point. This, in
turn, leads to the blending factor F; increasing to 1 much further away from the wall for the SST2003
model compared to its predecessor. To suppress such "ghost" shear layers with F; ~ 1, the unlimited
production term was used in the w equation for both models. Use of the realizability (Durbin) limiter
along with disabling the production limiter in the length-scale equation were later found to be important
for improving the robustness of the log form in the new solver. The use of unlimited production for the
w equations has also been mentioned in the work of Evans et al [16] in the commercial STAR-CCM+
solver where they replace the production limitation in the k£ equation as well with the Durbin limiter.
Such studies in the k equation are aimed as future work in the new solver.

3.4 Sustaining turbulence

The far-field behaviour of the turbulence equations can be analysed by assuming a steady flow with a
stream-wise velocity of Uy, > 0 along the x-axis. Further assuming that the diffusion and cross-diffusion
terms are negligible, Egs. (1) and (2) reduce to the following coupled ordinary differential equations.

dk “k d 2
di __Fho  do_ pro” (17
dx Uoo d-x Uoo

Note that we have substituted S = 3, in the w equation as we are far away from the walls and F; = 0.

These equations can be solved analytically to obtain the variations of k, w and v, in terms of the farfield
values ko and wo, along the x-axis whereby x = 0 denotes the farfield boundary:

Prwe

(59

-1
ﬁz‘”‘"’x) (18)

pe
k(x) = koo (1+ x) " , w(x) = Weo (1+ U
Both quantities decay from their far-field values as x increases. Since 8*/B, > 1, k decays faster than w
and since the turbulent viscosity scales as their ratio, it decays as well. The far-field values are prescribed
using a turbulence intensity of 7, = 103 (with I, defined by I? = (2/3)k/U2) and a turbulent viscosity
ratio of u;/u = 0.1 based on the recommendations in e.g. [17]. These values ensure that the decayed
turbulence levels are sufficiently low when the flow comes into contact with the body but the exact levels
depend on the far-field distance. The decay near the far-field boundary can be quite drastic and typical
far-field grid resolutions are not adequate to capture this accurately. Since y, depends on the ratio of k
to w, even slight changes in their decay rates can significantly alter the behaviour of y,. During early
investigations, it was observed that the log form was particularly susceptible to this problem, sometimes
even predicting an initial spike in u; before the decay. Moreover, spurious striations of y; were observed

to propagate far into the computational domain which are shown in the section 6.1

The sustaining turbulence (SUST) variant of the SST model, described by Spalart and Rumsey [17], was
considered as a solution to overcome this problem. The SUST variant involves adding the following
source terms to Eqgs. (1) and (2), respectively, to counteract the destruction terms and, consequently,
sustain the far-field turbulence levels along the free stream.

PRt = Brkeowe,  PYST = pul, (19)

The far-field values for the SUST variant were prescribed using I; = 4/2/3x 1073 and u, /u = 2x 107" Re
based on the recommendations. [17]
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In addition to avoiding the far-field decay, the SUST variant also improved the robustness of the sim-
ulations, sometimes quite dramatically. However, the SUST terms rapidly destroyed the turbulence in
the wake when using the recommended free-stream conditions. While the recommended value for ko,
is smaller than k in the wake,the recommended value for w, is greater than w in the wake. The higher
value of we, increases the production of pw through the P3UST term. As pw increases, it causes the
destruction term of pk to increase. This production of pw and the destruction of pk continues until
they return to their respective free-stream levels upon which the destruction and SUST terms balance
each other. Using much smaller far-field values preserved the turbulence in the wake but the robustness
suffered significantly.

3.4.1 Wake-preserving sustaining turbulence

In order to capture the correct behaviour in the wake while maintaining the recommended free-stream
turbulence levels for the sake of solver stability, a modified free-stream turbulence dissipation rate

(20)

2
WP = W exp [—16 (max(k,km) koo) ]

koo

is used instead of ws in Eq. (19). The rationale for the modification is that the SUST terms are only
required in the free-stream where k = k., and they can be deactivated as soon as k exceeds k« to avoid
interfering in the other regions. Since a higher value of w is the main driver in the destruction of the
turbulence in the wake, the Gaussian cutoff function in Eq. (20) acts on we leading to a faster suppression
of PSUST, Note that the SUST terms are not suppressed when k < k., such as near the wall. Alternatives
to Eq. (20) involving the blending factor F to suppress the SUST terms near the wall were also explored
but these had little impact on the final results as the SUST terms are dominated by the destruction terms
near the wall. Therefore, the above form was retained for simplicity. The constant 16 was chosen through
numerical experiments. The modified formulation is referred to as wake-preserving (WP) sustaining
turbulence.

4. CFD Software description

4.1 CFD Software CODA

The initial version of the next-generation CFD solver known as Flucs (Flexible Unstructured CFD
Software) was initiated at DLR to advance industrial simulation methods and enable virtual flight envelope
exploration, focusing on higher-order methods, implicit schemes, HPC parallelization, and modern
software principles [18]. As adoption grew among industrial and European partners, the CFD Software
by ONERA, DLR and Airbus (CODA) was developed based on Flucs. [3]

4.1.1 Spatial discretization:

CODA uses a cell centred finite volume (FV) approach supporting unstructured 3D meshes. Although the
solver provides a framework combining FV and DG discretization methods, we focus only on FV for this
paper. The mean flow convective fluxes are calculated using the Roe upwinding scheme where a minimal
dissipation (entropy-fix) can be enforced when needed. For the turbulence equations, Roe upwinding
scheme for transport equations were initially used which led to some stability issues, so we switched
to the usage of a simple upwinding scheme for turbulence equations. For 2"¢ order flux calculations,
linear reconstruction using extended Green—Gauss gradients [19] are used. The diffusion terms are
calculated using a central scheme by averaging the fluxes from the right and left elements, where the face
gradients are computed as average of adjacent element gradients and subsequently augmented with a finite
difference formula. Consistency of the calculations can be improved by using linear reconstruction and
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non-linear limiters (described below) are sometimes used for stability. During our validation campaign,
we found one of the reasons we suffered from robustness issues for SST simulations with second order
accuracy was arose from the gradient limiters which was in use. Inspired from our legacy solver TAU,
we modified our gradient limiters such that we can impose different limitations on the mean flow and
turbulent equations. It was found as one of the key elements to improve our robustness but additionally
it had an effect on the accuracy of the log form for some cases (described in section 6.2.3).

Gradient limitation: In the classical formulation of linear reconstructions, the gradient limiters contain
a small regularization factor &, which is typically scaled with the local mesh size. In the current work,
this is replaced by a solution-dependent factor so that the limiter becomes attenuated in smooth regions
while keeping its original behavior in regions of strong gradients. This factor is further scaled by a
parameter, K4, to control the strength of the attenuation. High attenuation of the gradient limiters, given
by values of 1072 or 1073, was necessary to provide second order accuracy in space. However, too
strong attenuation levels caused the gradient limiters to fail to prevent the creation of new extrema for
the turbulent variables, such as non-physical undershoots and negative values of k, negatively affecting
the robustness of the numerical scheme. To avoid excessive attenuation while maintaining a non-zero
regularization factor for a well-defined limiter formulation, an attenuation factor of 10™'* is used for
the turbulent variables. Having these different attenuation levels for mean flow and turbulent variables
proved to be a compromise in the gradient limitation, keeping second order accuracy in space and a robust
behavior.

4.1.2 Time integration:

CODA implements a fully implicit scheme (implicit Euler method) for pseudo time integration with local
time stepping for solving steady state problems. CODA also offers automatic differentiation (AD) for
generating the Jacobian through residual evaluation. However, a matrix based Jacobian offered more
robustness during the pseudo-transient phase and also led to performance improvements for the two
equation turbulence models. Initially a matrix-free AD was a necessity beyond the pseudo-transient
phase to obtain residual convergence. Later, the Runge-Kutta implicit method [20] was found to remove
the need of matrix-free AD for most cases and further improve robustness. Still, some cases performed
better with the implicit Euler method and matrix-free AD was strictly needed to obtain convergence.
Hence, for the simulations results discussed in section 6, we have used the Runge-Kutta implicit scheme
for most of the cases and we moved to implicit Euler with matrix-free AD when residual convergence
was not obtained for the case.

4.2 DLR TAU Code

Considered one of the predecessors of the new solver CODA, the legacy DLR TAU-Code is a finite-volume
solver for the compressible flow equations on unstructured or hybrid grids [2].

Spatial discretization: Unlike CODA, TAU uses a cell-vertex approach by evaluating the flux balances
on a dual-cell representation generated in a pre-processing step of the primary grid. Moreover, the mean
flow is typically discretized using a central flux scheme with either scalar or matrix-valued artificial
dissipation, while the turbulence equations employ the same scalar upwind flux as CODA. For 2"¢ order,
this flux takes linearly reconstructed face values based on Green—Gauss gradients, which are limited by
a modified formulation of the Barth—Jespersen limiter [21].

Boundary conditions: Concerning the implementation of the boundary condition, a strong formulation
of the boundary condition is the default, but a flux-based weak boundary condition was also studied as
well as a hybrid wall function which is designed to be applicable also on meshes with y* < 1 and should
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then be in close agreement with the strong boundary condition (see [22]). In TAU, a half cell surrounding
the wall node is used, i.e., the wall node is located at the wall, whereas the first node above the wall is
associated with the center of the second dual grid cell.

Turbulence models: The SST model is available in both main versions (1994 and 2003) using the
standard (non-logarithmic) form of the length-scale variable w. However, for the present study an ad-hoc
In(w) formulation was implemented for reference. As no limiter attenuation in smooth flow regions is
applied, TAU’s spatial turbulent scheme compares best to CODA, if the latter uses smallest possible K4
values for the turbulence variables.

Time integration: Steady time integration relies on an explicit Runge-Kutta scheme or a semi-implicit
Backward-Euler scheme described in [23], where the linear system is only approximately solved using
a lower-upper symmetric Gauss—Seidel (LU-SGS) with simplified Jacobians, leading to a much weaker
implicitness compared to CODA. A full approximation storage (FAS) multigrid method can be applied
to improve convergence.

5. Simulation setup and cases

The section describes the cases covering different flow regimes such a subsonic, high-lift, transonic and
information on the grid families used for the mesh convergence studies. Two cases are chosen from the
NASA TMR 2 website, one research airfoil and one industrial airfoil are chosen to show the differences
of the two formulations.

5.1 2D NACA4412 airfoil in subsonic highlift

One of the validation cases provided in the TMR website for "essentially incompressible" flows is the
2D NACA4412 airfoil 3 with a large sequence of nested grids from the same family. The geometry of
the airfoil is defined analytically using the formulae published by Jacobs, Ward and Pinkerton (1933), by
Abbott and von Doenhoff (1949), and others. The flow conditions for the case are: Reynolds number
of Re = 1.52 x 10%, Mach number M = 0.09 and an angle of attack of @ = 13.87° there appears a
trailing edge separation. The reason for this was to use, for verification purpose, the reference data on the
TMR website 4. However, concerning validation and comparison with wind tunnel data, these conditions
cannot be recommended, as described in [24].

We choose this airfoil due to the availability of a grid family and the subsonic nature of the case that could
serve as a starting point for our comparison studies of the log form vs the non-log form. The grid family
consists of 5 structured meshes with C-topology connecting to itself in a 1-to-1 fashion in the wake. The
grid is stretched in the wall normal direction with 1025 points in the airfoil surface for the finest grid and
65 points for the coarsest grid. The grids range from 1793 x 513 as the finest grid to 113 x 33 as the
coarsest grid with each coarse grid is exactly on every other point of the next finer grid as listed in the
Table 2

Although the CODA simulations ran successfully for the settings of the validation case, the TAU sim-
ulations failed to converge with a steady-state RANS simulation and required an unsteady simulation
procedure to converge to the steady-state solution. As our main purpose is not validation of the model or
the code, we modified our settings to use a Mach number of Ma = 0.25 and @ = 10° where the separation
still happened at around 99% of the chord but not as strong as the validation case. The results described
in section 6.2.1 use the modified flow conditions. In addition to grid convergence of boundary integral

Zhttps://tmbwg.github.io/turbmodels/
3https ://tmbwg.github.io/turbmodels/naca4412sep_val.html
4https ://tmbwg.github.io/turbmodels/index.html
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Grid No. of No. of points Approx.

level elements on the airfoil y* (1)
L1 3729 51 1.0
L2 14,625 129 0.5
L3 57,921 257 0.2
L4 230,529 513 0.1
L5 919,809 1025 0.05

Table 2: Details for the subsonic NACA4412 airfoil grid family

quantities, we also investigated the surface integral quantities like coefficient of skin friction C and co-
efficient of pressure Cj,. Due to the subsonic nature of the case, we encounter the pseudo-laminar region
where the usage of the realizability limiter caused the difference between w and In(w) formulations.

5.2 2D Multi-Element Airfoil 2DMEA)

The 2D multi-element airfoil case as specified on the Turbulence Modeling Resource Website 3 [25] is a
common verification case for turbulence model implementations in CFD codes. The geometry is a special
2D cut from the wing of the NASA Common Research Model in high-lift configuration (CRM-HL) with
both the slat and the flap deployed. While the Reynolds and Mach number used in this study correspond
to the specifications on [25],i.e. Re = 5 x 10% and M = 0.2, the angle of attack is intentionally reduced
from @ = 16° to 12° in order to facilitate convergence to a steady state for different variants and settings
of the SST model. Also at this angle of attack, the flow features a complex interaction of local separation
in the coves of the slat and the wing, confluent shear/boundary layers on the main wing and the flap, as
well as incipient pressure-induced separation on the flap. Since neither (experimental) validation data,
nor published numerical reference data from the SST model exist for this test case, the present study
purely focuses on sensitivities of the logarithmic length-scale formulation w.r.t. modelling details and
numerical resolution.

To study the effect of grid resolution on the different variants of the SST model we consider the unstructured
grid family II provided by NASA Ames [25], with overall and near-wall resolutions given in Tab. 3.

Grid No. of Approx. Approx.

level  elements y*(1) stretching r
L1 138,833 2.0 1.25
L2 252,945 14 1.17
L3 388,323 1.0 1.12
L4 755,509 0.7 1.08
L5 1,375,004 0.5 1.06
L6 2,583,514 0.35 1.04
L7 4,839,196 0.25 1.03

Table 3: Resolution parameters of grid family II for the 2DMEA case (adopted from [25]).

The simulations that are presented in Sec. 6.2.2 employ CODA using the SST model with logarithmic
and non-logarithmic (original) formulation of the length-scale equation. The investigation focuses on the
behaviour of integral aerodynamic coefficients like lift and drag under grid refinement, but also studies
the influence of the near-wall resolution, i.e. y*(1), on the skin friction.

Shttps://tmbwg.github.io/turbmodels/index.html
®Note that the element count that is relevant for CODA differs slightly from the number of points given on [25].
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5.3 Transonic flow around research airfoil AC-05-12p6

In the transonic regime, we chose a 2D airfoil which was recently developed as a part of the DLR-internal
project ACTIVATE. The geometry was designed to obtain a strong adverse pressure gradient on the upper
side downstream of the shock when approaching the trailing edge. The boundary-layer flow experiences
a pressure-induced separation at around x/c¢ = 0.88. The flow conditions for this case involves Reynolds
number of Re = 3 x 10°, Mach number Ma = 0.733 at an angle of attack & = 3°. A family of three
structured grids was generated for this case with each grid having an approximate y* = 0.05 and consisting
of 139576, 372176 and 1542886 elements respectively. While investigating the surface integral quantities
for the transonic cases, the dependence of the In(w) variant with respect to the gradient limiter settings
became very visible due to the movement of the shock location with respect to the grid refinement. The
need for In(w) to have a strong gradient limitation on the turbulent variables is still not yet completely
understood.

5.4 Industrial transonic airfoil

An industrial transonic airfoil was chosen mainly to study the effects of the two formulations in industrial
grade grids. The flow conditions used for setting up this case were Re = 4.5 x 109, at transonic value
of Ma lower than 0.75 (which cannot be specified here) at @ = 3.1. Despite the relatively low incidence
angle, the boundary-layer flow on the upper and lower side is subjected to significant favourable and
adverse streamwise pressure gradients in non-equilibrium conditions due to the surface geometry to
obtain increased lift by rear loading. The pressure gradient in non-equilibrium causes a deviation of
from the universal solution of a flat plate turbulent boundary layer in zero-pressure gradient, and a finer
resolution of the near-wall region is expected.

In a precursor study, a detailed mesh convergence study was performed. Several hybrid grids were
generated using the mesh generation tool Centaur involving systematic refinement in predefined boxes
in the trailing edge region and in the wake, on the upper side inside and outside the boundary layer to
resolve the shock, and in the leading edge region. The geometry was used from a wind-tunnel model
whose blunt, sharp-edged trailing edge thickness was z/c = 0.006. It was found necessary to use at least
14 nodes on the blunt trailing edge for the cell-centered scheme of CODA and for the dual-grid approach
if using the central scheme with scalar dissipation. Otherwise, a significant effect of shock movement
compared the the grid-converged solution was found. In the present study, a sufficiently grid-converged
resolution was used in the streamwise direction of the boundary layer as well as in the regions of leading
edge, shock and wake. Then grids with a different resolution of the boundary layer were considered by (1)
changing the number of layers while keeping y* = 0.1 of the first layer constant as well as the thickness
of the hexahedral boundary layer mesh, and (2) changing the spacing y* of the first layer while keeping
the boundary layer mesh thickness constant.

The aim was to study the near-wall region and the outer edge of the boundary layer to analyse the different
resolution requirements in these regions required by the two formulations. As this was one of the cases
with the industrial focus, any small deviation between the two codes CODA and TAU and between the
two formulations w and In(w) needed to be explained due to the industrial certification requirements.

6. Results

6.1 Farfield decay

As described in Section 3.4, the k—«w SST turbulence model and similar RANS turbulence models are
characterized by a decay in turbulence from the imposed freestream values to the levels generated in
the vicinity of the body, where the imposed freestream condition should not influence the solution in
the near-field region. However, the log formulation of this implementation shows a particular decay
effect compared to TAU, as shown in Figure 1. The eddy viscosity ratio field is non-uniform presenting
streak-like structures aligned with the streamwise direction. Additionally, the weak imposition of the
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boundary condition does not strictly enforce the prescribed freestream value of 0.1, but results in a value
closer to 0.25. This level remains slightly elevated in the near-field region compared to expected results
from TAU. Nevertheless, these differences have been shown not to influence the near-field solution, with
pressure and skin-friction distributions remaining unaffected.

z

l:‘ 0.3
x i

——— CODA k-In(w)
0.25 TAU k-w
o I\
® 02 N
2 p
2 e Vo
§015 i sy
S
>
3 0.1
- 0000
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0.05
T T E—
Eddy viscosityratio 0 01 02 03 04 05 X

Figure 1: Eddy viscosity ratio obtained with the SST turbulence model for a high speed aircraft: contour
field of log formulation in CODA (left) and streamwise variation along a line from freestream to the
aircraft of log and non-log formulation, in CODA and TAU respectively (right).

During the first attempts to fix the robustness of the new solver, we identified the role of sustaining
turbulence in stabilizing the solver. In this process the shielding function was developed to improve
the results as most of our simulations did not converge without using sustaining turbulence. While
trying to understand the influence of sustaining turbulence to increase solver robustness, we compared
several simulation results when the sustaining turbulence is used and when it is not used. To our surprise,
sustaining turbulence helped to increase the robustness of the In(w) formulation but not the w formulation.
Decreasing the background turbulence while still using sustaining turbulence reduced the robustness of
the solver. Investigating the converged solutions from various simulations, we observed the low levels of
w in the background field while using the In(w) formulation which was not visible for w formulation.

6.2 Global mesh convergence study

In the following subsections, the spatial resolution requirements are compared between the w-based
version and the In(w)-based variant. In industrial applications for the flow around a complex aircraft in
3D, mesh convergence studies can hardly be afforded, in particular not using a systematic global grid
refinement study (see [26]). Instead best-practice guidelines for the automatic mesh generation are used.
Such guidelines are for the spacing y*, for the number of nodes in the boundary-layer mesh (consisting
of hexahedral or prismatic elements) and the wall-normal stretching factor g, the number of nodes on
sharp-edged blunt trailing edges, the stream-wise spacing Ax on wings, the resolution of the nose region
of wings, in the region above and below the airfoil where shocks are expected, etc.

Here, on the one hand sequences of globally refined meshes are used to compare the grid convergence
behaviour of the w and the In(w) variant. Moreover, a detail study of the resolution requirements for the
boundary layer mesh is performed.

The mesh convergence studies for the cases - 2D NACA4412 airfoil (subsonic with minimal trailing
edge separation), 2D Multi-element airfoil (subsonic high light conditions) and Activate airfoil 05-12p6
(transonic flow conditions with shock) are presented in this section. The first two cases use grids from
NASA TMR as described before in section 5 where the meshes had been generated for a systematic
global mesh convergence studies. For the transonic research airfoil, a family of grids was generated with
a global refinement strategy for the purpose of this study to understand the influence of shock location
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under grid refinement.

6.2.1 2D NACA4412 airfoil
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Figure 2: Mesh convergence for the 2D subsonic NACA4412 airfoil for SST2003—w vs SST2003/n(-w).
Convergence of - left: coefficient of drag Cp, right: coefficient of lift Cy..

The 2D NACA4412 airfoil as described in section 5.1 was the first case we focused for the mesh
convergence study using the grids provided in the table 2. The results of the mesh convergence studies
performed on NACA4412 for the log (In(w)) vs the non-log (w) form are shown in the figure 2. The case
was also simulated with the legacy solver TAU and the coefficients of drag Cp and lift Cy are compared.
Even on the finest grid, some differences are visible, and hence grid-convergence has not been achieved
on the finest mesh. On the other hand, all results are converging towards each other. The simulations
labelled "Sust turb" with the log form used the wake preserving sustaining turbulence as described in the
section 3.4.1. We can observe from the plots in figure 2 that usage of sustaining turbulence did not vary
the results in the coarser meshes and a slight deviation occurs in the finest meshes. Note that the coarse
meshes are much coarser than used in industrial computations. On the coarsest two meshes, none of the
length-scale versions and none of the solver is significantly better results. When we compare the results
between the two solvers, the deviations of the log form appears to be consistent in the fine meshes. As
some simulations did not converge, the deviations in the coarse meshes cannot be concluded well. If we
compare the log form in CODA and non-log form in TAU, we would still see differences when the mesh
is not fine enough.

6.2.2 2D Multi-Element Airfoil 2DMEA)

As outlined in Sec. 5.2, a grid sensitivity study was conducted for the subsonic flow about the 2D multi-
element (high-lift) airfoil at @ = 12°, utilizing the unstructured/hybrid grid family II provided on the TMR
website [25]. CODA results using the SST 2003 model both in standard and logarithmic formulations for
the length-scale variable w are considered.

The study focuses first on the development of the primary aerodynamic coefficients, i.e. lift Cy, and drag
Cp, under systematic grid refinement according to Tab. 3. The half-logarithmic plots in Fig. 3 reveal
principal convergence to consistent results with increasing resolution, but also a remarkable wide spread
between the logarithmic and the standard formulation.

While the In(w)-variant yields a monotonic lift and drag convergence with an overall even and mild
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Figure 3: 2DMEA case: Mesh-resolution dependency of lift (left) and drag (right) coefficients for

different SST 2003 variants in CODA.

(log-linear) gradient, the w-based results change the convergence direction and show a larger sensitivity
(gradient) than In(w) on the finest grid levels. It should be noted that this mesh family is not adapted to
the specific requirements of w-based models, which would require values of y* (1) significantly less than
1 for a mesh-independent skin friction.

This is illustrated in Fig. 4, which shows the skin-friction coefficient c¢ r on the main-wing upper side close
to the leading edge that are computed on different grid levels. While the In(w) variant yields virtually
grid-independent c¢ s already on grid level L3 (y*(1) = 1), the w formulation indicates ongoing changes
even with the finest resolution L7 (y* (1) = 0.25), in line which further studies in Sec. 6.3.1.

While the y* (1) sensitivity mainly contributes to Cp, the variation of Cy, under mesh refinement is mostly
affected by the outer boundary-layer development (i.e. thickness) and possibly separation. To study this,
consider the pressure distributions for one exemplary coarse grid level, L3, in Fig. 4 (right). Despite high
qualitative consistency between both SST variants, the In(w)-version shows a slightly delayed pressure
recovery on the upper flap side (see the zoomed-in area) just upstream of a small separation (not shown
here, but visible in c 7). This indicates a slightly stronger thickening of the trailing-edge boundary layer,
which affects the global circulation sufficiently to yield a difference in lift of almost 2% on this grid level.

Although the complexity of the flow makes a further break-down into individual sensitivities difficult,
it can be noted that, for the present test case on practical grids (i.e. y*(1) around 1), the In(w) variant
exhibits a more uniform and less pronounced grid sensitivity overall than the standard variant. Adding
the sustaining turbulence terms of Sec. 3.4 to the In(w) model "+ SUST’) only adds a small offset in
Fig. 3 which, however, leads to slightly altered grid-converged lift and drag, if a rough (visual) linear
extrapolation of the log-linear curves is taken as a basis.

6.2.3 Transonic research airfoil AC-05-12p6

While performing verification studies for transonic airfoils, the use of stronger gradient limitation (as
detailed in the section 4.1.1) for the log form (/n(w)) shifted the shock location while the non-log form (w)
did not seem to be depend as much on the limitation. Hence, mesh convergence studies were performed
for a research transonic airfoil as described in the section 5.3 with varying the K4 values for turbulence
equations. Initially, a common K4 = 0.1 was used for both mean flow and turbulence, then K4 = 1014
was imposed only on the turbulence keeping K;; = 0.1 for the mean flow such that its second order
accuracy is preserved well.



Thirteenth International Conference on Computational Fluid Dynamics (ICCFD13)

Milan, Italy, July 06-10, 2026 15
0.035 —— — — L1:SSTk-® 8 3 CODA: SST k-0
| VO e, L3: SST k-0 | CODA: SST k-In(w)
L7: SST k-» | ol
—— —— L1:SSTk-In() s
-------- L3: SST k-In(w) i
0.03 L7: SST k-In(w) s At
4R |
- o 0
© o Y\I 09 i
0.025 g \ \
2
Nt [ —
-~ - \\\ -
_______ N \ i
I D R ~= =N\ Ny
0.02 \\ or D
| \‘ | L/
0.04 0.06 0.08 0.1 0.12 0 0.2 0.4 0.6 0.8 1
x/c x/c

Figure 4: 2DMEA case: Mesh influence on skin friction near the leading edge of the main-wing upper
side (left). Pressure distributions on L3 grid (right).

From the plots in the figure 5, one can observe that the integral values Cp and Cy, which initially showed
larger differences for the log form compared the non-log when using a common K4 = 0.1 shifted when
we impose a stricter limitation on the turbulence quantities. Once we use a K,y = 10~ !4 for the turbulence
equations, the coarser meshes displayed results closer to the the fine grid results for the log form. The
effect pronounced for both Cp compared to C; where one can observe in the figure 5 that Cp even
changes its convergence trend slightly and differs more compared to the non-log form. The results in the
fine levels also differ when we change the limitation. However, the strongest difference appears in the
coarse meshes. The non-log form did not seem to have such a drastic effect with increased limitation.
It is important to note that the meshes used for this case are refined extremely (including in the far-field
and trailing edge) that even coarse mesh is not in the range of the industrial grade meshes. Therefore
the deviation of the integral coefficients in industrial grade meshes are expected to be much larger and
comparing results between the two codes with two different formulations can be quite difficult for complex
cases with industrial grade meshes.

When we further observe at the shock location using the surface integral quantities such as the coefficient
of pressure C), and the coeflicient of skin friction C distributions as displayed in the figure 6, we see the
shift in the shock front when we impose strict limitation (Kyg = 10~ 14y for the turbulence equations in the
log form. On the other hand, the non-log form shows very minimal dependency. This shift is observed
not only in the shock location but also appears in the separation location of the flow as shown in the figure
7. This implies that the entire entire solution field behaves differently when a stronger limitation is not
imposed for the log form. However, these differences were found to appear only for the transonic flows
which we tested. The convergence studies for NACA4412 and 2D-MEA airfoils were repeated and the
effect was not observed for the subsonic cases as seen in the figure 8.

The reason behind the dependency of the log form formulation is not yet known and it remains as one
of the key details while using the log form so that the coarser meshes can provide us results with lesser
error compared to the “almost mesh converged” solution. Further understanding of this behaviour of the
log-form can be understood by looking closer the non-linear dynamics of a shock with respect to the
gradients of the log form leading to addition or cancellation of some discretization errors. Due to time
constraints, these studies are meant for the future work.
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Figure 5: Transonic AC 05-12p6 airfoil: Mesh convergence of coefficient of drag (Cp) in the left and
coefficient of lift (Cy) in the right of w vs. In(w) when the gradient limitation (K4 value) is varied for
the turbulence equations.

6.3 Boundary layer resolution for transonic flow around an industrial supercritical airfoil

For the performance prediction of an aircraft, the prediction of viscous drag and hence of the Cy level
are an important part. In order to study the grid-resolution requirements for a non-equilibrium flow in
stream-wise changing pressure gradient at the verge of separation compared to the grid-requirements for
a turbulent boundary layer flow over a flat plate at zero pressure gradient, an industrial relevant research
airfoil is used. For this reason, absolute values cannot be shown, nor can be C,, or C distributions for the
full airfoil. However, the effects of the length-scale formulation and the grid-requirements can be clearly
demonstrated.

The y*-values of the different meshes are given here for the dual-grid approach of TAU. The first
computational node is in the center of the first off-wall control volume, below which there is a half cell
with the corresponding wall point. In the cell-centered approach used in CODA, the computational node
being the center of the first control volume (which is adjacent) to the wall is at half this y* value.

While performing our numerical studies, we also observed that there were still some unexplained differ-
ences in the results of the two formulations with respect to the shock location. We suspected them to
arise from the mesh resolution in the near wall region, boundary layer and the boundary layer edge. To
study these in detail, further mesh studies were performed involving only local refinements in the different
regions of the boundary layer. An transonic industrial airfoil was used for these studies and we focus on
the coefficient of skin friction Cy variations in our results.

6.3.1 Resolution of the near-wall region and y*-requirements

First a mesh study with a variation of the y*-values was performed. The results for Cr at a position in
the fully developed turbulent boundary layer on the upper side of the airfoil, sufficiently upstream of the
shock, are considered. Figure 9 (left) shows the results for TAU for the k-w model. A trend of mesh
convergence with respect to y* can be seen from the almost robust prediction for y* < 0.1. For y* = 0.2,
some grid effect can be seen, which increases on the coarser meshes. For y* = 1.6, the level of C ¥
is almost 4 % too small. The predicted values for C; are decreasing for increasing y* values. For the
cell-centered method in CODA, figure 9 (right) shows a similar behaviour. On the meshes with y* of
0.8 and 1.6, the numerical error is found to be even a little larger than for the dual-grid approach, which
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Figure 6: Transonic AC 04-12p6 airfoil: Shift of shock location when gradient limitation (K,4) value is
changed for the /n(w) formulation compared to w formulation in the coefficient of tangential skin friction
Cf,1an distribution (left) and the coefficient of pressure C), distribution (right).

requires further investigation.

Then consider the results for the In(w)-based model. First, mesh sensitivity on the finest meshes y* < 0.1
is found to be smaller than for the w-based model. The mesh sensitivity on the coarser meshes is
remarkably small even for y* = 1.6. Another observation worth mentioning is that, for larger y*-
values, the C-values are increasing, whereas they were found to decrease for the w-based model. This
observation is important when assessing the difference between different CFD solver and different length-
scale equation models on a mesh which is not mesh converged in terms of y*, say, y* = 0.8. Then the
deviation in C between w and In(w) appears to be twice the individual numerical error compared to the
y*-converged solution, as the numerical errors are additive due to their different signs.

The comparison between the different CFD solver and the different length scale equation are shown in
figure 10 (right). When using the same flow solver CODA, then the deviation in Cy on fine mesh between
w (for y* = 0.01) and In(w) is below 0.15 %. However, recall that the w-based solution for CODA for
this mesh is not yet mesh converged with respect to y*. The dual-based approach TAU gives a slightly
lower value of 0.44,% for C on the finest mesh.

6.3.2 Resolution of the boundary layer

The consider the variation of the number of cells in wall-normal direction while keeping y* = 0.1 constant.
This was achieved by increasing the stretching factor ¢ used in the wall-normal node distribution. The
thickness of the boundary layer of hexahedral elements was kept constant at a value of around 0.062c.
Then the boundary layer was found to be fully located inside the boundary layer mesh, even near the
trailing edge downstream of the shock.

The results for the w-based model using CODA are shown in figure 11 (left). For the meshes with equal
or less than 70 nodes in wall-normal direction, a numerical error in C¢ is found. The Cy values are
found to be lower than for the fine meshes, and the deviation can be up to 3 % on the mesh with 42
nodes in wall-normal direction. Next consider the results for the In(w)-based model for CODA. The
observation is similar, although the numerical error is found to be slightly smaller than for the w-based
model on the coarse boundary layer meshes. This result is seen to be important. In [27] the concern
was raised as to whether the variable transformation to In(w) could lead to an additional numerical
discretisation error near the boundary layer edge or outside the boundary layer due to the gradient term
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Figure 7: Transonic AC 04-12p6 airfoil: Shift of separation location when gradient limitation (K,) value
is changed for the /n(w) formulation compared to w formulation in the coefficient of skin friction Cy
distribution (left) and grid convergence of the location x/c (right).

involving 0&/0x ;0@ /dx as given in the Eq. (14). The present result does not give support or indication
concerning such concern.

Then consider the results for the In(w)-based model with sustaining turbulence in figure 12 (left) for
CODA. A low free-streamvalue of u,/u = 0.1 was used. The results are similar in trend to the In(w)-
based model, but the magnitude of the numerical error is even smaller than for CODA for the w-based
model on the coarser meshes. Moreover, this figure shows that the result for C s for the In(w)-based model
with such low free-stream value for u;/u deviates by only 0.06 % from the solution without sustaining
turbulence.

7. Conclusions

The effect of using a logarithmic formulation for the length-scale equation for the SST two-equation
RANS model was presented. The transport equation of the log form (In(w)) follows by a transformation
of the original equation for the specific rate of turbulent dissipation w. Both formulations are equivalent
on the level of a continuous partial different equation, but behave differently on a discrete level, i.e., when
used in a numerical flow solver based on the finite-volume method. The question is as to whether the
log-formulation has advantages in terms of grid-resolution requirements and/or robustness.

The effect of the length-scale variable version on robustness was found to be connected to other details
used in the implementation. The standard non-log (w-based) formulation showed a more gentle decay
behaviour at the far-field boundary. The log-omega form lead to lower far-field values and steeper
gradients near the interface between turbulent boundary layer and wake flow and the inviscid free stream.
The option of using sustaining turbulence was found to be a helpful method to enhance robustness.
When using the wake preserving sustaining turbulence, then the effect on the solution accuracy, i.e., the
deviation between with and without sustaining turbulence, for clean wing configurations is found to be
clearly smaller than other sensitivities.

Under mesh refinement, the solution for the log form (In(w)) and the solution for the non-log (w) were
confirmed to converge to similar solutions for all the two-dimensional cases presented in this work
irrespective of the type of meshes (structured or unstructured) and their refinement (global or local).
However, even on the finest mesh level still small differences in the surface solution for the pressure and
for the skin-friction coefficient as well as for the integral force coefficients of lift and moment can be seen.
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Figure 8: NACA4412 airfoil: Grid convergence of Cp and Cy when the gradient limitation (K4) value
is changed for the /n(w) formulation compared to w formulation.
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Figure 9: Transonic airfoil flow. Sensitivity of C s on the upper side upstream of the shock on y* (1) for
SST k—w with TAU (left) and CODA (right).

This is relevant for practical applications, as the spatial resolution on the finest 2D meshes was much finer
than the resolution typically affordable in complex 3D aircraft configurations for industrial applications.

Concerning lift and drag coefficients, the deviation between the w- and the In(w)-based solution on a
coarse mesh was generally found to be almost twice as large as the deviation from the grid converged
solution, as the sign of the numerical error can be opposite. Moreover, regarding the speed of grid
convergence of the lift- and drag-coefficient towards the grid-converged value, none of the two length-
scale forms were found to be clearly better.

Regarding the prediction of the surface distribution of the skin-friction coefficient, the log-variant enables
to obtain almost the same accuracy on meshes with larger y*-values of the first grid point. Moreover,
the numerical error has opposite sign when comparing Cy between non-log (w)- and log (In(w))-version,
as the former predicts significantly lower values for Cr, whereas the latter gives slightly higher values.
Therefore, on a given grid with a non-small y*-distribution, the deviation between In(w) and w appears
to be much larger than the numerical error of the In(w)-version from the grid-converged result. Another
observation is that a very similar constraints regarding the number of mesh points in wall normal direction
were found for the w and the In(w) version. At least 70 layers should be used to resolve the boundary
layer in wall-normal direction for both length-scale variable versions to obtain virtually grid-independent
solutions.
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Figure 10: Transonic airfoil flow. Sensitivity of C¢ on the upper side upstream of the shock on y* (1) for
SST k-In(w) with CODA (left) and comparison with SST k—w results (right).
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Figure 11: Transonic airfoil flow. Sensitivity of Cr on the upper side upstream of the shock on number
of layers in the boundary layer mesh and the stretching-factor for the wall-normal point distribution for
SST k-w (left) and k—-In(w) (right), both using CODA.
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Figure 12: Transonic airfoil flow. Sensitivity of C on the upper side upstream of the shock on number of
layers in the boundary layer mesh and the stretching-factor for the wall-normal point distribution. Left:
Influence of sustaining turbulence. Right: Comparison between two solver CODA and TAU.
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When comparing the sensitivity on the length-scale variable and the sensitivity of the overall numerical
method by changing the flow solver, the numerical sensitivity of the log form of the equation is found
to be larger and quite dependent on the solver settings such as the gradient limiters (K4 values) and the
implementation details of other limiters in the turbulence models such as the realizability constraints.
The dependency on the gradient limiters of the log form also appears to be case-dependent and appears
mainly when the flow regime is transonic and contains shocks. A stronger limitation of the log form
was essential not only for increasing robustness but also the accuracy which is counter-intuitive. Further
investigation is needed to understand this behavior of the log formulation which is aimed for future work.
The log form of the equation is also used for other complex models like the Reynolds stress models
(RSM) in the context of the SSG\LRR-RSM model. The future work also aims to study the influence of
the gradient limiters across various turbulence models in the log form as a stricter limitation would be
necessary for ensuring the convergence of the model.
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A. Realizability constraints in TAU

The realizability constraints used in CODA and TAU are derived based on the work by Durbin [15]. Let

us consider the Reynolds stress tensor Tl.t;” b re-written as:

S 6
Ty = 2Pk (l - i) @1

w 3

where S; ; denotes the traceless strain-rate tensor. For pk = 0, Tl.t;rb trivially satisfies the realizability

condition with zero eigenvalues. For pk > 0, the eigenvalues of T;;rb can become negative when w

becomes too small. Realizability can be restored by using a higher value of w in the denominator of y;.
Due to the positivity of pk, it is sufficient to focus on the eigenvalues of the term inside the brackets.

Let us denote the eigenvalues of Sas Ay, A and 3. Since S is symmetric and traceless, its eigenvalues
obey the following conditions:
Al +A+A3=0 (22)
2,92, 92_3. 7 T2
/11+/12+/13:Sijsji:|5| (23)
As these conditions are invariant under coordinate rotations, without loss of generality, let us assume that

we are in the principal axes of S where it can be written as a diagonal matrix with its eigenvalues along
the diagonal. The realizability condition then simplifies to:

1 1
—max(4;)) — = <0 = w > 3max(4;) (24)
w i 3 i
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and all that is required now is an upper bound for max; (4;).
Without loss of generality, suppose that max;(4;) = 4;. It follows from Eq. (22) that 1; = —(1; + 43).
Substituting this into Eq. (23) yields:

(A +3)* + 5+ 23 = |S]? (25)
Let us define two constants a and b such that the following conditions hold.

a b a_ b (26)

Ve v TV v

Note that it is always possible to find such constants for any A, and A3. Substituting these for A, and A3
in Eq. (25) and simplifying leads to:

A>

a’+b* =S (27)

From A, = — (4, + A3), we have:
2a
Al =—— (28)
V6
Since we seek the maximum value for A4, we must determine the minimum value of a.~As Eq. (27) is
simply the equation for a circle with radius |S| 7 , the minimum value of a is simply —|S| which in turn

leads to:

28]
A =— (29)
V6
Substituting this result into Eq. (24) finally yields the lower bound for w:
w > V6lS| (30)

This constraint can be applied by clipping w directly in addition to the clipping described in section
3.1. Such a methodology was followed in the legacy solver DLR-TAU where the non-log form of the
length-scale equation was used and is known as the Schwarz limiter in the solver.

B. Realizability constraints in CODA

In CODA, as we mainly use the log form of the equation, it led to differences in Cy distribution in the
leading edge of subsonic cases compared to the non-log formulation as well as weird contours in some
regions for the blending functions as described in section 3.2. An alternative was derived where we use
the realizability constraint only in the eddy-viscosity v;.

If the eigenvalues of the Reynolds stress tensor, Tl.’j‘.”b , are denoted by /l(Tl), they should satisfy the

inequality 0 < /I(Tl) < 2k. Now, if we write the Reynolds stresses as:

10U 2
Titjwb =2 (Sij - k‘su)

3 o, O ~ 3Pk0i (€29)

S < 2k from Durbin’s work [15]. Note that this constraint implies

then we get the constraint, 2v, Ay, < 5

that the upper bound 0 < /1(71) < 2k is automatically satisfied. Here A5, is the maximum eigenvalue
of the rate of strain tensor. The rate of strain tensor §;; is symmetric and becomes purely diagonal in
principal-axes coordinates. The diagonal elements, 4,, @ = 1,2, 3, are its eigenvalues and still satisfy

Eq. 23 and Eq. 22 is satisfied when the flow is incompressible.

"Geometrically speaking, Eq. (22) represents a plane and Eq. (23) represents a sphere of radius |§ |. Their intersection
produces the circle of radius |S| whose equation is given by Eq. (27).
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In two dimensions (i.e., where A3 = 0, and therefore 1, = —1;)

22 =1SP o |1.]=VIs]22 (32)

and in three dimensions

el = V2IS|?/3 (33)

Note that a factor of V2 is missing in Durbin’s definition of |§| compared to the implementation in CODA.
Durbin’s work also gives us two constraints W < 0 and 2k < W for all i. Moreover he specifies
that the former is more stringent and that it requires 2v; max, 44 < %k while the latter relation requires
2v;maxg dg = —;—‘k. Hence, he continues his work with the former relation.

Also, it can be shown from his work that /lﬁlax < +/2|S|?/3. Therefore, if v; jimi¢ is defined so that it
satisfies the first inequality, then it will automatically satisfy the second of the following

2 2
v imiV2ISP/3 < Sk = 2veimicdne < Sk (34)
This gives the following conservative, sufficient condition for v; jimit
2 1k k
2Vt,limitV2|S|2/3 <-ke v,<- < (35)
3 3.32/3I8| ~ VeS|

The realizability limitation in CODA applied to u; of the SST2003 model as provided in the table 1 yields

.k k k
v; = min [ —, =
' (u)* \/ES) max[max(w, SF>/a;), V6 5]

(36)

Note that in the above equation, S is not specified rather the work by Durbin is merely summarized. A
factor 1/2 due to lack of precise definition of S might arise. For this see the Schwarz limiter for w in
TAU in Eq. (30)).

Note that 1/a; = 1/0.3 = 3.333 and V6 = 2.450. Hence in a region where F» = 1 (which is inside
the boundary layer), the limiter is not active. Hence it is expected that this modification does not affect
the solution in the boundary layer. Outside the boundary layer where F, < 1, this limiter is expected to

change the flow solution. Hence, we use the corrected version in CODA compared to the Durbin limiter
in TAU.
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