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Abstract: In this work we present a novel stationarity preserving numerical method for the
solution of hyperbolic problems, with a focus on the linear hyperbolic acoustic system. The
method combines multi-dimensional globalization of the fluxes (GF) on Cartesian grids with the
ghost point method (GPM) to handle curved domains. The main feature of the method is the embed
discrete stationary solutions with zero velocity divergence, which are not preserved by classical
methods. The features of the new method are shown on some classical examples, and compared to
a standard Rusanov-GPM method that does not preserve the stationary solutions.
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1. Introduction to the problem of stationarity preservation for acoustic equations

We focus on the numerical solution of hyperbolic balance laws in two dimensions. Given a domain
Q =[x, %] X [yp,y:] € R?, we look for the solution g : R* x Q — R of the following hyperbolic
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system of partial differential equations:

Orq(t,x,y) +0x f(q(t,x,y)) +0yg(q(t,x,y)) = S(q(t,x,y),t,x,y), (H

where f : R™ — R” and g : R — R are the flux functions, while § : R” x R* x Q — R is a
source term. Examples of such systems include the Euler equations of gas dynamics, the shallow water
equations and the magnetohydrodynamics equations. In this work, we focus on a liner version of (I)):
the acoustic equations. For this system ¢ = (p, u,v), where p is the pressure and u, v are the velocity
components, while in the simplest setting the fluxes and source term can be written as

u v
f@)=\pr] g(q)={0], S(q,t,x,y) =0. 2
0 P

Though being a linear system, the acoustic equations present some challenges for numerical methods. In
particular, they admit a large class of stationary solutions, which are characterized by the conditions

Oxu+0yv =0, Vp=0. 3)

These stationary solutions are related to several practical applications going from the low Mach limit of
the Euler equations, to several physically relevant equilibria (e.g. stationary vortical structures). Classical
methods using dissipation based on one dimensional differencing are over-diffusive for such states [[1,2].

Several techniques have been proposed in the literature to design numerical methods that preserve these
stationary solutions [3}4, 15, [216]. All these methods exploit the idea that numerical dissipation should not
be proportional to the Laplacian operator, but rather involve quantities that vanish along the equilibrium
state. For the acoustic equations for example, the appropriate form of the numerical dissipation involves
the grad-div operator, which vanishes on states with zero divergence. Most of these methods are of first or
second order of accuracy. Arbitrarily high order stationarity preserving finite element based method using
multi-dimensional globalization of the fluxes (GF) and two different stabilization approaches has been
proposed in [7]]. A key point proven in the reference is that using a grad-div operator for the stabilization
(as e.g. in the classical SUPG) is not enough to preserve the stationary solutions. Additional constraints
must be imposted on the algebraic equations, which can be verified using flux globalization. The present
work is based on the Finite Volume (FV) reformulation of this method, proposed in [1].

A common feature of all the stationarity preserving methods recalled is to be designed for Cartesian
grids. Their extension to complex curvilinear geometries is not always straightforward. The presence of
internal boundaries introduce additional challenges as boundary conditions can affect the structure of the
stationary solutions, and introduce additional sources of error. Indeed, the diffusion operators vary along
the boundary and must be designed so that they vanish when stationary solutions are reached, which can
be nontrivial.

We aim at extending the stationarity preserving methods to complex curved domains and boundary
conditions. To do so, we will develop a ghost point method (GPM) [8, 9, [10], which is an immersed
boundary method that allows to handle complex geometries and boundary conditions on simple Cartesian
grids. The main idea of the GPM is to modify the grid points that lie outside the physical domain but are
still used in the stencil of the numerical scheme, so as to enforce the boundary conditions prescribed on the
physical boundary, which is defined only by a discrete set of points. This feature not only eliminates the
need for complex mesh generation by easily handling curved geometries, but also provides the flexibility
to develop stationarity-preserving methods, which are typically designed on Cartesian grids.

To extend the GF-FV method to complex geometries we thus propose a new formulation of the GPM
for the acoustic equations that is based on the multi-dimensional globalization of the fluxes, and allows
to preserve stationary solutions with zero divergence. We will test our method on various numerical
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examples and we will compare it with a Rusanov-GPM method that does not preserve the stationary
solutions.

The work is structured as follows. In section 2] we will recall the GF-FV formulation for Cartesian grids.
In section [3] we will present the extension of the GF-FV method to complex geometries and boundary
conditions using the GPM. In section 4] we will present some numerical simulations to test our method.
Finally, in section 5| we will draw some conclusions and discuss future perspectives.

2. Global flux finite-volume formulation for cartesian grids

The basic idea of the multi-dimensional GF formulation [7, [11} [1] is to design a numerical scheme that
solves the equivalent formulation of (1] given by

0:q(t,x,y) +0,0,F(t,x,y) =0, 4)

where & is the global flux and it is defined as

y x x py
Flxy) = [ flatxm)dn+ / ¢(q(1.€,y))dé - / / S(q(t.&.m). 0. Em)dédy. (5)
x¢ X¢ Yb

Yb

Having a unique differential operator in front of the global flux (3] selects equilibria in a different way.
Instead of looking, for example, at equilibria of the type V-u = 0, we now look for 9,4, % = 0, which sums
up to looking for global fluxes that are sum of two unidirectional functions, i.e., & (t, x, y) = h*(x)+h7 (y).
Although this does not change anything at the continuous level, it has a huge impact at the discrete level,
as it allows us to design numerical methods that preserve the stationary solutions of the considered
hyperbolic problem, which are not preserved by classical methods. Proofs of the impact of the unique
differential operator can be found in the finite element discretization of (@) with a SUPG stabilization
presented in [[7, [11}[12], and in the finite volume discretization proposed in [[1]. As mentioned above, we
will consider the FV formulation on Cartesian grids presented in [[1]].

Let us consider a Cartesian grid with N, cells in the x direction and Ny cells in the y direction, with
cell centers located at (x;,y;) fori =1,...,Nyand j = 1,...,N,. We denote by Ax and Ay the grid

spacings in the x and y directions, respectively. We also denote the interface points by x;, 1= %
and Yol = % and the cells C; ; = [xi_%,xi%] X [yj_%, yj+%]. The numerical solution at time ¢" is
denoted by g} ;, which is an approximation of the cell average of the solution over the cell C; ;. Now,
the equation (F_il]} can be discretized in space using a finite volume method as follows using two times the

fundamental theorem of calculus:
+1 G (1 _ G (+n _ G (+n G (41
ql’.l’j —q;”j-}-z/'(t ,xi%,yj%) F(t ,xi_%,yﬁ%) F(t ,xi+%,yj_%)+=/v(t ,xi_%,y. 1)

i=2
At AxAy

=0. (6)

This formulation introduces global fluxes at the 4 corners that need to be approximated. At each corner,
we will use a numerical corner flux that gathers information from the 4 surrounding cells and distribute
them to the corresponding 4 cell averages, i.e.
G0 o ygr(qm
'/li+%,j+% —'j'(t ,XH%,)’#%) (N
where, in the previous formula, the sign will be determined by the normal from the corner towards the
cell centers. Then, the FV update will read
ntl n !o/,’:(i’j) 9,’:(i+1,j+1) + !o/,’:(iﬂ,j) ﬁ(i,j+1)
q;; —4; i+d,j+1 i+d,j+1 i+d, 44 i+d,j+1
i,Jj Loy 2-J%3 2:J%3 2-J73 2J2=0. 8)

At AxAy
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Figure 1: Cell labeling for the 2D grid: main grid (left), dual grid (right).

2.1 Reconstruction of global fluxes in cell centers

Since we are interested in preserving solutions with & that can be written as the sum of two unidirectional

functions, the main challenge of the scheme lies in the definition of the global flux. This can be

done through a composite quadrature formula that discretizes (3)). We introduce three quantities F ~
y o [X o [xXry . .

I fla(t.xm)dn. G ~ [ g(q(t,€,y))dé, and R ~ [ [~ S(q(1,€,m),1, &, 1)dédn, defined iteratively
y

£ )+ f(q )

Fij:=F;j1+Ay 3 (€))

Gi, = Grr+ g(ay ;) +2g(61,’-‘_1,j)’ (10)

Rij = Rio1 o1 + pety i) S ¢ i(q?’j”) o), (11)

with F; o =0 foralli =1,...,Ny, Go,j =Oforall j =1,...,N,, and R; ; = 0 when either i = 0 or
J = 0. Then, the global flux at the cell center can be reconstructed as

Fi,j=F j+G;;—R;;. 12)

Although this appears to be a global definition of the fluxes, the differences in the final update (8] result
in only a local dependence on the 3 x 3 neighboring cells [1].

2.2 Corner fluxes

Corner fluxes are in general based on a different concept than classical interface fluxes. This is mainly due
to the ambiguity arising from the need to enforce conservation with 4 states rather than 2. As proven in
[13 [14]], the conservation property and consequent Lax-Wendroff theorem are satisfied when the corner
fluxes from one corner to the 4 cells sum up to zero, i.e.,

92(11/) L+ 'G;:(l-l'—l’]-'l—l) + 9,/:(1‘1"1’1)1 + 'G/'t(l;]-'—l)l =0. (13)

i+5.)+5 i+5,j+5 i+5,]+5 i+5,j+5

There are various definitions of consistency for corner fluxes [[1,14], and they are clearly linked with the
concept of residual distribution [13]].

Let us define the GF-SUPG corner flux by a consistent central part and a diffusive part as

&S j+l) _ = (z ]+1) (i,j+1) = (i+1, _]+1) = (z+1 J+1) (i+1,7+1)
Ji+%,j+% - 9'—1-_'_%’]-_'_1 i+, j+% +Di+£ j+s’ egz+2 j+s egl"‘z g+ i+%,j+% Di+%,j+é ’ (14)
'9:([;]) 1 =§ ) n (lj) D(lj) G‘(l+1 J) j (l+1 J) +D(Hl‘1 5J) (15)

1n
1 a1 i+5,j+5 1 i+t j+d 1
i+5,j+3 3.J+3 1+2 ]+2 z+2 ]+ z+2 ]+ 273 z+2 ]+ i+5, ]+2
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where 1
F iy ot = 7 (Fig + Finrj + Fistjor + Fi 1)

HOT) < 1 for (£,r) = (0,0) or (€.r) = (1,1) and
+3.J+3

n(i+[’j+1r) =—1for (¢,r) =(0,1) or (£,r) = (1,0). We define the numerical diffusion as

is the average of the global fluxes at the corner, n(
14

i+, j+l
@+ _ @A ST T ey _ @A (T
Dt =2 ( ax tay ) Pk Digies =2 " oy ) Pebied 6
g _ AT PNl ) @A ST PNl
i+5.5+5 4\ Ax Ay bty 4 \TAx Ay ity

where A = \/Ax2 + Ay2/V2, J* and J? are the Jacobian of the fluxes in x and y directions, respectively,

and <Di+%’j+% is the dual cell residual Ci+%,j+% =[x, xie1] X [y, yj+1], 1.,
(Di+%,j+% = q)(gi+%,j+%) = Fist il — Fijet — Finlj+ Fij = = aXY‘O;i%,H%dXdy ) a7
i+l j+l
27072

This definition is inspired by the GF-SUPG residual applied on the dual cell of the FV scheme, see [15,1]]
for more details.

Conservation is guaranteed by the fact that the diffusion terms sum to zero around one corner.

It is easy to show that, when &%; ; = a; + B}, then ®, | 4l = 0, the diffusion term vanishes. Moreover,
if one sums up the 4 corner fluxes related to one cell, also the central part sums up to zero, hence the

scheme preserves the stationary solutions [[1]].

For comparison, we will use also a Rusanov corner flux, which is defined as (I4) with the artificial
diffusion defined by

(i,j+41) _ L = (i+1,j+1) _ ) L =
Di+%,j+% = a/A(C]L,_,+1 q,-+%,j+%), i+%,j+% = CZA(QL+1,J+1 ql'+%,j+%)e
(@.J) = a/A( i =g, 1 1) (+LJ) a/A( ivl. i — (., 1 1) (1%
i+%,j+% qi.j = diss j+4)> i+3.J+3 Qixloj = disj,jry)

PRI 1
with 9ivd jel = z(CIi,j tqi+1,j t qi+1,j+1 t Qi,j+1)-
This scheme will not be stationarity preserving, as the diffusion does not vanish on the stationary solutions

of the acoustic equations with zero divergence. So we will use it as a comparison to show the importance
of stationarity preservation for the accuracy of the method.

We want to highlight that the GF-SUPG-FV method is second order accurate at the equilibrium [1]] even
if the underlying finite volume paradigm is only first order accurate. This is a consequence of the fact that
the diffusion term vanishes at the equilibrium, and the method reduces to a consistent central scheme,
which is second order accurate. On the other hand, the Rusanov corner flux is only first order accurate at
the equilibrium, as its diffusion term does not vanish and dominates the discretization error.

3. Extension to curved domains with ghost point method

Now, we suppose to have a domain € with a smooth boundary I" that is defined as the zero level set of
a function ¢, i.e., I' = {¢ = 0}. Moreover, the level set function ¢ is a signed distance function, i.e.,
¢(x) = xdist(x, "), where the sign is positive inside the domain and negative outside. We consider a
Cartesian grid that covers the domain Q and we classify the cells as inside or outside the computational
domain based on the position of their barycenter with respect to I'.

To define the GPM [10], we introduce the following notation. We define with Q the computational
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Boundary I' = {¢ = 0}

Ghost Cell

/

Corner Point
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— Cell defined inside

Figure 2: Illustration for ghost point method for a circular domain. In green the cells that are considered
inside the computational domain Q, whose barycenter is inside the physical domain. In violet, the
computational corners, neighboring a computational cell. In orange the ghosts cells, neighboring a
computational corner. In red, the collar points onto which we impose the boundary conditions

domain, which is the union of the cells whose barycenter is inside €2. Now, for the update of these cell
averages, we will need the corner fluxes at each of the four corners of the cells in Q. We call all these
corners the computational corners, see Figure 2] To compute these corner fluxes, we will need to use
the 4 values of the solution at the corners, but not all of them are defined as some might be outside Q.
We will define the ghosts cells as the cells that are outside Q but neighboring a computational corner,
see Figure[2] Since the solution is not defined in the ghost cells, we will need to extrapolate it from the
solution in the interior cells and the boundary conditions prescribed on the physical boundary I".

To do so, we will define the collar points as a collection of discrete points lying on the boundary I, as
a dense enough set. Then, we will impose the boundary conditions on the collar points and we will use
them to extrapolate the solution at the ghost cells, which will be used to compute the corner fluxes.

3.1 Extrapolation of the solution at the ghost cells

Various approaches have been proposed in literature to extrapolate the solution at the ghost cells, see for
example [[10, 8l 16} [17] for similar immersed/unfitted methods. They all include various combination of
weak and strong constraints on the boundary conditions at the collar points and on the solution inside the
domain. Also the underlying polynomial one wants to interpolate/extrapolate can be of various degree
and the stencil can be more or less large.

Let us focus on a corner point whose neighboring cells are not all in the computational domain. To start
with a simple approach, let us consider a bi-linear polynomial reconstruction. We will use a square of
3 x 3 cells to define the polynomial and to impose the conditions. In particular, we will choose the 3 x 3
cells centering around the cell that, from the corner point, is going to the inside of the domain: take the
inward facing normal (ny,n,) = n(xl.+%,yj+%) = V¢(xi+%,yj+%) at the corner point (xi+%,yj+%) and
take the cell with barycenter (x;, Ledsign(ng)> Yjedel Sign(ny)). The hope with this operation is to have the
largest number of internal data to use in the reconstruction procedure.

Now, that we found the center (x;, y;) of the 3 X 3 square, we will look for the constrained least square
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problem

1 1
min Z Z (P(xw,ij)—q(x,uz,yj+r))X(xz’+z,yj+r)fz subject to
1r=-1

p(x.y)eQ! F= (19)
P(xg, ye) = u(xy, yi), (x%,y¢) € I collar points for k = 1,. . ., Nic+%,j+%’
where (x7, y?) are the closest NLL+ 1 € N collar points to the corner point (x,, 1Yl )and x (X705 ¥ 74r )y

is the indicator function that is 1 if the cell with barycenter (x;,, y7,,) is in the computational domain
and 0 otherwise.

Let us define the matrix A;,; ;.1 as the matrix of the least square problem, i.e.,
2:J+3
11
[Ai+%,j+%]2,k = Z Z Yz (xf+£’ yf+r)90k (xf+€’ y]'+r)/\/(xf+€9 y]'+r)Q7 (20)
t=—1r=-1

where ¢, are the basis functions of the bi-linear polynomial written as p(x,y) = 2., a;¢.(x,y).

The number of collar points to be used in the constrainted least square problem is a depending on the rank
of the LSQ matrix: Niil 4l = max (2, Npasis — rank(A 1 ) + 1). This choice is very arbitrary, but
2

2
we found this as a sweet spot between having the minimum amount of boundary information to impose

Npasis — rank(A,, 1 sl ) and still introducing some sort of stabilization effect enforcing the boundary
conditions. In the literature [10]], one can find approaches with various definitions of the computational
stencil used to assemble the aforementioned least square system.

i+l j+

This leads to the assembly of the the matrix D;, jil for the Lagrange multipliers of the constraints,
which is defined as the basis functions evaluated at the collar points, i.e.,

[Di+%’j+%]z,k=goz(xz,yi), k=1,...,N¢ . 21

A |
i+3,]+3

To solve the constrained least square problem, we can use the method of Lagrange multipliers, which
leads to the following system of equations:

Az‘;—%,j+% Di+%,j+% a _ b 22)
D 1,1 0 A cl’
i+3,j+%

where a is the vector of coefficients of the polynomial, A is the vector of Lagrange multipliers, [b]; =
Z},’r:_] Ok (Xzaes Y 7 )d (Xirps Y jr ) X (X705 ¥ 74r ) 18 the vector of the right-hand side of the least square
problem, and [c]x = u(xy, y7) is the vector of the right-hand side of the constraints.

When Neumann boundary conditions are imposed, we can use the same approach, but we need to impose
the constraints on the normal derivative of the polynomial at the collar points, i.e.,

1 1
min Z Z (p (Cr y]+r) — q(X7se» y]+r)) X (Xpes y]+r)f2 subject to
pley)eQ! /7= 2 (23)

Vp(xi,yi) -n(xg, ye) = g(xg, yi)s (x%,y¢) € I collar points for k = 1,. .. ,Nic+l el
2> 2

where g is the function that defines the Neumann boundary condition, i.e., Vu -n=gon I

This changes the definition of the matrix D, 1jel in (22)), which is now defined as the normal derivative

of the basis functions evaluated at the collar points, i.e.,

[Di.,.%’]q.%]z,k = V‘pz(xi7yi) ’ n(x29yz)’ k=1,....,N? (24)
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and the corresponding right-hand side of the constraints, which is now defined as [c], = g(x}, y;)-

Clearly, for fixed boundaries, the matrices do not change in time and can be precomputed, inverted and
stored for each corner point, which is a very small number of points compared to the total number of cells
in the grid. This means that at runtime only few small matrix-vector products are needed to extrapolate
the solution at the ghost cells, which is very cheap compared to the rest of the computations performed
by the method.

3.2 Vector case

When dealing with vector variables, as the velocity field, one needs to impose different boundary
conditions, e.g. imposing wall boundary conditions sums up to having the normal velocity imposed to
zero v-n = 0, the pressure and tangential velocity to satisfy homogeneous Neumann boundary conditions
On(v-T) = 0 = dpp. Here, 7 is the tangential vector to the boundary, which can be defined as 7 = (-ny, ny)
in 2D.

This leads to a similar constrained least square problem as the one for the scalar case, but on two variables
and with the double of constraints to impose. For this, we need four further matrices of Lagrange
multipliers, one for the normal velocity and one for the tangential velocity, which are defined as

nx _ c ..C c > _ c
[Di+%,j+%]z’k = @ (X5 Yonx (X, ¥), k=1,.. "Ni+%,j+%’ (25)
ny _ c ..C c ..C _ c
[Di+%’j+%]z,k—Wz(xk,yk)ny(xk,yk)a k_l""’Ni+%,j+%’ (26)
Tx _ c .C c .,C _ c
[Di+%’j+%]z’k = Onpz (x> Vi) Tx (X V), k=1,... ’Ni+%,.i+%’ @7)
Ty _ N ) c c _ N
i:%’j%]z’k = nez (xje Vi) - T (¥ V) k=1,.. "Nic+%’j+% 28
The final system of equations to solve is then
nx Tx
Ai+%’f+% 0 i+l j+1 i+5,+5 | [q4 b
ny Ty
0 Akt Picyjy Py ] (o 29)
(D’jlxl . 1)T (Dflyl . 1)T O 0 An - Cn ’
i+5.)+5 1T+§,_/+7 27 r
(C2N D L € 3T L 0 ‘
i+5,j+3 i+5,j+3 ]

where a* and a" are the coefficients of the polynomial for the two components of the velocity, A and 4™
are the Lagrange multipliers for the normal and tangential velocity constraints,

1
[6%]k = Z i (X7is Y U (X5 Y 7 )X (Kiips Vi)
€, r=—1
1

[6"]k = Z Pk (X7pes yf+r)v(xf+£” yj'+r)X(xf+€’ yf+r)f2
€, r=—1

are the right-hand side of the least square problem for the two components of the velocity, and [¢"]x = 0
and [¢7 ] = 0 are the right-hand side of the constraints for the normal and tangential velocity, respectively.

The same consideration on the precomputation of the matrices applies also in this case, as the matrices do
not change in time for fixed geometriesand they are small, so the computational cost of the extrapolation
is negligible compared to the rest of the computations of the method.

To extend this technique to higher order of accuracy, one can simply consider higher order reconstructions,
e.g. QP, and enlarge the stencil from which taking the solution information. Again, the number of
constraints has to be chosen in a way to have at least the minimum amount of boundary information to
impose, but it can be larger to introduce some sort of stabilization effect. The stability of such methods
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strongly depends on the size of the used stencil and on the number of constraints, so a careful analysis
is needed to find the best combination of these parameters. For instance, in the finite difference context
[[L8]], larger stencils composed by only the farthest points are used to stabilize the method.

4. Simulations

We will test the proposed numerical method on various geometries and test cases. We want to assess the
accuracy of the scheme and the equilibria of the methods.

All methods will use a second order Runge-Kutta with Butcher tableau

0 0 O
1721172 0.
0 1

4.1 Acoustic vortex in ring

We start from vortex simulations. These are divergence-free structures that are preserved by the acoustic
equations and they are a perfect test case to assess the stationarity preservation property of the method.
In particular, we will consider a squared domain where we remove a circular part in the middle and an
the outer part of a larger circle Q = (=1.5,1.5)? \ B((0,0),1) \ B((0,0), 1.384)¢ = B((0,0), 1.384) \
B((0,0),1). The initial condition is given by a compact-support vortex centered in the middle of the
domain with maximum radius roy = 2.5, defined as in [19], i.e.,

p(x,y) =1,
u(x,y) =yf(px,y)),
v(x,y) = —xf(p(x,y)),

Va2 B 2 — _ 1270.981
» where f(p) = y(1 +cos(np))” and y = —ZE5=s.

o

with p(x, y) =

Since we know the exact solution, in this section, we carried out two sets of numerical experiments: in the
first one, we compare the GF-SUPG-FV approach against the GF-Rusanov-FV one when imposing exact
Dirichlet conditions on all conservative variables; in the second one, we compare the two approaches
when imposing the more complex wall boundary conditions. In table[I|we can see the convergence results
for the GF-Rusanov-FV - GPM and GF-SUPG-FV - GPM methods with wall and Dirichlet boundary
conditions. The GF-Rusanov-FV - GPM method shows a slow convergence rate close to order 1 and
with large errors, while the GF-SUPG-FV - GPM method shows a better convergence rate, close to order
1.5 for wall BC and at order 2 for Dirichlet BC. It should be noticed that a full second-order accuracy
is not reached even for the GF approach, due to the imposition of Neumann boundary conditions on the
pressure using the derivative of the bi-linear polynomial, which is formally first-order accurate. Higher
order extensions of the GPM also for Neumann BC will be presented in future works.

We can see in figure [3|the velocity vector field of the vortex in a ring problem with GF-SUPG-FV-GPM
and GF-Rusanov-FV-GPM schemes on grids with 40 x 40 and 80 x 80 cells at time 7 = 10. We can see
that the GF-Rusanov-FV - GPM method is not able to preserve the structure of the vortex and diffuses
away all the structures leading to zero velocity as the time goes by, in particular for coarse grids, while
the GF-SUPG-FV - GPM method is able to preserve it much better, even on the coarser grid. Note that
the colorbar of the simulations are not the same.

Looking at the time evolution of the L, norm of the residual in figure[d we can see that the GF-Rusanov-
FV - GPM method gets stuck at much higher values as it continue to diffuse away the solution, while the
GF-SUPG-FV - GPM method maintains a lower residual being very close to a numerical equilibrium.
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Figure 3: Velocity vector field of the vortex in a ring problem with GF-SUPG-FV-GPM and GF-Rusanov-
FV-GPM schemes on grids with 40 x 40 and 80 x 80 cells at time T = 10.
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Figure 4: Time evolution of the L, norm of the residual for the vortex in a ring problem with GF-SUPG-
FV-GPM (left) and GF-Rusanov-FV-GPM (right) schemes on grids with 40 x 40 cells. Note that the

colorbars are different.
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Table 1: Linear acoustic system: vortex in a ring (ty = 0.1). L; error and order of accuracy 7i for
GF-Rusanov-FV - GPM and GF-SUPG-FV - GPM.
p u v
Ly il Ly il Ly 7l
GF-SUPG-FV - GPM - Dirichlet BC
20 9.421e-04 - 1.173e-03 - 1.335e-03 -
40 1.357e-04  2.80 1.573e-04 290 1.587e-04 3.07
80 3.257e-05 2.06 3.972e-05 199 4.047¢-05 1.97
160 8.613e-06 192 1.047e-05 192 1.055¢-05 1.94
320 2.199e-06 197 2.413e-06 2.12 2.394e-06 2.14
GF-SUPG-FV - GPM - Wall BC

Ny, Ny

20 2.97e-03 - 3.91e-03 - 3.91e-03 -
40 1.49¢-03 0.99 2.33e-03 0.75 2.34e-03 0.74
80 4.47e-04 1.74 1.31e-03  0.83 1.31e-03  0.84
160 9.67e-05 2.21 5.40e-04 1.28 5.40e-04 1.28
320 3.74e-05 1.37 2.05e-04 140 2.04e-04 1.40
GF-Rusanov-FV - GPM - Dirichlet BC
20 2.39e-04 - 7.24e-03 - 7.38e-03 -
40 7.22e-05 1.73 5.33e-03 044 53503 0.46
80 2.01e-05 1.85 3.25e-03 0.72 32503 0.72
160 5.54e-06 1.86 1.81e-03  0.84 1.81e-03 0.84
320 1.46e-06 1.92 9.69e-04 090 9.69¢-04 0.90
GF-Rusanov-FV - GPM - Wall BC

20 7.11e-04 - 2.88e-02 - 2.88e-02 -
40 1.02e-03  -0.52 2.39e-02 0.27 2.38e-02 0.28
80 3.90e-04 1.39 1.46e-02  0.71 1.46e-02  0.70
160 1.72e-04 1.18 8.37¢-03  0.81 8.33e-03  0.81

320 6.77e-05 134  4.77e-03 081 4.75¢-03 0.81

4.2 Potential flow for acoustics

Next, we will consider the potential flow around a cylinder, which is a stationary solution of the acoustic
equations and an exact form is known. We will use this test case again to assess the accuracy of the
method and the stationarity preservation property.

We use as a domain a square with a circular hole in the middle Q = (=1.5,1.5)? \ B((0,0),0.5), and we
set Dirichlet boundary conditions on the square boundaries. The initial condition is given by the potential
flow around a cylinder, which is defined as

o oy
p(x,y)zl, u(x,y):—, V(X,Y)=—’
0x ay
where i is the potential function defined as
R’x
l//(x9y):u00 (x+ 2 2)’ (30)
X4y

with u, = 1 the velocity at infinity and R = 0.5 the radius of the cylinder. Once again, the fact that
the exact solution is available allows us to perform two sets of numerical experiments: on one side,
by imposing exact Dirichlet conditions on the circular boundary, and on the other, by imposing wall
boundary conditions.

In table [2] we can see the convergence results for the GF-Rusanov-FV - GPM and GF-SUPG-FV - GPM
methods with wall and Dirichlet boundary conditions. In this case, the Dirichlet boundary conditions
push the solution through the simulation in a very accurate way both for the GF-Rusanov-FV - GPM
and GF-SUPG-FV - GPM methods, with convergence rates close to order 2, while the wall boundary
conditions lead to a much worse convergence rate, close to order 0.75 for GF-Rusanov-FV - GPM and
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Table 2: Linear acoustic system: potential flow around a cylinder (ty = 1). L error and order of accuracy
7i for GF-Rusanov-FV - GPM and GF-SUPG-FV - GPM.

)4 u v
Ny, Ny L, 7l L, 7l Ly 7l
GF-SUPG-FV - GPM - Dirichlet BC
20 1.87e-02 - 4.51e-02 - 5.00e-02 -
40 3.61e-03 238 1.42e-02 1.67 1.37¢-02 1.87
80 1.15e-03 1.65 3.60e-03 1.98 3.63e-03 1.92
160 2.74e-04 2.06 7.70e-04 2.23 7.85e-04 221
320 6.55e-05 2.07 1.80e-04 2.09 1.80e-04 2.12
GF-SUPG-FV - GPM - Wall BC
20 1.12e-02 - 6.34e-02 - 5.15e-02 -
40 2.04e-03 246 2.22e-02 1.52 1.95e-02 1.40
80 1.74e-03 024 9.36e-03 1.24 8.12¢-03 1.27
160 4.65¢-04 190 3.27e-03 152 2.75e-03 1.56
320 1.46e-04 1.67 1.23e-03 142 990e-04 147
GF-Rusanov-FV - GPM - Dirichlet BC
20 1.39¢-02 - 4.90e-02 - 3.41e-02 -
40 3.71e-03 190 9.82¢-03 2.32 7.53e-03 2.18
80 1.19e-03 1.64 2.85e-03 1.79 1.98e-03 1.93
160 2.79e-04 2.09 597e-04 225 4.88e-04 2.02
320 5.80e-05 227 1.22e-04 230 1.16e-04 2.07
GF-Rusanov-FV - GPM - Wall BC
20 2.52e-01 - 5.74e-01 - 2.67e-01 -
40 1.86e-01 0.44 4.06e-01 0.50 1.75e-01 0.61
80 1.20e-01 0.62 2.78e-01 0.55 1.22e-01 0.51
160 7.11e-02  0.76  1.80e-01 0.62 8.47e-02 0.53
320 3.92e-02 0.86 1.14e-01 0.66 5.69¢-02 0.57

close to order 1.4 for GF-SUPG-FV - GPM. We remark that in this specific case, the exact solution also
verify Au = Av = Ap = 0, so also the classical GF-Rusanov-FV diffusion is zero on the exact solution,
hence, the superconvergence of the GF-Rusanov-FV - GPM method with Dirichlet BC.

In the wall boundary condition case, the GF-SUPG-FV - GPM method offers a clear advantage over the
GF-Rusanov-FV - GPM method, with much smaller errors and better convergence rates. Note that wall
boundary conditions are one that more realistically have to be used as the exact solution is not always
known.

Looking at Figure [5] we can see the simulation of the potential flow problem for acoustics with the
GF-SUPG-FV scheme on a grid with 80 x 80 cells at time 7" = 10 with wall BC. The left figure shows
the pressure field, the middle figure the norm of the velocity field and the right figure the velocity field
represented with arrows. The GF-Rusanov-FV - GPM method is not able to recover constant pressure.

4.3 Potential flow around a flower

In this test, we look for a potential flow around a flower-shaped obstacle, which is a more complex geometry
than the cylinder. The domain is defined as Q = (=1.5,1.5)?\ F, where ¥ = {(x,y) : x>+ y? < R(x,y)}
with

R(x,y) = R(1 + ssin(a2n6(x, y))), 31)

withs =3, =5, R =0.5and 6(x, y) = arctan(y/x).

We set Dirichlet BC on the square boundaries for p = 1,u = 1, v = 0 and wall BC on the flower boundary.
The initial condition is given by the potential flow around a cylinder defined as in the previous section.

In this case, no exact solution is known, so we just take a look at a qualitative comparison of the results.

In Figure[6] we can see the simulation of the potential flow around a flower problem for acoustics with the
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GF-SUPG-FV - GPM - Wall BC, N, = N, = 80

P 1e—5+9.999e—1 norm vel Velocity vector

13 9.345 151 1.84
1.0 8.527 1.0 1.64 1] s
7.708 1.44 :
0.5 6.890 0.51 1.24
0.0 6.072 > .0 1.04 > 0 1.0
5.253 0.84
—05 4435  —0.57 = 0.64 o
i 5
-1.0 3616 _1g4 0.44 -1
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Figure 5: Simulation of the potential flow problem for acoustics with the GF-SUPG-FV scheme on a grid
with 80 x 80 cells at time 7" = 1. The left figure shows the pressure field, the middle figure the norm of
the velocity field and the right figure the velocity field represented with arrows.
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norm vel Velocity vector
15 0.9999219 ] ) 32 3.0
2.8
10 0.9998242 1 2.5
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0.5 0.9996289 ! 2.0 2.0
0.0 0.9995313 > g > 16 > 0 15
0.9994336 12 :
—05 0.9993360 05 \ ’ 1.0
\ ] 0.8 i
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-15 0.9990430 =15 m— 0.0
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X X
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norm vel Velocity vector
157 1.2406 2 1.150 = 12
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0571 0.8934 0.400 0.4
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Figure 6: Simulation of the flower problem for acoustics with the GF-SUPG-FV scheme on a grid with
50 x 50 cells at time T = 50. The left figure shows the pressure field, the middle figure the norm of the
velocity field and the right figure the velocity field represented with arrows.
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Figure 7: Time evolution of the L, norm of the residual for the flower problem for acoustics with
GF-SUPG-FV-GPM (left) and GF-Rusanov-FV-GPM (right) schemes on grids with 80 x 80 cells.

GF-SUPG-FV-GPM and GF-Rusanov-FV-GPM schemes on a grid with 80 x 80 cells at time 7" = 50. The
left figure shows the pressure field, the middle figure the norm of the velocity field and the right figure
the velocity field represented with arrows. The first striking result is that the GF-Rusanov-FV - GPM
method does no recast a constant pressure, which is quite surprising given the diffusion operator it owns.
Secondly, we see that the maximum of the velocity field is essentially at the boundaries of the square for
the GF-Rusanov-FV - GPM method, which is quite unrealistic and dictated by the strong diffusion of the
method. Note the difference in the scales of the solutions.

On the other hand, the GF-SUPG-FV - GPM method recovers constant pressure up to 10~ perturbations
and also provides a more realistic velocity field distribution. The velocity stagnates close to the concavity
at the left and at the right of the flower, while it accellerates close to convexities at the top and at the
bottom of the flower, which is what we would expect from a potential flow around this obstacle.

The residuals in time in Figure [7| show that both the GF-Rusanov-FV - GPM and the GF-SUPG-FV -
GPM methods reach some sort of numerical equilibrium, but clearly the GF-Rusanov-FV - GPM method
has chosen a way less accurate equilibrium.

5. Conclusions

In this work, we have demonstrated how to extend the global flux methodology for multi-dimensional
equilibria to non rectangular domains using the ghost point method. This requires the cheap solution of
constraint least squares problems to compute the ghost point values, extrapolating information from the
interior of the domain and from the boundary conditions defined at some collar points. The extension
of this work are natural, in particular, we will look at the extension to nonlinear problems as the Euler
equations, or Shallow Water equations and to 3D problems. Also, increasing the order of accuracy of the
method is a goal of the authors, and this will involve both a high order reconstruction of the FV underlying
scheme and a high order extrapolation of the ghost point values [18]]. A finite element formulation can
also be used to this end as in [[7, [12]].
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