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Abstract

We present an integrated framework for uncertainty-aware inverse heat transfer tailored to
thermal protection system characterization. The approach targets recovery of spatially varying
thermal conductivity from noisy transient temperature measurements on a one-dimensional slab
with mixed boundary conditions, representative of certification-by-analysis workflows for thermal
protection materials. To address the cost and fragility of traditional gradient- and adjoint-based
calibration in large-scale settings, we train an inverse physics-informed neural operator on synthetic
ensembles generated by a high-fidelity implicit finite-volume solver; the default inverse operator
uses a compact convolutional backbone, with an optional Fourier-neural-operator backbone used for
controlled architecture comparisons. This learned inverse map is coupled with Karhunen–Loève
representations of stochastic input fields to enable efficient uncertainty quantification in the inferred
conductivity. A quantum Monte Carlo (QMC) estimator is then used to accelerate sampling-based
uncertainty propagation while remaining compatible with near-term quantum hardware. Together, these
components deliver near-real-time, uncertainty-aware inverse characterization uncertainty propagation,
not uncertainty quantification because KL prior samples are propagated, MC are applied to scalar QoIs
so No posterior uncertainty over k(x) is actually inferred for thermal protection system–like problems,
bridging the gap between high-fidelity Bayesian methods and deployable certification workflows.

Keywords: uncertainty quantification (UQ); machine learning (ML); Monte Carlo (MC); quantum Monte
Carlo (QMC); inverse heat transfer; inverse heat conduction problem (IHCP); physics-informed neural
operator (PINO); SimplePINO-inverse; Fourier neural operator (FNO); Karhunen–Loève (KL) expansion;
thermal protection systems (TPS).
Acronyms (selected). BFGS: Broyden–Fletcher–Goldfarb–Shanno; CNN: convolutional neural network;
CPU / GPU: central / graphics processing unit; FNO: Fourier neural operator; HTC: heat transfer coefficient;
IHCP: inverse heat conduction problem; KL: Karhunen–Loève; L-BFGS-B: limited-memory BFGS with
bound constraints; MAE / RMSE: mean absolute error / root mean square error; MC: Monte Carlo; PDE:
partial differential equation; PINN: physics-informed neural network; QMC: quantum Monte Carlo; the
estimator implemented here follows the modewise quantum Monte Carlo construction of Agarwal et al. [1]
(distinct from classical spatial Monte Carlo unless noted); QoI: quantity of interest; 𝑅2: coefficient of
determination; SSE / SSE𝑇 : sum of squared errors (sensor domain, when subscripted); TPS: thermal
protection system; UQ: uncertainty quantification.

1 Introduction

Machine learning (ML) is widely used in computational physics and engineering because it can learn
useful input–output maps from data. In many problems, classical calibration methods based on gradients
or adjoints can be expensive or unstable [2]. After training, ML models such as neural networks and
neural operators can give fast predictions for forward and inverse maps [3, 4]. This is helpful when the
same model must be evaluated many times, for example in design studies or certification workflows.

Many engineering tasks are inverse problems: we want to infer unknown model inputs from measured
outputs [5]. In heat transfer, this includes inverse heat conduction, where temperature measurements are
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used to infer quantities such as conductivity or heat flux [6]. These inverse problems are often ill-posed and
sensitive to noise. Physics-informed ML methods (e.g., PINNs and PINOs) help by adding the governing
equations to the training loss, which can improve stability compared with purely data-driven models.

Uncertainty quantification (UQ) is important because inverse solutions are not unique and measurements
are noisy [7]. For ML-based inverse solvers, UQ can capture both measurement noise and model
uncertainty [8, 9]. Uncertainty estimates also help plan new experiments by showing which measurements
would reduce uncertainty the most, which reduces iterative design process in critical applications like
Thermal Protection System (TPS) studies for space re-entry [10].

In this work, we estimate a spatially varying thermal conductivity 𝑘 (𝑥) from noisy transient temperature
data 𝑇 (𝑥, 𝑡) on a one-dimensional slab with mixed boundary conditions [11]. We train a physics-informed
inverse model on synthetic data generated with a high-fidelity implicit finite-volume solver. Our baseline
inverse model uses a convolutional network, and we also test a Fourier neural operator (FNO) backbone to
enable controlled architecture comparisons. To represent uncertain inputs, we use a Karhunen–Loève
(KL) expansion and report uncertainty measures for the recovered conductivity. As a diagnostic check for
sampling-based UQ, we also run a quantum Monte Carlo (QMC) estimator.

2 Related Work

Inverse heat conduction methods fit models to temperature data to estimate quantities that are hard to
measure directly, such as heat flux or spatial conductivity [12–15]. These methods are well understood, but
they can be slow because each new case may require many forward or adjoint solves. Applications continue
to motivate inverse identification in fin–tube exchangers [16], bubbly jets [17], vertical-plate cooling [18],
transient property-estimation benchmarks [19], and quenching-related analyses [20]. Another significant
application is the Inverse Heat Conduction Problem (IHCP), which has been thoroughly investigated in
online summaries [21].

Scientific machine learning aims to learn these maps once and then reuse them for fast prediction [22].
Neural operators extend this idea by learning mappings between functions; examples include Fourier neural
operators [23] and DeepONet-type models [24, 25]. Heat-transfer-relevant operator-learning developments
by Lu and co-authors include multifidelity neural operators for fast inverse design in nanoscale heat
transport [26] and operator learning for multiscale bubble growth dynamics [27]. These models can act as
surrogates for families of PDE problems [28] and have also been applied to instability-wave prediction in
high-speed boundary layers [29].

Uncertainty remains a key need. Under standard assumptions for i.i.d. Monte Carlo with finite variance,
the RMSE typically decays like O(𝑁−1/2), so reaching RMSE 𝜀 often requires 𝑁 = O(𝜀−2) samples.
Quantum amplitude estimation can improve this scaling in theory [30, 31], but practical QMC estimators
still need careful, budget-matched comparison with classical MC [1]. For inverse heat transfer, careful
methodology is also important before claiming one approach is better than another [32–34].

3 Problem Formulation

3.1 Forward conduction model

We consider transient one-dimensional conduction on 𝑥 ∈ [0, 𝐿]:

𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
=

𝜕

𝜕𝑥

(
𝑘 (𝑥) 𝜕𝑇

𝜕𝑥

)
, (1)

with initial condition 𝑇 (𝑥, 0) = 𝑇0(𝑥) and thermal boundary data drawn from Dirichlet, Neumann, or
Robin families consistent with the synthetic benchmark generator (see Figure 1).
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3.2 Inverse objective

Let F : 𝑘 ↦→ 𝑇 denote the implicit finite-volume forward operator that maps a conductivity field and
boundary forcing to space–time temperatures. We approximate the inverse map by a parametric operator

𝑘̂ (𝑥) = G𝜃

(
𝑇 (𝑥, 𝑡)

)
, (2)

where𝑇 stacks noisy observables on the primary benchmark grid (shape 𝑁𝑡×𝑁𝑥 after tensor reshaping inside
the network). Unless noted otherwise, G𝜃 denotes the default SimplePINO-inverse map; Section 5.3
documents an optional spectral PINO-inverse variant, included to enable controlled architectural
comparisons and to remain consistent with the spectral (FNO-based) forward PINO solver. Since many
conductivity fields can explain the same temperature history, the inverse map is ill-posed unless 𝑘 is
constrained; here, well-posedness is improved by restricting 𝑘 to the finite-dimensional KL subspace
in (3).

3.3 KL prior conditioning

Random conductivity fields are represented through a truncated Karhunen–Loève (KL) expansion:

𝑘 (𝑥, 𝜔) = 𝑘mean +
𝑁∑︁
𝑖=1

√︁
𝜆𝑖 𝜙𝑖 (𝑥) 𝜉𝑖 (𝜔), (3)

where 𝑘mean = E[𝑘 (𝑥, 𝜔)] and the KL coefficients 𝜉𝑖 are independent and identically distributed (i.i.d.)
standard normal random variables on (Ω, F , P). The eigenpairs (𝜆𝑖 , 𝜙𝑖) are obtained from the covariance
operator associated with an exponential kernel. Unless stated otherwise, we truncate to 𝑁 = 10 modes in
the slab benchmark experiments.

4 Integrated framework overview

A simplified one-dimensional heat transfer representation, shown in Figure 1, is utilized to demonstrate
the application of the proposed framework. The governing equation is the transient heat equation (1) with
spatially varying thermal conductivity 𝑘 (𝑥), constant material density 𝜌, and specific heat capacity 𝑐𝑝.
The system is subject to Dirichlet, Neumann, or Robin boundary conditions.

conducting slab, 𝑥 ∈ [0, 𝐿]

𝑞′′ (𝑡) / Neumann / Robin

𝑇 (𝐿, 𝑡)

unknown (or uncertain) 𝑘 (𝑥)

Eq. 1

observed
temperature

𝑇 (𝑥, 𝑡) on
(𝑁𝑥 , 𝑁𝑡 ) lattice 𝑡

𝑥

Forward
F : 𝑘 ↦→ 𝑇

(implicit FV)

Surrogate inverse
G𝜃 : 𝑇 ↦→ 𝑘̂

noisy
observations

predicted
𝑘 (𝑥)

Figure 1: Schematic of the primary inverse problem: uncertain or unknown conductivity 𝑘 (𝑥) enters
transient conduction (1); the forward map F generates temperatures on a space–time grid; noisy full-field
data 𝑇 feed the operator G𝜃 that reconstructs 𝑘̂ .
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The inverse problem statement seeks to determine 𝑘 (𝑥) given noisy 𝑇 (𝑥, 𝑡). Conductivity is represented
as a random field using the KL expansion (3). Performing UQ then entails propagating this stochastic
input through the forward model and computing statistical moments, a task that becomes costly when
relying on classical Monte Carlo (MC) sampling. Our contribution is an end-to-end pipeline comprising:
(1) a forward solver coupled with KL-based UQ for ensemble generation; (2) a physics-informed inverse
operator; and (3) MC and QMC estimators for UQ, enabling fair comparisons at equal computational cost
or equal target error. The overall workflow, shown in Figure 2, consists of three tightly coupled stages:
training, parameter estimation, and uncertainty quantification.

Training stage

Parameter estimation Uncertainty quantification

1. Prior & sampling
KL draw 𝜉 → 𝑘 (𝑠) (𝑥 )

spatial mesh

2. Forward model
implicit FV heat

𝑇 (𝑠) (𝑥, 𝑡 )

3. Observations
noise → 𝑇

train/val split

4. Operator fit
inverse network
SimplePINO-

inv. / PINO-inv.

5. Objective
composite loss
L𝑑+L𝑝+ · · ·

6. Selection
validation score
best checkpoint

7. Inference
𝑇 ↦→ 𝑘̂

latency study

8. Classical UQ
MC ensembles

fields / 𝐼𝑘

9. QMC
diagnostic
estimator

10. Reporting
tables and figures

for publication

Figure 2: End-to-end workflow for the inverse benchmark and uncertainty diagnostics, grouped into three
stages (training; parameter estimation; uncertainty quantification): synthetic prior draws and forward
labels, supervised operator training with composite losses, deployment-time inference, classical Monte
Carlo reference bands, optional finite-budget QMC comparison on 𝐼𝑘 , and aggregation into tables and
figures.

During the training stage, spatial variability in thermal conductivity is generated using a Karhunen–
Loève expansion (3), together with variations in the imposed thermal boundary conditions. This ensemble
of random conductivity fields and boundary conditions is propagated through a high-fidelity implicit
finite-volume solver to produce the corresponding transient temperature fields. These paired input–output
fields constitute the training data used to fit the learned operators (forward surrogate, when used, and the
inverse operator reported here) over the prescribed stochastic space.

Unlike forward-only UQ settings [1], the present setting targets the inverse problem with spatially
varying coefficients, so that inferred 𝑘 (𝑥) and its uncertainty feed into downstream certification quantities
(e.g., surface heat flux, wall temperature). In the parameter estimation stage, the trained inverse operator
maps measured or simulated temperature histories to conductivity on the training stencil. The default
architecture is SimplePINO-inverse (purely convolutional; Figure 2); for controlled comparisons we also
train PINO-inverse, which adds an FNO1d spectral backbone on 𝑥 after a (𝑡, 𝑥) convolutional encoder
(Figure 4 and Table 1). Training may follow a two-phase schedule: an initial data-only warmup, followed
by a phase that gradually introduces physics. The composite loss includes data misfit, a finite-difference
PDE residual on the observation grid, boundary-condition terms, and regularization (Section 5.4). We
consider temperature data with complete spatial coverage at discrete time points (assuming temperature
data are available on the chosen (𝑥, 𝑡) grid) and measurement noise levels typical of experiments (e.g.,
relative errors of ≤ 5%). Under these conditions, the documented SimplePINO-inverse run attains about
2–3% mean relative MAE on 𝑘 (𝑥) over held-out validation fields with high 𝑅2 on most cases (Tables 4–3;
Section 7).

Finally, in the uncertainty quantification stage, we compare classical Monte Carlo (MC) and quantum
Monte Carlo (QMC) estimators for the conductivity-integral quantity of interest (QoI), 𝐼𝑘 =

∫ 𝐿

0 𝑘 (𝑥) d𝑥,
following [1]. QMC is implemented with finite depth/shot schedules and evaluated under classical
simulation. We report both a fixed-budget comparison and a matched-accuracy RMSE ladder on the
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same KL-profile ensemble (Tables 6, 7; Figure 6). At matched budget, classical MC achieves lower mean
absolute error, whereas in the matched-accuracy study QMC reaches selected RMSE targets with fewer
oracle calls than nested MC requires samples. These results are presented as estimator-level diagnostics
for this benchmark, not as a claim of hardware quantum speedup.

5 Methodology

5.1 Forward data generation

The process starts with a finite volume solver generating data with various initial and boundary conditions
which match either on an experimental or theoretical basis. For each random seed draw 𝜔 (𝑠) , coefficients
{𝜉 (𝑠)

𝑖
} induce a conductivity sample 𝑘 (𝑠) (𝑥) via (3); an implicit finite-volume integrator advances (1)

to produce paired temperatures 𝑇 (𝑠) (𝑥, 𝑡). Observational noise is applied only after forward solves to
emulate imperfect sensing while keeping latent conductivities noise-free.

Spatial discretization adopts the conservative flux form; Figure 3 illustrates the spatial index stencil and
the time step Δ𝑡 between 𝑇𝑛

𝑗
and 𝑇𝑛+1

𝑗
; the discrete heat balance reads

𝜌𝑐𝑝
𝑇𝑛+1
𝑗

− 𝑇𝑛
𝑗

Δ𝑡
=

1
Δ𝑥

[
𝑘 𝑗+ 1

2

𝑇𝑛+1
𝑗+1 − 𝑇𝑛+1

𝑗

Δ𝑥
− 𝑘 𝑗− 1

2

𝑇𝑛+1
𝑗

− 𝑇𝑛+1
𝑗−1

Δ𝑥

]
. (4)

Implicit spatial stencil at 𝑡𝑛+1

(cell 𝑗 , backward Euler in time)

𝑇𝑛+1
𝑗−1 𝑇𝑛+1

𝑗
𝑇𝑛+1
𝑗+1

spatial step Δ𝑥

𝑇𝑛
𝑗

Δ𝑡

known
from

previous
step

𝑡𝑛+1 unknowns

Indices 𝑗 = 0, . . . , 𝑁𝑥 − 1 and 𝑛 = 0, . . . , 𝑁𝑡 − 1 match the exported observation
lattice. Equation 4 couples three neighbors at 𝑡𝑛+1 (backward Euler in time); the
training-time differentiable residual uses the same (Δ𝑥,Δ𝑡) grid with centered spatial
and forward temporal differences as noted in Section 5.4.

Figure 3: Discrete notation for (4): uniform spacing Δ𝑥 along 𝑥 and step Δ𝑡 in time. Implicit fluxes at 𝑡𝑛+1

link 𝑇𝑛+1
𝑗−1 , 𝑇𝑛+1

𝑗
, and 𝑇𝑛+1

𝑗+1 ; the explicit history 𝑇𝑛
𝑗

enters the left-hand side.

Face conductivities 𝑘 𝑗± 1
2

use the harmonic mean of neighboring cell-centered values to preserve flux
continuity across heterogeneous 𝑘 (𝑥). Adaptive Δ𝑡 selection maintains stable Newton solves across the
conductivity ensemble, and the temporal spacing is aligned with the 𝑁𝑡 snapshots exported to the inverse
learner.

5.2 Noisy temperature observations

What the inverse model sees. SimplePINO-inverse takes temperature data on the same (𝑥, 𝑡) grid used
by the forward solver. In the main benchmark we assume full-field measurements (temperatures at all 𝑁𝑥

locations and 𝑁𝑡 times). This keeps the focus on the inverse mapping itself, rather than on where sensors
are placed. To mimic measurement error we add Gaussian noise:

𝑇𝑖,𝑛 = 𝑇𝑖,𝑛 + 𝜖𝑖,𝑛, 𝜖𝑖,𝑛 ∼ N
(
0, (𝜎noise 𝜎̂𝑇 )2) , (5)
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where 𝜎̂𝑇 is the standard deviation of 𝑇 over space and time for that realization and we use 𝜎noise = 0.01
unless stated otherwise. The same noise rule is used for both training and validation.

Important implication for physics losses. In our physics-informed training loss (used for both
SimplePINO-inverse and PINO-inverse), we compute the finite-difference PDE residual directly on the
noisy temperature field 𝑇 (Section 5.4). If the noise level is not small, this residual can mainly penalize
measurement noise (via finite differences of 𝑇) rather than reliably constraining the inferred conductivity
through the PDE. As a result, mixed data+physics training can perform worse than data-only training
unless we tune the residual weight or denoise 𝑇 .

Why the problem becomes manageable. We do not allow completely arbitrary conductivity fields.
Instead, each 𝑘 (𝑥) is generated from a truncated KL expansion (ten random coefficients in the default
setup). This low-dimensional constraint makes the inverse problem much better behaved; changing the KL
correlation length, variance, or the noise level changes the achievable accuracy and is left for sensitivity
studies.

5.3 Spectral variant: PINO-inverse

PINO-inverse is the Fourier-backbone inverse operator used for controlled comparisons against the
default SimplePINO-inverse. It builds a two-channel pointwise input by concatenating the normalized
temperature field and a normalized spatial coordinate 𝑥 ∈ [0, 1] (linearly spaced along each column),
yielding (𝐵, 𝑁𝑡 , 𝑁𝑥 , 2), then permutes to (𝐵, 2, 𝑁𝑡 , 𝑁𝑥). A temporal encoder applies two Conv2d
layers with kernel (5, 1), padding (2, 0), channel path 2 → 64 then 64 → 64, each followed by GELU.
Temporal pooling uses AdaptiveAvgPool2d to (1, 𝑁𝑥), collapsing time and producing (𝐵, 64, 𝑁𝑥) after
squeezing. The core is an FNO1d stack on 𝑥: a width-preserving 1 × 1 lifting Conv1d, followed by 𝐿=4
identical Fourier blocks. Each block sums a truncated spectral convolution (real FFT along 𝑥, complex
multiplication on the first 𝑚 modes, inverse FFT) with a pointwise Conv1d (64→64, 𝑘=1), then applies
GELU. A projection sub-network applies two 1× 1 convolutions 64→64→64 with GELU between. Finally,
a material head uses three Conv1d layers 64→64→32→1 (𝑘=1, GELU between hidden layers); the last
layer bias is initialized to zero and the last weights use a small Xavier gain. Unless noted in a controlled
sensitivity study, defaults are 𝑚=16 retained modes per spectral layer, hidden width 64, and 𝐿=4 Fourier
blocks. Figure 2 shows where the operator sits in the workflow; Fig. 4 traces tensors for the default slab
grid (𝑁𝑥=50, 𝑁𝑡=20). Table 1 lists the corresponding layer dimensions. To report physical conductivity,
outputs are denormalized with training-set statistics 𝑘̄ and 𝜎𝑘 (W/(m·K)). The head does not apply a
built-in positivity clamp; normalized supervision keeps mapping smooth, and rare slightly negative 𝑘̂

after denormalization can appear when training is purely data-driven. An optional physics penalty may
discourage denormalized values outside [50, 500] W/(m·K).

Table 1: PINO-inverse default architecture (matches implementation defaults).
Component Specification

Input assembly 𝑇 plus normalized 𝑥 ∈ [0, 1] per column ⇒ (𝐵, 𝑁𝑡 , 𝑁𝑥 , 2); permute to
(𝐵, 2, 𝑁𝑡 , 𝑁𝑥).

Temporal encoder Two Conv2d: kernel (5, 1), padding (2, 0); 2→ 64 then 64→ 64; GELU after
each.

Temporal pooling AdaptiveAvgPool2d to (1, 𝑁𝑥); squeeze ⇒ (𝐵, 64, 𝑁𝑥).
FNO1d core Lift Conv1d 64→64 (𝑘=1); 𝐿=4 Fourier blocks: truncated spectral conv along

𝑥 (𝑚=16 modes) + Conv1d 64→ 64 (𝑘=1), GELU; project 64→ 64→ 64 with
GELU.

Material head Conv1d 64→64→32→1 (𝑘=1); GELU between 64 channels; last layer small
Xavier gain, bias 0.

Output 𝑘̂ (𝑥𝑖) (normalized).
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Channels
𝑇 and 𝑥 ∈ [0, 1]
(𝐵, 𝑁𝑡 , 𝑁𝑥 , 2)

Permute
(𝐵, 2, 𝑁𝑡 , 𝑁𝑥 )

Temporal enc.
2× Conv2d

kern. (5×1) + GELU
2→64→64

Temporal pool
AdaptiveAvgPool2d

(1, 𝑁𝑥 )

FNO1d on 𝑥

lift + 𝐿=4 blocks
spectral +

pw. Conv1d
𝑚=16, width 64

Material head
Conv1d

64→64→32→1

Output
𝑘̂ (𝑥 )

normalized

Figure 4: PINO-inverse as implemented: coordinate-augmented field, (5, 1) temporal convolutions,
pooling, then FNO1d spectral blocks on 𝑥 and a 1 × 1 conductivity head (Table 1).

5.4 Training objective and schedule

Learning minimizes a weighted sum of supervision and physics-aware penalties,

L = 𝜆𝑑Ldata + 𝜆𝑝LPDE + 𝜆𝑏LBC + 𝜆𝑟Lreg. (6)

Supervised conductivity loss. Ldata averages squared errors between predicted and ground-truth
normalized conductivity vectors on the spatial stencil. This term anchors the inverse map to KL-generated
labels.

Differentiable PDE residual. LPDE penalizes how much the predicted 𝑘̂ and the observed (noisy)
temperature 𝑇 violate the heat equation, using finite differences on the same grid. We use centered
differences in space and forward differences in time. Since we compute this residual on 𝑇 (not on a
denoised temperature), the residual can also penalize measurement noise, especially in time derivatives.
This is one reason why mixed data+physics training can perform worse than data-only training if the
weight 𝜆𝑝 is not scheduled carefully. We keep the residual differentiable, so it is not the same as the fully
implicit Newton solver used to generate the dataset; instead, it provides a lightweight physics constraint
during training.

Boundary and regularization. LBC softly enforces consistency between predicted boundary traces
and the boundary-condition templates embedded in training data. Lreg adds mild ℓ2 control on normalized
conductivities to regularize the decoder head.

Optimization proceeds in stages: data-only warm starts stabilize early gradients, scheduled ramps
gradually activate physics weights, and validation scores dictate checkpoint retention. Recorded logs
preserve (𝜆𝑑 , 𝜆𝑝, 𝜆𝑏, 𝜆𝑟 ) trajectories for reproducibility when comparing mixed-loss experiments.

5.5 Uncertainty propagation and diagnostic estimators

Classical Monte Carlo baselines. Conductivity ensembles originate either from direct KL sampling or,
when documented, from perturbations around inferred fields (𝑘̂ from SimplePINO-inverse in the main
study). Each realization enters the forward solver when spatial temperature uncertainty or flux summaries
matter; empirical moments and percentile envelopes summarize variability after 𝑁MC pushes (typically
O(102) samples for band widths cited alongside Table 2).

QMC diagnostic. Parallel experiments estimate integral QoIs via shallow quantum circuits following [1]:
Grover-depth ladders 𝑚 ∈ {0, 1, 2, 3}, five-qubit grids, 64 shots per depth unless varied for scaling plots,
and classical Monte Carlo matched through oracle tallies (Section 7).

Budget accounting uses

𝐶oracle =

𝐿∑︁
ℓ=1

𝑠ℓ (2𝑚ℓ + 1), (7)

where 𝑠ℓ is shot count at depth stage 𝑚ℓ .
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6 Experimental Protocol

6.1 Overview

We evaluate the inverse models on a clean synthetic benchmark (in-distribution) and on a small set of
diagnostic cases that mimic common experimental issues. We keep the data splits, noise assumptions, and
target representation consistent across all comparisons.

6.2 Main benchmark: 1D slab

We use a 1D slab of length 𝐿 = 10 mm discretized with 𝑁𝑥 = 50 spatial points and 𝑁𝑡 = 20 time
snapshots. The conductivity field is modeled with a Gaussian prior with mean 𝑘mean = 167 W/(m·K),
standard deviation 𝑘std = 16.7 W/(m·K), and 10 KL modes. Synthetic temperature data are generated with
an implicit heat-conduction solver and controlled noise injection.

6.3 Diagnostic Tier-A cases

To test robustness, we also run a small Tier-A diagnostic set.

• A: forward-solver cross-check (mild mismatch). We generate “truth” temperatures with a separate
forward-solver configuration and then map them onto the training grid before applying the learned
inverse operator. In the configuration reported here (𝑁 truth

𝑥 = 50 and backward Euler with 𝜃 = 1),
the mapping is effectively the identity and the solver choice largely matches the dataset generator, so
this test should be viewed as a mild consistency check. A stronger mismatch test would change the
truth resolution, time step, or boundary-condition family.

• B: sparse sensors. To mimic thermocouples, we keep temperatures only at a small number of
space–time locations (e.g., 8 sensor positions and 10 time stamps), add Gaussian noise, and then
reconstruct a full (𝑁𝑡 , 𝑁𝑥) grid by linear interpolation in space and time. This lets the learned
operator run unchanged, but the reconstruction is approximate. Results should therefore be reported
versus the number of sensors and the reconstruction method; without reconstruction, the model
must be trained to accept sparse masks.

• C: calibration check. Using a calibration subset, we pool absolute errors | 𝑘̂ − 𝑘 | to build
symmetric “tube” intervals and report empirical coverage at different nominal levels. This is a quick
distribution-free sanity check, but it is not a formal conformal guarantee for the full spatial field.

6.4 Data splits

We use 200 samples to tune the conductivity inversion model (160 train / 40 validation). This dataset
size is chosen for a controlled, low-cost benchmark (full-field observations and a low-dimensional KL
parameterization); larger training sets can further improve accuracy and are a straightforward extension.
Uncertainty aggregation uses 100-case ensembles. Additional MC/QMC profile studies use 100 profiles.
All model comparisons use matched partitions.

Experiment 𝑁 Train Val. Eval

Conductivity inversion tuning 200 160 40 held-out val.
Conductivity UQ aggregate 100 — — 100-case ens.
MC/QMC profile study 100 — — 100 profiles

Table 2: Consolidated sample counts and split protocol used across experiments.
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6.5 Metrics and reporting

Inverse accuracy is reported with MAE, RMSE, relative MAE, and 𝑅2. Agreement in the temperature
(observation) space is measured using SSE𝑇 . We report per-sample inference latency together with the
CPU/GPU context. For uncertainty quantification, we report the sample mean, standard deviation, standard
error, and percentile bands.

Model / setup Rel. MAE on 𝑘 Runtime/sample

SimplePINO-inverse (best val. checkpoints, repr. sweeps) 3–6% < 1 ms (GPU)
SimplePINO-inverse (default / weaker configs, repr.) ∼5–8% ∼1 ms (GPU)
CNN baseline ∼7–12% ∼1 ms (GPU)
BFGS optimization inverse ∼2–4% ∼5 s (CPU)

Table 3: Representative inverse baseline comparison aggregated over validation studies. The first two
rows refer to the convolutional SimplePINO-inverse; PINO-inverse (spectral) is discussed in Section 5.3
without a separate band here. BFGS-inverse: deterministic inversion with regularized misfit on 𝑘 using
L-BFGS-B, bounded conductivity box consistent with the prior support, and gradients obtained through
the differentiable discrete forward map; runtimes reflect 𝑂 (102)–𝑂 (103) forward-equivalent evaluations
per case on CPU until stopping tolerances on the misfit gradient are met. Hyperparameters were tuned
to reach near-minimal error within that budget so the latency comparison is not an intentionally weak
classical baseline.

7 Results and Discussion

We report (i) conductivity inversion accuracy, (ii) uncertainty summaries, and (iii) a simple integral
quantity of interest (QoI) to compare classical Monte Carlo (MC) and quantum Monte Carlo (QMC). On the
synthetic validation set, the documented SimplePINO-inverse run gives about 2–3% mean relative MAE
on 𝑘 (𝑥) over held-out fields, and about 1.8% relative MAE for a representative single case (Tables 4–5;
Figure 5). Across broader sweeps, the relative MAE typically falls in the 3–6% range (Table 3). After
training, inference takes about a millisecond per case on the reported hardware (Table 3).

Conductivity inversion. Table 4 summarizes all 𝑁val = 40 validation cases for the documented run
(200 training samples; encoder 64–128–256–128–64; AdamW 7×10−4 with weight decay 10−4; seed 42;
best validation checkpoint after 35 epochs). Table 5 shows one held-out example from the same run
(relative MAE 1.80%, 𝑅2=0.888); three cases attain 𝑅2 ≤ 0 under this single-seed run and are excluded
from the 𝑅2 summary in Table 4.

Model / setup Val. cases Rel. MAE on 𝑘 (%) 𝑅2 Run

mean std med. mean† std†

SimplePINO-inverse (doc. run) 40 2.32 1.01 1.93 0.83 0.18 < 1 ms
CNN / BFGS baselines — Repr. bands: Table 3 —

Table 4: SimplePINO-inverse (documented run): aggregate validation over 𝑁val = 40 held-out conductiv-
ity fields (best checkpoint after 35 epochs). †𝑅2 statistics are computed over the 37/40 cases with 𝑅2 > 0.

Deterministic BFGS-inverse takes seconds per case on CPU (Table 3). This is why we use the trained
inverse model for fast screening, and reserve optimization-based inversion for selected cases when needed.
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Figure 5: Representative inverse conductivity reconstructions (two held-out samples; SimplePINO-inverse,
best validation checkpoint). Shaded bands illustrate an ensemble spread when classical Monte Carlo
perturbations are applied around the conductivity prior as in Section 5.5 (schematic visualization).

Primary tuning experiment metric Value

Inverse MAE on 𝑘 (𝑥) 3.27 W/(m·K)
Inverse RMSE on 𝑘 (𝑥) 3.92 W/(m·K)
Inverse relative MAE 1.80%
Inverse 𝑅2 0.888
𝑘 uncertainty mean std across 𝑥 2.52 W/(m·K)
𝑘 uncertainty max std across 𝑥 3.82 W/(m·K)

Table 5: Primary tuning metrics for one held-out conductivity inversion draw (200-sample study,
SimplePINO-inverse, documented run).

Uncertainty on conductivity. Using the ensemble procedure in Section 5.5, we compute the spread of
the inferred conductivity. For the documented SimplePINO-inverse run, the mean and maximum standard
deviation of 𝑘̂ (𝑥) across 𝑥 are 2.52 and 3.82 W/(m·K), respectively.

Calibration. In this short paper we report ensemble mean and standard deviation. A simple coverage
check for 𝑘 (𝑥𝑖) and for 𝐼𝑘 is included in the Tier-A diagnostics, but we do not include full reliability curves
here.

Integral QoI 𝐼𝑘 and MC versus QMC. For the scalar QoI

𝐼𝑘 =

∫ 𝐿

0
𝑘 (𝑥) d𝑥, (8)

where 𝐿 = 0.01 m (10 mm) in our slab setup, so 𝐼𝑘 has units of W/K when 𝑘 is in W/(m·K). Figure 7
compares trapezoidal integration, classical MC, and QMC for one representative profile (implementation
details are in Section 7). Classical MC uses 16,384 uniform-in-𝑥 samples per profile. QMC is run with
the shot/depth schedule listed in Section 7. For this setup, classical MC is closer to the trapezoid reference
on average, while QMC is better on 26 out of 100 profiles (Table 6).

QMC implementation (brief). The trapezoidal reference is computed as 𝐼
trap
𝑘

=
∑

𝑖 𝑤𝑖𝑘 (𝑥𝑖) on the
discrete mesh. The classical MC baseline uses the same uniform-in-𝑥 estimator with 16,384 samples per
profile in the 100-profile table (Table 6) and in the representative two-panel figure (Figure 7).

For the figure case, the QMC pipeline uses eight retained Fourier modes, a five-qubit grid, Grover
depths in fixed order (𝑚1, 𝑚2, 𝑚3, 𝑚4) = (0, 1, 2, 3), and 𝑠=64 shots at each depth. Oracle account-
ing follows cumulative_oracle_calls in the integration driver: stage ℓ adds 𝑠(2𝑚ℓ+1) uses, i.e.
{64, 192, 320, 448} for the four stages, with cumulative totals {64, 256, 576, 1024} through the lad-
der (final per-mode tally 1024). Classical MC is then matched for that illustration by drawing
𝑁MC = 2 × (Fourier terms) × 1024 = 16384 uniform 𝑥-samples on [0, 𝐿] (the same pairing rule
used in the Section 6 figure generator).
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We implement the QMC estimator described by Agarwal et al. [1]. Optionally, before the Fourier/Grover
step, we remove a straight-line trend between the two endpoints of 𝑘 (𝑥) and later add back the exact
integral of that removed line. All QMC results in this paper are from classical simulation (we do not run
on quantum hardware). After fixing a missing physical scaling factor in an earlier version of our code, the
remaining QMC error mainly comes from Fourier truncation and finite-shot noise.

Table 6 summarizes the MC and QMC errors for 𝐼𝑘 over 100 synthetic KL profiles. The reference value
𝐼 ref
𝑘

is computed using the trapezoid rule on the mesh. Classical MC uses 𝑁MC = 16384 uniform samples
in 𝑥 per profile. QMC uses the same settings described in Section 7. Take-away. At the settings in Table 6,

Metric (100 profiles) Classical MC QMC

Mean absolute error vs. trapezoid ref. 8.0 × 10−4 1.8 × 10−3

Median absolute error vs. trapezoid ref. 6.0 × 10−4 1.3 × 10−3

Max absolute error vs. trapezoid ref. 2.4 × 10−3 1.28 × 10−2

Mean signed error (𝐼𝑘 − 𝐼 ref
𝑘

) −1.0 × 10−4 +1.0 × 10−4

RMSE of signed error 1.0 × 10−3 2.6 × 10−3

Profiles with |𝐼QMC
𝑘

− 𝐼 ref
𝑘
| < |𝐼MC

𝑘
− 𝐼 ref

𝑘
| — 26/100

Table 6: MC and QMC error summary for the scalar QoI 𝐼𝑘 over 100 KL profiles.

MC is closer to the trapezoid reference on average, but QMC is better for 26 out of 100 profiles. All QMC
results here are from classical simulation, so we are not claiming any quantum hardware speedup.

Table 7 and Figure 6 answer a different question: how much computation is needed to reach a target
RMSE. In this benchmark, QMC reaches the listed RMSE targets using fewer reported QMC calls
than the number of MC samples. At the largest tested setting, QMC also has a slightly smaller RMSE
(2.78 × 10−4 W/K) than MC (3.18 × 10−4 W/K at 𝑁MC = 131072).
RMSE ladder (100 KL profiles). We increase the MC sample count and the QMC shots step by step
(roughly doubling each time) on the same 100 profiles. Table 7 shows the first setting that reaches each
RMSE target, and Figure 6 shows the full curves.

Target RMSE vs. trapz (W/K) MC: 𝑁MC QMC: shots QMC: oracle calls (shots×depth)

2.0 × 10−3 4096 128 2048
1.0 × 10−3 16384 512 8192
5.0 × 10−4 65536 1024 16384

Table 7: First setting that reaches each RMSE target (100 KL profiles).
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Figure 6: RMSE of 𝐼𝑘 vs. trapezoid reference (100 KL profiles): MC vs. 𝑁MC and QMC vs. reported
QMC oracle calls.

Note on cost. MC samples and QMC oracle calls are not the same real hardware cost metric, and our
QMC runs are classical simulations. We use these results only to compare errors under the stated settings.

Figure 7: Example 𝐼𝑘 comparison on one profile: trapezoid reference, MC, and QMC (left), and their
absolute errors (right). Implementation details are in Section 7, and aggregate results are in Table 6.

8 Sensitivity Analysis and Future Controlled Comparisons

Three simple observations from this benchmark are:

1. If the loss weights are not tuned well, data-only training can perform better than mixed data+physics
training.

2. Sensor layout and measurement noise strongly affect both inversion accuracy and the width of
uncertainty bands.

3. The prior choice (KL kernel, variance, and number of modes) directly affects how identifiable 𝑘 (𝑥)
is, so it should always be reported.

These points suggest future work on better loss-weight schedules, sensor studies, and prior-sensitivity
sweeps.

Noisy data in the PDE residual. Our PDE residual is computed using the noisy temperatures 𝑇 . When
noise is not small, this term can punish the noise itself, not just physics mismatch. This helps explain
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why mixed data+physics training may underperform unless we schedule the physics weight carefully or
denoise 𝑇 before computing residuals.

Spectral PINO-inverse. We also tested a spectral inverse model (Figure 4) for controlled comparisons.
For the default slab setup it did not give a consistent improvement over SimplePINO-inverse, so we do not
include a separate results table here.

9 Discussion

We use the workflow in two steps: (i) SimplePINO-inverse gives fast estimates of 𝑘 (𝑥) for many cases,
and (ii) for a few selected cases we can run a slower optimization-based inverse solver (BFGS-inverse) as
a verification step.

Sparse sensors. The main benchmark assumes temperatures are available on the full (𝑁𝑡 , 𝑁𝑥) grid.
With thermocouples, we may only have a few sensors and irregular times. A simple workaround is to fill a
full grid by interpolation and then apply the trained model. This can add extra error at low sensor counts,
so future studies should report results versus the number of sensors and the interpolation method.

Boundary conditions. Here we assume the boundary-condition family (Dirichlet/Neumann/Robin)
used to generate 𝑇 (𝑥, 𝑡) is known. If boundary inputs like 𝑞′′(𝑡) or Robin parameters are wrong, the inverse
problem can change a lot. This should be tested in controlled sweeps or handled as a joint estimation
problem.

Prior shift. The inverse model is trained on a KL prior. If the real conductivity fields do not follow this
prior, accuracy can drop. For practical use, we should test changes in correlation length, variance, and
mode count.

MC vs QMC for 𝐼𝑘 . We compare MC and QMC in two ways. First, at the fixed settings in Table 6,
MC has lower mean absolute error on average, but QMC is better for 26 out of 100 profiles. Second, in
Table 7 we increase computation until we reach a target RMSE, and QMC reaches the listed RMSE targets
at smaller reported QMC call counts than the number of MC samples. In all cases, QMC results are from
classical simulation, so they should be read as algorithmic diagnostics, not as a hardware speedup claim.

10 Limitations

This study has six main limitations. (1) The results use a synthetic 1D slab with fixed KL and noise
settings, and we do not yet include a full prior-sensitivity study. (2) The forward and inverse models use
the same discretized physics, which may make uncertainty look smaller than it would in experiments with
contact resistance, emissivity errors, or sensor bias. (3) We do not yet compare against experimental
temperature data. (4) Training with mixed data and physics losses is sensitive to the loss-weight schedule.
(5) The QMC results are for a finite budget and are obtained from classical simulation of the quantum
estimator; at the reported budget, QMC is less accurate than matched classical MC on average for 𝐼𝑘
(Section 7). (6) Extended implementation notes, code scope, and supplementary numerical tables for the
RES-VSSC study are documented separately [35].

11 Conclusions

This paper presents a workflow for uncertainty-aware inverse heat transfer. We combine (i) a high-fidelity
forward solver with KL-based random conductivity fields, (ii) a physics-informed inverse operator—
SimplePINO-inverse by default, with optional PINO-inverse for spectral comparisons—to estimate
𝑘 (𝑥) from noisy temperature data 𝑇 (𝑥, 𝑡), and (iii) classical MC and a QMC-based estimator to study
uncertainty at controlled budgets. The framework is demonstrated on a one-dimensional synthetic slab
that represents key features of thermal protection system testing.

In this benchmark, SimplePINO-inverse gives fast estimates of 𝑘 (𝑥), and classical MC is used as the
main reference for uncertainty estimates. We also report QMC results for the integral QoI 𝐼𝑘 (Tables 6
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and 7, Figure 6); all QMC results are from classical simulation. Future work will include tests on
experimental data, better tuning of mixed data+physics losses, and broader tests under distribution shift.
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