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Abstract: Discontinuities and highly anisotropic flow features represent a considerable numer-
ical challenge for high order discretization techniques. These challenges appear commonly in
hypersonic flows, where extremely thin boundary layers and shocks are difficult to resolve, yet
extremely important to represent accurately to effectively predict surface heating and shear forces.
We discuss the application of Moving Discontinuous Galerkin with Interface Condition Enforce-
ment (MDG-ICE) methods to viscous conservation laws. These methods promise to accurately
represent extremely anisotropic features and ultra-thin regions with large gradients. We present a
novel formulation of MDG-ICE for viscous conservation laws and contrast it with existing formu-
lations of MDG-ICE. We validate this new approach with three test problems, designed to model
the numerical challenges encountered in hypersonic flows, where without additional treatment,
standard DG methods succumb to spurious oscillations.

Keywords: Numerical Algorithms, Computational Fluid Dynamics, R-adaptation, Mesh optimiza-
tion.

1. Introduction

Moving Discontinuous Galerkin with Interface Condition Enforcement (MDG-ICE) methods were de-
veloped by Corrigan et al.[1] to solve conservation laws extremely accurately. The methods are a form
of implicit r-adaptation, meaning that the mesh moves to more accurately (and in some cases exactly)
represent the solution within the nonlinear solution procedure. This class is shared with the similar
high-order implicit shock tracking (HOIST) method of Persson et al. [2]. MDG-ICE is especially well
suited to problems with discontinuities and singularities; it moves the mesh to align with discontinuities
allowing exact representation of the solution in the discontinuous function space. This is done without
a-priori knowledge of discontinuity location and without introducing artificial dissipation such as limiters
or artificial viscosity.

The prevailing approach in the current state of the practice is termed shock-capturing, where shock-like
features are detected and treated with some form of additional dissipation and local refinement of the
mesh (see the works by Persson and Peraire [3], Kitamura and Shima[4], and Kuzmin [5]). This approach
is effective to maintain stability but locally reduces the approximation order of the solution at the shock;
hence the local refinement to recover lost accuracy. For extremely strong shocks, isotropic refinement may
not recover accuracy effectively enough, and anisotropic refinement presents its own class of challenges
and area of research. This is where implicit r-adaptation methods represent an interesting alternative
approach.

Kercher et al. [6, 7] have introduced a formulation of MDG-ICE for viscous conservation laws using
a common transformation of second order diffusion terms to a system of first order equations. This
formulation of MDG-ICE successfully moved the mesh to resolve boundary layers and viscous shocks,
characterized by extremely thin regions with large gradients. For large systems of equations and higher
dimensions, the transformation to a system of first order differential equations may drastically increase
the size of the system being solved. The presented formulation also does not employ numerical fluxes
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and a weak form for the viscous terms in the conservation law. We will investigate an approach that
does not require the introduction of the full first order system and can continue to utilize fluxes and weak
formulations, which will be more familiar to the majority of DG implementations.

2. Methodology

Consider a conservation law on the domain Q, c R% of a set of state variables U € R with convective
fluxes Fj(U) € R"™*4x and diffusive fluxes F‘Jf (U, VU) € R"™*dx

gu OF(U) OF(U,VU)
— + — =0
ot (’3x_,~ 8)(?]‘

in Qy, ey

subject to appropriate boundary conditions on dQ. MDG-ICE operates on steady-state or spacetime
discretized problems, ensuring that the r-adaptation is time accurate and can represent moving shocks.
Reformulating the time-dependent conservation law to a space-time conservation law for time ¢ € [0, T
can be done by the simple transformation

oF;  OF; F¢ F"
Jo_ i _ : . c _ |1 A
o 0 inQx[0,T]; ¥ [U] . T [ g ] : )

MDG-ICE functions by simultaneously solving for the solution discretization as well as the mesh coor-
dinates with an overdetermined system of equations comprised of the PDE discretization and additional
interface condition equations. The PDE solution is represented by functions in the Sobolev space over
the spacetime domain Q = Q, x [0,T]:

Vu={ve[LX(Q)]™:VKeT, vlx e [H(Q)]}, 3)

where m is the number of state variables. The domain Q ¢ R¢ is broken into a tesselation 7~ of non-
overlapping elements K. The formulation of Kercher et al. [6] also requires an auxiliary variable in the
Sobolev space:

Vo ={v e [L2(Q)]™4 VK € T, vl € [H (Q)]"™}. 4)

The product space of the functions on elements is a finite element space X as described by Ciarlet [8].
To each element we ascribe a reference element domain K with an invertible mapping from coordinates
£ in the reference domain to the coordinates x in the element physical domain K. The product space
of functions in the reference elements is X. The coordinates of the mesh can then be represented in the
product space of reference elements for an H'(Q)? space: this reference space we will denote as H' (ﬁ).
Then the geometry discretization is in the space:

Ve = {ve [H'(Q)]). (5)

To obtain a discretization the infinite dimensional Sobolev spaces are replaced with discrete counterparts
Viu.n and V5 5 these are comprised of polynomials of up to degree N. V is also substituted with discrete
counterparts, specifically nodal basis functions that are polynomials of up to degree N,. If N, = N then
the method is said to be isoparametric.

For the conservation law over the domain, we use the weak form
—/FC-Vvdx+/FC-[[v]]ds+/FV-Vvdx—/F”-[[v]] ds=0 VveV, (6)
Q r Q r

where F represents a numerical flux that gives consistent, conservative, single-valued outputs for functions
that can be multi-valued at the interfaces. The union of element interfaces is represented by I" and the
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jump operator is defined by
[v] = va® + vaR, (7)

with exterior unit normals for elements on either side of the interface: nt for KL and n® for KR. For
vectors g € R?

[q] = q - n" +q - n*. ®)

In addition to the conservation law over the domain, MDG-ICE incorporates an interface condition,
which is the conservation law enforced over the element trace spaces. Consider a O-width control volume
at the interface between two elements. The flux going into one side of the control volume has to be equal
to the flux going out of the other side — this is the intuition and premise for the interface condition:

[71=0. ©

Here we have combined the fluxes # = #¢ — #. Note that this uses the vector definition of the jump
operator (Equation 8). We construct a weak form for this interace condition by integrating with test
functions in the single valued trace space corresponding to the geometry degrees of freedom: [H'(Q)]™,
which we will denote as W.

/ﬂ[c’l(A)[[T]]W ds=0, VweW, (10)
r

where Bjc,1 is a scaling function of a characteristic distance between elements on either side of the
interface A. We use the characteristic distance presented by Cheng et al. [9]. For two elements on either
side of an interface with centroids ¢ and ¢® respectively, at a quadrature point g with unit normal
exterior to the L element n = n’ the characteristic distance is computed by:

A=|ar - ) n|+|(ar - %) - n] an

This scaling improves the conditioning of the nonlinear optimization problem. Finally, the constitutive
relations, which are a consequence of the diffusive fluxes, impose a continuity condition on U. This is
represented in the weak form:

/ BreaMIIGIF[U] - mws ds =0, Vs € Wa. (12)
r

Here G is the homogeneity tensor of 7V (the tensor such that GVU = V), and w, is another test
function on the space W, = H'(Q). We will refer to the formulation using the two interface conditions
in Equations 10 and 12 as the “second order system with continuity” formulation.

There is another way to enforce the continuity in the second order system sense. In the formation of
compact numerical fluxes through lifting operators as outlined by Arnold et al. [10], the replacement for
the vector-valued (or in our case tensor-valued) test functions 7 is the gradient of the test functions V.
Applying this same approach to the constitutive interface condition gives the weak form:

/rﬂlc,l(A)[[u]] {GT}Vw ds - ./rO Brca2(MN)[Flwds =0 Yw e W. (13)

As independent variables we have U € V., and X € V, ;. The objective function r, comprised of
the three weak forms (Equations 6, 10, 12), is solved using a regularized Gauss-Newton method using
Levenberg-Marquardt and other regularizations detailed in [6]. Let J represent the sensitivities of  with
respect to U and X. Updates p to the solution representation and mesh are computed by

JTT+R)p =J"r, (14)

where R is a positive definite regularization matrix. A purely diagonal R would recover a Levenberg-
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Marquardt method.

2.1 Regularization terms

For the Moving Discontinuous Galerkin method in particular it is beneficial to have separate regularization
parameters for entries corresponding to the PDE solution field A, and entries corresponding to the
geometric parameters Ax. Moré [11] provides a detailed analysis of the implementation of trust-region
based Levenberg-Marquardt algorithms in which the scaling of the regularization term is represented by
matrices D with diagonal entries D;; = d; to form the regularization matrix:

R =D'D. (15)

For the entries of the diagonal scaling matrix, a choice recommended by Moré is based on the columns
of the Jacobian matrix J and the iteration k

di(O) — ||al,r(0)|| — J(O)ei, (16)
dl.(k) = max {d;k_l), ||(9ir(k)||}, k>1, (17)
where e; is the unit vector that is 1 at index i and zero elsewhere. In effect this scales the entry by the

maximum corresponding Jacobian column norm over all nonlinear iterations. We have found, since the
d; terms get squared by DD, a choice of

d™® = max {d}"‘”, \/||(9,-r(k)||}, k> 1, (18)

has less variance and has more robust convergence properties for the test problems we examined. Another
option is to scale by the norm of the residual itself:

(k) _ k) 16/2
;" = 1r®1°7, (19)
where 6 = 1 is used by Kercher et al. [6], Fan and Pan [12] recommend 6 = 2. Note again the diagonal
terms get squared in the normal equations (Equations 14 and 15).

Kercher et al. [6] employ a Laplacian grid regularization that smooths the resulting mesh motion by
adding a dissipative kernel to the linearized subproblem operator. The dissipative kernel is constructed
by forming a stiffness matrix with a coeflicient of the regularization parameter. First, let us define the
bilinear form

ap(y,v) = //IAVy - Vv dx. (20)
Q

Then the discrete analogue forms the stiffness matrix by using the basis ¢; : span{¢;} j\’: 61 =V,
Ry = [an(¢i.¢)))i; € RV, @

2.2 Linear advection diffusion

As a first test case we consider the following linear advection-diffusion problem

du d*u
2t 22
a I 02 0 on[0,L], (22)

u(0) =ur, u(L)=ug. (23)
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Where a is the advection velocity and u is the diffusion coefficient. Solutions to this differential equation
are characterized by the non-dimensional Péclet number
aL

Pe = ,
u

(24)

which is a ratio of advection to diffusion of the scalar quantity u. If we prescribe the Dirichlet boundary
conditions on the domain x € [0, 1]
urp =u(0) =0, wur=u(l)=1.0,

this problem will form a boundary-layer-like profile with a Péclet number of 100. This has the analytical
solution

1 —exp(x - Pe)
Uexact = . (25)
1 — exp(Pe)
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Figure 1: Standard DG solution of the boundary layer problem.
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Figure 2: MDG solution of the boundary layer problem.

With a coarse 8 element mesh, there is not enough resolution to resolve the boundary layer profile
without moving the mesh. Figure 1 shows how this results in spurious oscillations when using a standard
discontinuous Galerkin method without artificial dissipation. This is remedied with the use of MDG-ICE
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in Figure 2, where the mesh has moved into the boundary layer region to resolve the feature.

We perform a spectral convergence study, varying the polynomial order of the discretization of u (and
o for the second order formulation) over polynomial orders 1 through 5. All cases start with an initial
uniform mesh of 8 elements and solution # = 0 (additionally, o = O for the second order formulations).
The geometry is linear so the coordinates are affine transformations of 9 nodes. Figure 3 compares the
second order approaches to the original method by Kercher et al. [6] with 3 different splittings for the
constitutive equation. The case labeled ”Second Order MDG” corresponds to the case with S;c 2 = 0,
the case labeled “Second Order MDG with Constitutive® corresponds to Equations 10 and 12 using
Bic.1 = Bic.2 = A, and the case labeled “Second Order Combined MDG* corresponds to Equation 13
with the same scaling terms.

The second order formulations perform marginally worse than the first order system approach but have
half the degrees of freedom, and in the cases without the separated constitutive law, half the number of
interface equations in the residual. The first order system approach tends to oscillate around the log-linear
line more, generally performing better on odd polynomial orders. The choice of G = 4/u as chosen by
Kercher et al. [6], has the lowest error norms and seems least prone to solver stagnation issues among
the first order system approaches. Solver stagnation reduced the performance of the other choices for G
in the higher order DGP4 and DGPS5 cases.

10-1 4

1024

1073 4 —

Lz Error Norm

10754

-0~ Standard DG
1075 O~ Second Order Combined MDG
-]~ Second Order MDG
¥+ second Order MDG with Constitutive
—4— First Order System G =
=X~ First Order System G =
o First Order SystemG =1

1077

T T T T T
1 2 3 4 5
Polynomial Order

Figure 3: Convergence study of the 1D advection-diffusion problem simulating a boundary layer profile.
All formulations of MDG-ICE greatly outperform standard DG (without artificial dissipation) in overall
error and convergence rate. The second order formulations have marginally worse convergence rate than
the first order system approach.

2.3 Spacetime viscous burger’s equation

This example and the previous one are used by Kercher et al. [6] as validation cases. Consider the
conservation law:

ou 9 (1, 0%u

—_— —| = —u——=0 eO,l,tE 0,1 26

= Bx(Zu) pe5=0 onxe (0.1l re[01] (26)
subject to a free boundary condition at x = 1 and ¢ = 1, a Dirichlet boundary condition u = u., = 0.2
at x = 0, and an initial condition u = 54— sin(27x) + Ue at r = O with a time-to-shock 7, = 0.5.

2t
This investigates the resolution of a viscous shock, which results in an extremely thin region where the

state variable u rapidly changes. The jump is not truly discontinuous because of the introduction of the
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viscosity term.

The solution field u is represented with Sth order polynomials on a mesh with linear geometry, which we
notate as DG(P5/P1). No artificial diffusion is employed in the form of limiters, artificial viscosity, or
other shock capturing techniques — these can distort the features resolved in the converged solution field.
In addition to the weak form of the PDE and the interface conditions, we enforce one mesh quality term
per element using the Target Mesh Optimization Paradigm (TMOP) developed by Knupp et al. [13]. We
use the ¢ metric which optimizes for shape, with the optimal shape being an equilateral triangle. This
residual needs to be scaled by a small quantity; the large magnitude of the mesh quality residuals with
respect to the PDE residuals would otherwise stall convergence. The scalings chosen for each viscosity
are:

* 107%(uz,)? for diffusion coefficient yu = 1073,
* 1078y, ¢ for diffusion coefficient u = 5 x 1074,

» 10710, , for diffusion coefficient u = 1074,
The regularization terms used are:

* 1, = 10~% — diagonal regularization for the u degrees of freedom scaled by the column norms (see
Equation 18).

+ 1, = 5% 1072 — diagonal regularization for the mesh degrees of freedom scaled by the square of
the residual norm (Equation 19 with § = 2).

s Ap = 1072 — Laplacian grid regularization (Equations 21, and 20).

These regularization terms can be further tuned for each case independently to obtain faster convergence
but for simplicity we choose to keep the same regularization for all 3 cases.
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(a) Initial triangular mesh for the viscous Burgers’ (b) Initial state of the space-time solution field u.
equation test case. The mesh has 200 linear triangle The initial condition u(x, 0) has been extrapolated
elements. in time for all 7.

Figure 4: Initialization for the space-time Burgers’ test problem y = 1073 case.

We generate 200 element mesh by subdividing a uniform 10 X 10 quadrilateral mesh into triangles using
lines of positive slope in the x, ¢ plane as shown in Figure 4. The initial solution field for the u = 1073
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case is an extrapolation of the initial condition u(x,0) for all time ¢ € [0, 1]. For the lower diffusion
coeflicients, we employ viscosity continuation by initializing the mesh and solution field to the converged
solution of the preceding case.

Figures 5 and 6 show the converged solution for the i = 10~ case. Figures 7 and 8 show the converged
solution for the y = 107> case. Finally Figures 9 and 10 show the converged solution for the most extreme
viscous case we examined of g = 107*. The width of the shock feature at ¢ = 0.975 is less than 0.01
units and is resolved without spurious oscillations and artificial dissipation by MDG-ICE.
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Figure 5: MDG-ICE solution and mesh for the viscous Burgers shock test problem with u = 1073,
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Figure 6: Cutline at ¢t = 0.975 of the MDG(P5/P1) solution for the viscous Burgers shock test problem
with 4 = 1073,
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Figure 7: MDG-ICE solution and mesh for the viscous Burgers shock test problem with = 5 x 1074,
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Figure 8: Cutline at ¢t = 0.975 of the MDG(P5/P1) solution for the viscous Burgers shock test problem
with g = 5x 1074,
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Figure 9: MDG-ICE solution and mesh for the viscous Burgers shock test problem with u = 1074,
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Figure 10: Cutline at ¢ = 0.975 of the MDG(P5/P1) solution for the viscous Burgers shock test problem
with u = 1074,

2.4 Mach 5 viscous flow around a cylinder

This test case, also presented by Kercher et al. [6], is representative of problems studied in re-entry such
as the test cases presented by Nastac et al. [14]. We investigate flow with a free stream mach number of
5 around a cylinder of radius 1. This forms a bow shock wave ahead of the cylinder and a boundary layer
near the surface of the cylinder. The governing equations for this are the Navier Stokes Equations, which,
can be written in non-dimensional form as:

ou OFS(U) sFv(U,VU
StrefE + J - ( ) =

0 27
6xj 3)6]' ’ ( )
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where U represents the conservative variables, F¢ represents the convective fluxes in each coordinate
direction, and F"” the viscous fluxes:

p pu;j 10
U=|pu;|, Fj =|puju; + Eurefpéij ,F}) = RerefTij . (28)
pE uj(pE+Eurepr %(Hl“ﬁj+q}')
The shear stress tensor and heat flux vector, respectively are given by:
((914,- +(3uj) 2 8uk5 (29)
o=yl —% — Zu—5s.
T Gx; T o ) T 3 a0

qj_Pr

_py (1 OE Ouy
(Eaxj ”"axj)' (30)

The dimensionless parameters, most of which are commonly used in the literature ([15], [16], [17]), used
here are:

Urerl
Re,er = Prefirefiref Reference Reynolds Number
Href
c
Pr:= CrH Prandtl Number
K
Euyer = pr—e]; Reference Euler Number
prefuref (3 1)
I,
Styer = _ref Reference Strouhal Number
ureftref
u2
5= L Energy Coefficient
Cref
c
vy = L Ratio of Specific Heats
Cy

Generally, reference parameters are chosen such that 2 = 1 and can be eliminated. The total energy is
the internal energy plus the kinetic energy:

1
E=e¢c+ E:ukuk (32)

The pressure and energy are closed by the non-dimensional equation of state:

y—1 ( 1 1 )
= —FE - = . 33
P EEuref’O = 5 Uitk (33)

We omit the wake and only investigate the flow upstream of the cylinder surface to investigate steady-state
effects. The flow field is characterized by the Reynolds number and Mach number. The Reynolds number
is based on the free stream quantities,
Re = p—wuwlref,
Hoo

where we choose /.y = 1. We generate the mesh with 15 linear quadrilateral elements in the radial
direction and 30 in the azimuthal direction for a total of 450 elements. The free stream boundary is a
circle of radius 3 + V2 with a center offset from the inner circle center by V2. The outflow planes are
at an angle of 10° from horizontal on either side. We construct the mesh with a stagnation line at —45°
from the positive y axis to validate that the implementation does not contain errors that cause directional
dependence. A stretching factor is enforced improve the behavior of the initial shock-captured solution.
The stretching factor ensures that each cell along the radial direction is 1.1 times the radial length of the
previous cell.
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We use the HLLC flux developed by Toro et al. [18] and for inviscid numerical fluxes and the DDG flux
with interface correction as described by Danis and Yan [19] for viscous numerical fluxes.

The solution field is initialized from a low Reynolds number Re = 100, the mesh and mach number flow
field are shown in Figures 11 and 12.

Figure 11: Initial mesh used for the Mach 5 viscous cylinder problem.

Figure 12: Initial Mach number field computed using Re = 100.

No limiting is used when applying MDG, and no topology modifications are made to the mesh during
the solution process.

2.5 Non-dimensionalization

We choose a non-dimensionalization based on the free stream with an Euler number Eu,..» = 1. The free
stream reference quantities that are set are:

Po = 12754, Mo =35, To=273.15, ley=1.

From these quantities, we derive the free stream speed of sound a. using R = 287.052 874 and y = 1.4.
Then we compute a free stream velocity u, from the mach number and free stream speed of sound. The
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remaining reference quantities are then:

b= Ly _ _ _ 2
ref = n Pref = Poos Uref = Ucoy, Eref = Uy,
[Se]

Pref = poougo’ Tref = T.

2.6 Stagnation quantities

The inviscid one-dimensional equivalent of this test problem involves flow from the freestream state
passing through a normal shock and then decelerating isentropically to O at the surface of the cylinder,
where the pressure will be the stagnation pressure from the post-shock region. Chapter 3 of Anderson
[20] gives relations for these quantities that we will utilize. To begin we compute the post-shock region
pressure p, from equation (3.57) in Anderson [20]:
Pr_ 1y 2 2oy (34)
pi y+10 7
where M is the free stream mach number. With a free stream mach number M| = 5, free stream pressure
(non-dimensionalized p; ~ 0.0285), and y = 1.4 we compute p, ~ 0.8286. The post-shock mach
number M, can be computed by Equation (3.51) in Anderson [20]:

1+ X m2
My =——=—1. (35)
yM; -5
The stagnation pressure is determined by Equation (3.31) in Anderson [20]:
e
— Y-
@=(1+7 MZ) . (36)
p 2

This gives a stagnation pressure of po = 0.9330. The temperature at the boundary is an isothermal non-
dimensional temperature of 7 = 2.5. Using the free stream non-dimensional quantities to compute the
gas constant R, we obtain a stagnation density using the stagnation pressure, the isothermal temperature,
and the gas constant with the Ideal Gas Law (p = pRT). With this we compute g,, ~ 13.0614.

2.7 Results

The MDG method accurately resolves the viscous shock with very little overshoot and undershoot,
especially along the stagnation line where the peaks of quantities of interest occur. The inviscid stagnation
point properties, which are relevant given the low viscosity of the case, are accurately represented as
seen in Figure 18. Figure 13 shows how the elements anisotropically adapted to resolve the viscous
shock and the surface boundary layer. The pressure, temperature, mach number, and density fields shown
in Figures 14, 15, 16, and 17, respectively show the resolved viscous shock and are free of numerical
artifacts throughout the flow field.
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Figure 13: Final 450 element mesh for Mach 5 viscous flow around a cylinder at Re = 10°.

sew o1 op o2 om o ow o om “os o a6 om o7 o as aw osoear
— e [ U l—

Figure 14: MDG(Q4/Q1) pressure field for Mach 5 viscous flow around a cylinder at Re = 103.

Figure 15: MDG(Q4/Q1) temperature field for Mach 5 viscous flow around a cylinder at Re = 103,
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Figure 16: MDG(Q4/Q1) Mach number field for Mach 5 viscous flow around a cylinder at Re = 103.

Figure 17: MDG(Q4/Q1) density field for Mach 5 viscous flow around a cylinder at Re = 10°.
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Figure 18: Stagnation line plots for Mach 5 flow around a viscous cylinder with Re = 10°.

3. Conclusions

We present a novel formulation of the moving discontinuous Galerkin method with interface condition
enforcement. The new formulation differs from previous extensions to viscous flows by avoiding repre-
sentation of the auxiliary variables in the independent variables and reducing the size of the system used
to enforce the constitutive equation. We also use a different continuous test functions based on the mesh
geometry. This new method retains the powerful r-adaptive capabilities that accurately represent thin
regions with high gradients demonstrated with previous approaches.
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