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Abstract: We present a conservative high-order solution transfer procedure for three-dimensional
tetrahedral meshes. The method is formulated as a local Galerkin projection between non-matching
meshes and relies on a robust supermesh construction based on tetrahedron–tetrahedron inter-
sections. Particular emphasis is placed on the geometric robustness of the three-dimensional
supermesh construction, as well as on conservation and preservation of formal accuracy. The
transfer procedure is assessed in two complementary settings: first, by repeated projection of
analytical functions between non-matching meshes, and second, within a time-accurate hybridized
discontinuous Galerkin (HDG) framework with predictor-based anisotropic mesh adaptation. Nu-
merical experiments confirm optimal high-order convergence, preservation of integral quantities,
and stability under successive applications in fully three-dimensional adaptive simulations.
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1. Introduction

High-order numerical methods are increasingly used for the simulation of unsteady flow problems in-
volving localized and evolving solution features. In this context, the hybridized discontinuous Galerkin
(HDG) method provides an efficient high-order spatial discretization by reducing globally coupled de-
grees of freedom through hybridization [1]. Combined with implicit time-integration schemes such as
diagonally implicit Runge–Kutta (DIRK) methods, HDG enables stable and time-accurate simulations of
convection-diffusion and compressible flow problems [2]. For such problems, adaptive mesh techniques
are particularly attractive, since they allow spatial resolution to be redistributed dynamically according
to the evolving solution structure [3].

In time-dependent adaptive computations, however, mesh modification introduces an additional algorith-
mic difficulty: the numerical solution must be transferred repeatedly between successive non-matching
meshes. This transfer is not merely a technical interpolation step. For piecewise polynomial high-order
approximations, it must preserve conservation, maintain the formal order of accuracy of the overall dis-
cretization, and remain robust under repeated application throughout the time-integration process. The
importance of conservative remapping in moving- and adaptive-mesh settings has been recognized for
decades, going back to classical works such as Dukowicz and Kodis [4] and Grandy [5].

A broad class of conservative remapping and interpolation procedures has been developed for mesh-
to-mesh transfer. Classical overlap-based conservative remapping methods, as in [5], established the
importance of conservation through explicit element-overlap constructions. In parallel, related devel-
opments on general polyhedral meshes [6] further emphasized the role of conservative and accurate
remapping on complex cell topologies. In the context of anisotropic mesh adaptation, several conser-
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vative interpolation strategies were later developed primarily for low-order solution representations and
Hessian-based metric frameworks, for example by Alauzet and Mehrenberger [7] and in subsequent
related works [8, 9, 10, 11]. These methods are particularly relevant from the adaptive CFD perspective,
but they do not directly address the repeated transfer of general high-order discontinuous polynomial
fields.

For high-order approximations, Galerkin projection provides a natural 𝐿2-optimal transfer strategy, and
supermesh-based formulations have proved particularly suitable for conservative projection between non-
matching meshes. In this direction, Farrell et al. [12] introduced conservative interpolation between
unstructured meshes via supermesh construction, and Farrell and Maddison [13] extended the local
Galerkin projection viewpoint to three-dimensional meshes. A related but distinct high-order line of
work is represented by the transfer operators of Pazner and Kolev [14], who developed conservative and
accurate mappings between finite element spaces of different polynomial orders. Although the present
paper focuses on transfer between meshes within the same polynomial approximation space, these results
illustrate the broader relevance of conservative high-order transfer operators.

In our previous work [15], a conservative supermesh-based transfer methodology was developed and
analyzed for two-dimensional non-matching meshes. That methodology was subsequently incorporated
into a time-accurate anisotropic mesh adaptation framework for unsteady problems in [16]. Although
the numerical assessment in the present paper is carried out in the same adaptive framework based
on the HDG discretization, the transfer itself is not restricted to HDG and applies more generally to
piecewise polynomial solution representations. The present contribution therefore continues a line of
development in which conservative supermesh-based transfer, previously established in two dimensions
and in time-accurate adaptive computations, is extended to three-dimensional tetrahedral meshes.

This extension is geometrically non-trivial. While in two dimensions the intersection of two elements
yields a polygon whose connectivity can be recovered relatively simply from the localized vertices alone,
in three dimensions the intersection of two tetrahedra produces a convex polyhedron with potentially
intricate topology. The corresponding robust supermesh construction requires localization of all inter-
section points, reconstruction of the intersection polyhedron, and subsequent subdivision into tetrahedral
integration sub-elements.

From this perspective, the main challenge in three dimensions is no longer the algebraic form of the
transfer operator itself, but the robustness and efficiency of the underlying geometric primitives. This
view is consistent with recent developments in computational geometry and interface reconstruction,
such as the robust polyhedron-intersection framework of Chiodi and Desjardins [17] and the recent
tetrahedron–tetrahedron intersection work of McCoid and Gander [18].

The present work develops a conservative high-order solution transfer methodology for anisotropically
adapted three-dimensional tetrahedral meshes. The transfer is formulated as a local Galerkin projection
and evaluated over a supermesh constructed from tetrahedron–tetrahedron intersections. Particular em-
phasis is placed on the geometric robustness of the three-dimensional supermesh construction, including
localization of intersection points, reconstruction of the intersection polyhedron, and its subdivision into
tetrahedral integration sub-elements. The resulting transfer procedure is first verified independently of
any governing equation and is then assessed within a time-accurate adaptive framework based on the
HDG spatial discretization, through a model scalar convection-diffusion problem.

2. Formulation of Conservative Solution Transfer

As in the two-dimensional setting, the conservative solution transfer is formulated as a local Galerkin
projection between non-matching meshes. This formulation is independent of the spatial dimension. The
extension to three dimensions therefore affects primarily the geometric part of the procedure, namely the
construction of the supermesh associated with tetrahedral intersections.
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To introduce the notation, let T 1
ℎ

and T 2
ℎ

denote two non-matching tetrahedral meshes of a computational
domain Ω ⊂ R3, representing the source and target tessellations. Their topology may differ arbitrarily,
for example as a result of anisotropic mesh adaptation. For 𝑖 = 1, 2, let

𝑉 𝑖ℎ = {𝑣 ∈ 𝐿2(Ω) : 𝑣 |𝜅 ∈ P 𝑝 (𝜅), ∀𝜅 ∈ T 𝑖
ℎ } (1)

denote the associated piecewise polynomial space of degree 𝑝, and let 𝑤1
ℎ
∈ 𝑉1

ℎ
be a given high-order

discontinuous approximation on T 1
ℎ

. The objective is to construct an approximation 𝑤2
ℎ
∈ 𝑉2

ℎ
on T 2

ℎ
such

that conservation and high-order accuracy are preserved.

A natural choice is to seek an approximation 𝑤2
ℎ

of 𝑤1
ℎ

on T 2
ℎ

that minimizes the 𝐿2-norm error, i.e.

∥𝑤1
ℎ − 𝑤

2
ℎ∥𝐿2 (Ω) = min

𝑣∈𝑉2
ℎ

∥𝑤1
ℎ − 𝑣∥𝐿2 (Ω) . (2)

This corresponds to the 𝐿2 projection of 𝑤1
ℎ

onto the space 𝑉2
ℎ

defined on the target mesh T 2
ℎ

. Owing
to the discontinuous character of the approximation, the problem can be written locally on each element
𝜅 ∈ T 2

ℎ
as

∥𝑤1
ℎ − 𝑤

2
ℎ∥𝐿2 (𝜅 ) = min

𝑣∈P𝑝 (𝜅 )
∥𝑤1

ℎ − 𝑣∥𝐿2 (𝜅 ) . (3)

The local problem can be equivalently formulated in a weak sense as a Galerkin projection: for each
𝜅 ∈ T 2

ℎ
, find 𝑤2

ℎ
such that ∫

𝜅

𝑤2
ℎ𝜑 d𝒙 =

∫
𝜅

𝑤1
ℎ𝜑 d𝒙, ∀𝜑 ∈ P 𝑝 (𝜅). (4)

Choosing the basis functions 𝜑 (𝑖)
2 spanning P 𝑝 (𝜅) as test functions, the local Galerkin projection can be

written as ∫
𝜅

𝑤2
ℎ𝜑

(𝑖)
2 d𝒙 =

∫
𝜅

𝑤1
ℎ𝜑

(𝑖)
2 d𝒙, 𝑖 = 1, . . . , 𝑁 𝜅2 , (5)

where 𝑁 𝜅2 = dim(P 𝑝 (𝜅)) and 𝜑 (𝑖)
2 ≡ 𝜑

(𝑖)
2 (𝒙), 𝒙 ∈ 𝜅. This formulation yields a locally conservative

projection, since the constant function belongs to P 𝑝 (𝜅) for any polynomial degree. In the present work,
hierarchical Dubiner basis functions are employed [19].

For clarity, we explicitly indicate the element dependence of the basis functions and coefficients in the
following expansions. Both fields, 𝑤1

ℎ
and 𝑤2

ℎ
, can be represented on each element by linear combinations

of the corresponding basis functions as

𝑤1
ℎ (𝒙) =

𝑁 𝜅
1∑︁

𝑗=1
𝑊

( 𝑗 )
1,𝜅 𝜑

( 𝑗 )
1,𝜅 (𝒙), 𝒙 ∈ 𝜅, 𝜅 ∈ T 1

ℎ , (6)

𝑤2
ℎ (𝒙) =

𝑁 𝜅
2∑︁

𝑖=1
𝑊

(𝑖)
2,𝜅𝜑

(𝑖)
2,𝜅 (𝒙), 𝒙 ∈ 𝜅, 𝜅 ∈ T 2

ℎ , (7)

where𝑊 ( 𝑗 )
1,𝜅 are the expansion coefficients associated with the source element 𝜅 ∈ T 1

ℎ
, 𝜑 ( 𝑗 )

1,𝜅 are the basis
functions spanning P 𝑝 (𝜅), and 𝑁 𝜅1 = dim(P 𝑝 (𝜅)). The coefficients 𝑊 (𝑖)

2,𝜅 associated with the target
element 𝜅 ∈ T 2

ℎ
are to be determined.

Since the meshes do not share the same topology, the right-hand side of (5) cannot be evaluated directly.
The function 𝑤1

ℎ
is defined on T 1

ℎ
, whose elements do not align with those of T 2

ℎ
, and the integrals
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must therefore be evaluated over the intersections of 𝜅 ∈ T 2
ℎ

with elements of T 1
ℎ

. To this end, a local
supermesh is introduced. Each target element 𝜅 is subdivided into tetrahedral subregions induced by
these intersections, and the projection integrals are computed as sums over the resulting sub-elements.

For each pair (𝜅1, 𝜅2) ∈ T 1
ℎ
× T 2

ℎ
with non-empty intersection, the region 𝜅12 = 𝜅1 ∩ 𝜅2 forms a convex

polyhedron, which is subsequently subdivided into tetrahedra for the purpose of numerical integration.
The local supermesh is the conforming tetrahedral mesh formed by all such sub-elements associated with
a target element 𝜅 ∈ T 2

ℎ
. We denote it by

H𝜅 = {𝐾ℓ , ℓ = 1, . . . , 𝑁𝜅 }, (8)

where 𝑁𝜅 is the number of local supermesh elements.

Substituting the expansions (6) and (7) into (5) and decomposing the element integral on the right-hand
side into a sum over the local supermesh elements,

∫
𝜅
=
∑𝑁𝜅

ℓ=1

∫
𝐾ℓ

, yields

∫
𝜅

𝑁 𝜅
2∑︁

𝑘=1
𝑊

(𝑘 )
2,𝜅 𝜑

(𝑘 )
2,𝜅 𝜑

(𝑖)
2,𝜅 d𝒙 =

𝑁𝜅∑︁
ℓ=1

∫
𝐾ℓ

𝑁
𝜅ℓ
1∑︁
𝑗=1

𝑊
( 𝑗 )
1,𝜅ℓ

𝜑
( 𝑗 )
1,𝜅ℓ

𝜑
(𝑖)
2,𝜅 d𝒙, 𝑖 = 1, . . . , 𝑁 𝜅2 . (9)

For each supermesh element 𝐾ℓ ∈ H𝜅 , let 𝜅ℓ ∈ T 1
ℎ

denote the unique source element such that 𝐾ℓ ⊂ 𝜅ℓ .
The source basis functions and coefficients in each integral are then understood with respect to the
corresponding element 𝜅ℓ . In the present work, the same polynomial degree 𝑝 is assumed on both
meshes, so that the number of basis functions is identical on all source and target elements. We therefore
write 𝑁1 ≡ 𝑁 𝜅ℓ1 and 𝑁2 ≡ 𝑁 𝜅2 . This leads to the local linear system

𝑴𝜅
2 𝑾

𝜅
2 =

𝑁𝜅∑︁
ℓ=1

𝑴𝐾ℓ

1,2𝑾
𝜅ℓ
1 (10)

for unknown coefficients 𝑾 𝜅
2 =

(
𝑊

(1)
2,𝜅 , . . . ,𝑊

(𝑁2 )
2,𝜅

)𝑇 of the target element 𝜅, 𝑴𝜅
2 ∈ R𝑁2×𝑁2 is the local

mass matrix on the target element 𝜅, 𝑴𝐾ℓ

1,2 ∈ R𝑁2×𝑁1 is the mixed mass matrix associated with the
supermesh element 𝐾ℓ coupling the source and target basis functions, and 𝑾 𝜅ℓ

1 =
(
𝑊

(1)
1,𝜅ℓ

, . . . ,𝑊
(𝑁1 )
1,𝜅ℓ

)𝑇
are the known coefficients of the source element 𝜅ℓ . The matrix entries are given by

(𝑴𝜅
2 )𝑖 𝑗 =

∫
𝜅

𝜑
(𝑖)
2,𝜅𝜑

( 𝑗 )
2,𝜅 d𝒙, 𝑖, 𝑗 = 1, . . . , 𝑁2, (11)

and

(𝑴𝐾ℓ

1,2)𝑖 𝑗 =
∫
𝐾ℓ

𝜑
(𝑖)
2,𝜅𝜑

( 𝑗 )
1,𝜅ℓ

d𝒙, 𝑖 = 1, . . . , 𝑁2, 𝑗 = 1, . . . , 𝑁1. (12)

The algebraic form of the transfer problem is therefore identical to the two-dimensional case. The main
additional complexity in three dimensions lies in the geometric construction of the local supermesh:
while intersections of triangles yield polygons that can be triangulated directly, intersections of tetrahedra
produce convex polyhedra with more involved topology and connectivity. In particular, the intersection
points may arise from vertex inclusion, edge–face intersections, and edge–edge intersections, and the
resulting polyhedra must be reconstructed and subdivided in a robust manner. The corresponding
geometric construction is described in the following section.
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3. Three-Dimensional Supermesh Construction

The algebraic formulation of the conservative solution transfer derived in the previous section requires
the construction of a local supermesh over which the mixed projection integrals can be evaluated. In three
dimensions, this task reduces to the geometric treatment of intersections between tetrahedral elements
from the source and target meshes.

In contrast to the planar case, where element intersections yield polygons, see previous works [15, 16],
the intersection of two tetrahedra produces a convex polyhedron whose topology may vary depending on
the relative configuration of the elements. Robust geometric treatment is therefore essential, since inac-
curacies in the identification or subdivision of these intersection regions may compromise conservation
and degrade the formal accuracy of the transfer.

The construction of the three-dimensional local supermesh is decomposed into four main steps. First,
the geometric setting and the localization of candidate intersecting elements are introduced. Next, all
intersection points between two tetrahedra are identified. These points are then used to reconstruct
the intersection polyhedron, which is subsequently subdivided into tetrahedral sub-elements suitable for
numerical integration.

3.1 Geometric Setting

For each target element 𝜅 ∈ T 2
ℎ

, the local supermesh is constructed from all source elements 𝜅 ∈ T 1
ℎ

that
intersect 𝜅. To identify these elements efficiently, an advancing front search is employed. The search
is initialized by determining a seed element in the source mesh that contains the centroid of the target
element. This is achieved by iterating through the source elements and applying a point-in-tetrahedron
test based on the dot product between face normals and vectors connecting face vertices to the target
centroid. Once the seed element is identified, neighboring elements are explored iteratively to detect all
source elements intersecting 𝜅.

Once an intersecting pair consisting of a target element 𝜅 ∈ T 2
ℎ

and a source element 𝜅 ∈ T 1
ℎ

has been
identified, the construction of the corresponding portion of the local supermesh follows the sequence of
steps illustrated in Fig. 1. Starting from the intersecting tetrahedra in the physical space, both elements
are mapped to a reference configuration, where the intersection points are identified. These points are
then used to reconstruct the intersection polyhedron, which is subsequently subdivided into tetrahedral
sub-elements suitable for numerical integration. Finally, the resulting tessellation is mapped back to the
physical space. The individual steps are described below.

First, to simplify the geometric treatment and improve numerical robustness, both tetrahedra are trans-
formed to the reference space associated with the target element 𝜅 ∈ T 2

ℎ
. We consider the reference

tetrahedron with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0), and (0, 0, 1). The mapping from a point 𝒙ref in the
reference space to a point 𝒙 in the physical space is given by the affine transformation

𝒙 = 𝒙0 + 𝑩𝒙ref , (13)

where 𝒙0 = (𝑥0, 𝑦0, 𝑧0) is one vertex of the target element 𝜅, and

𝑩 =


𝑥1 − 𝑥0 𝑥2 − 𝑥0 𝑥3 − 𝑥0
𝑦1 − 𝑦0 𝑦2 − 𝑦0 𝑦3 − 𝑦0
𝑧1 − 𝑧0 𝑧2 − 𝑧0 𝑧3 − 𝑧0

 , (14)

with 𝒙1, 𝒙2, and 𝒙3 denoting the remaining vertices of 𝜅. The inverse mapping

𝒙ref = 𝑩−1(𝒙 − 𝒙0) (15)

is then used to transform the vertices of the source element 𝜅 ∈ T 1
ℎ

into the reference space. In what
follows, the reference image of the target element 𝜅 is denoted by A, whereas the mapped source
tetrahedron is denoted by B.
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(a) Intersecting tetrahedra
in physical space

(b) Tetrahedra mapped to
reference space

(c) Localized
intersection points

(d) Identification
of polyhedral intersection

(e) Mesh of the polyhedron
in reference space

(f) Portion of the supermesh
mapped to physical space

Figure 1: Steps for constructing the portion of the supermesh corresponding to the intersection of
tetrahedra from the previous (blue) and current (red) mesh. First, the intersecting tetrahedra (a) are
transformed into the reference space (b), where the intersection points are detected (c). Next, the convex
hull of these points is constructed to recover the intersection polyhedron (d). This polyhedron is then
subdivided into a set of tetrahedra (e), and the resulting tessellation is mapped back to the physical
space (f).

To improve the robustness of the subsequent intersection procedure, a clipping correction is applied
to the vertices of B. More precisely, each vertex of B is successively checked against the faces,
edges, and vertices of the reference tetrahedron A and, whenever its distance to one of these geometric
entities falls below a prescribed tolerance (here 10−10), it is snapped to the corresponding entity, see
Fig. 2. Although this correction introduces only a negligible perturbation of the geometry, it significantly
improves numerical robustness. In particular, it prevents the creation of near-degenerate intersection
polyhedra, reduces the number of spurious small-volume sub-elements, and stabilizes the subsequent
localization and reconstruction steps.

Once both tetrahedra have been represented in the reference space, the intersection localization algorithm
is applied to determine the vertices of the polyhedron A ∩ B. At this stage, only the set of intersection
points is obtained, while the connectivity of these points within the polyhedral structure remains to be
determined. The details of the localization procedure are presented in Sec. 3.2.

The next step is to reconstruct the intersection polyhedron from the localized points. Since the intersection
of two tetrahedra is convex, this reconstruction can be formulated as a three-dimensional convex hull
problem. The resulting polyhedral description provides the face structure and vertex connectivity of the
intersection region. This part of the algorithm is discussed in Sec. 3.3.

After the intersection polyhedron has been reconstructed, it is subdivided into tetrahedral sub-elements
in order to enable the evaluation of the Galerkin projection integrals by standard quadrature rules. This
yields a tetrahedral tessellation of the region A ∩ B in the reference space, see Sec. 3.4. Finally, the
resulting tetrahedral sub-elements are mapped back to the physical space by the affine transformation
(13), thereby producing the contribution of the pair (𝜅, 𝜅) to the local supermesh.
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For a fixed target element 𝜅 ∈ T 2
ℎ

, the above procedure is applied to all source elements 𝜅 ∈ T 1
ℎ

identified
as intersecting by the advancing front search. Repeating this construction for every target element of
the new mesh yields the collection of local supermeshes required for the conservative transfer between
successive meshes.

(a) Tetrahedron
A = (𝒗1, 𝒗2, 𝒗3, 𝒗4)

(b) Tetrahedron
B = (𝒘1, 𝒘2, 𝒘3, 𝒘4)

(c) Overlay of
A and B

(d) Tetrahedron
B = (𝒘1, 𝒘2, 𝒘3, 𝒘4)

Figure 2: Illustration of the clipping correction applied to tetrahedron B after mapping into the reference
space. (a) The reference tetrahedron A with vertices 𝒗1 = (0, 0, 0), 𝒗2 = (1, 0, 0), 𝒗3 = (0, 1, 0),
and 𝒗4 = (0, 0, 1), representing the target element. (b) The image of source element 𝜅 ∈ T 1

ℎ
mapped

to the reference space, denoted as tetrahedron B. (c) Overlay of tetrahedra A and B. (d) Modified
tetrahedron B after applying geometric clipping. Assuming that vertices 𝒘1, 𝒘2, 𝒘3, and 𝒘4 lie within
distance 𝜖 < 10−10 from, respectively, edge (𝒗1, 𝒗2), edge (𝒗1, 𝒗4), vertex 𝒗1, and edge (𝒗2, 𝒗3), they are
snapped to the corresponding geometric entities. This correction ensures numerical robustness in further
geometric computations. Note that the distances and proportions are not drawn to scale.

3.2 Tetrahedra Intersection Points Localization

The intersection of two tetrahedra, if non-empty, is a convex polyhedron. The goal of the present step is
therefore to localize all vertices of the intersection polyhedron C = A ∩ B, where A and B denote the
two tetrahedra in the reference space introduced in Sec. 3.1. These vertices arise from a finite number of
geometric configurations: a vertex of one tetrahedron may lie inside the other, an edge of one tetrahedron
may intersect a face of the other, or, in degenerate cases, two edges may intersect. A few representative
examples of tetrahedron–tetrahedron intersections are shown in Fig. 3, including several measure-zero
degenerate configurations. Such cases must be handled robustly, since they still contribute valid vertices
of the intersection polyhedron and may otherwise lead to inconsistencies in its subsequent reconstruction.

(a) (b) (c) (d)

Figure 3: Examples of tetrahedron–tetrahedron intersections. (a) General intersection configuration
where one vertex of a tetrahedron lies inside the other, and three of its edges intersect three corresponding
faces of the second tetrahedron. Figs. (b)–(d) illustrate measure-zero degenerate cases. (b) Tetrahedra
sharing a common vertex. (c) Partial overlap of two edges together with an additional edge–edge
intersection point. (d) One face of a tetrahedron lying in the plane of a face of the other, with its vertices
simultaneously lying on edges of the second tetrahedron.
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General intersection algorithms for convex polyhedra are often formulated in terms of successive clipping
by half-spaces defined by the element faces [20, 21]. This viewpoint is closely related to polygon clipping
techniques known from computer graphics [22, 23], and recent tetrahedron–tetrahedron intersection
approaches follow the same principle [18]. In the present work, however, all intersection points are
localized explicitly before the intersection polyhedron is reconstructed. This makes it possible to treat
both generic and degenerate configurations within a unified localization framework.

The localization procedure consists of the following steps. First, all vertices of A are tested for inclusion
in tetrahedron B. Next, all edges of A are tested against all faces of B, followed by edge–edge intersection
tests between A and B. The same sequence is then applied in the opposite direction, by testing all edges
of B against all faces of A and, finally, all vertices of B for inclusion in tetrahedron A.

The vertex-in-tetrahedron test follows the same face-normal criterion used in the seed-element search.
For each face of the tetrahedron, the dot product between the outward unit normal vector and the vector
connecting a face vertex to the tested point is evaluated. A point is classified as interior if all such tests
are non-positive up to a prescribed tolerance. In the present work, a tolerance of 10−13 is used, which
also allows points lying on the surface of the tetrahedron to be consistently accepted as valid intersection
points. This includes degenerate situations such as shared vertices or vertices lying on edges or faces of
the opposite tetrahedron.

The edge–face intersections are detected using a standard segment–triangle intersection procedure. In
particular, algorithms of Badouel [24] and Möller–Trumbore [25] provide efficient and robust tests for
this purpose. In the present implementation, the Möller–Trumbore algorithm is employed because it
avoids explicit construction of the triangle plane equation and leads to a simple and efficient evaluation
of segment–triangle intersections in three dimensions.

Although many generic intersection configurations are captured by the combination of the vertex-in-
tetrahedron and edge–face tests, this is not sufficient for a robust treatment of boundary and degenerate
cases. In particular, configurations in which an edge intersects a triangular face exactly on one of its
edges or at one of its vertices are detected more robustly by an additional edge–edge intersection test.
Similar situations are sometimes handled in the literature by symbolic perturbation [26]. Here they are
resolved directly by explicit edge–edge testing together with tolerance-based point classification.

Since individual localization tests may identify the same geometric point multiple times, the final set of
intersection points is filtered to remove duplicates. The resulting unique point set forms the input for the
convex-hull reconstruction described in the following subsection.

3.3 Intersection Polyhedron Reconstruction

After the localization step described in the previous subsection, the vertices of the intersection polyhedron
C = A ∩B are known, but their connectivity remains undetermined. The objective of the present step is
therefore to reconstruct the polyhedral boundary, i.e., to identify the faces and their vertex connectivity.

Unlike the two-dimensional case, where the connectivity of the intersection polygon can be recovered by
a simple cyclic ordering of points, the three-dimensional setting requires an explicit reconstruction of the
polyhedral surface.

Since the intersection of two tetrahedra is convex, this reconstruction can be formulated as a three-
dimensional convex hull problem. Depending on the relative configuration of the tetrahedra, the resulting
intersection polyhedron may vary from a tetrahedron to more complex convex shapes with different
numbers of vertices and faces. In particular, the number of vertices may be as high as 12 [27]. The
convex hull of the localized intersection points then provides the required face structure of the polyhedron.

A wide range of convex hull algorithms has been developed in computational geometry [28]. In the present
work, the Quickhull algorithm [29] is employed because it offers a suitable balance between efficiency and
robustness for the relatively small point sets arising from tetrahedron–tetrahedron intersections. Here,
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the main difficulty is not the number of points itself, but the reliable treatment of degenerate or nearly
degenerate configurations, such as coplanar, collinear, or nearly coincident points.

For this reason, a freely available robust implementation of Quickhull [30] is used. This implementation
is designed to handle pathological geometric configurations that frequently arise in practice, especially
when intersecting elements lie close to the computational boundary or nearly coincide after clipping. The
resulting convex hull provides the face connectivity of the intersection polyhedron and serves as the input
for the tetrahedral subdivision described in the following subsection.

3.4 Subdivision into Tetrahedral Sub-Elements

To facilitate numerical integration, the reconstructed intersection polyhedron must be subdivided into
simplices, i.e., tetrahedra. A direct tetrahedralization of a general polyhedron would typically require
additional topological information in order to construct a consistent volumetric decomposition. In the
present work, however, this step is simplified by exploiting the output of the convex hull algorithm.

Although the geometric faces of the intersection polyhedron may in general be polygonal, the employed
convex hull routine returns a triangulated boundary representation. Hence, a conforming surface trian-
gulation of the intersection polyhedron is already available. To construct a volumetric mesh, the centroid
of the polyhedron is introduced as an interior vertex of the tessellation. Since the intersection polyhedron
is convex, this point lies inside the polyhedron, and each surface triangle can therefore be connected to
it to form a tetrahedral sub-element. In this way, a conforming tetrahedral subdivision of the intersec-
tion polyhedron is obtained. The procedure is illustrated in Fig. 4 for the case where the intersection
polyhedron is a cube.

This construction does not, in general, minimize the number of tetrahedral sub-elements, since the intro-
duction of an additional interior point increases their total number. Consequently, numerical integration
is performed over more elements than would be strictly necessary. Nevertheless, the method is simple
to implement, robust with respect to varying polyhedral topologies, and fully adequate for the present
purpose, where the resulting tetrahedra serve only as integration subdomains in the conservative transfer
procedure.

(a) Two intersecting tetrahedra

(b) Intersection
polyhedron

(c) Triangular
surface mesh

(d) Exploded view of the tetrahedral volume mesh

Figure 4: Tessellation of the intersection polyhedron. (a) Two tetrahedra whose intersection forms
a cube. (b) The resulting intersection polyhedron. (c) Triangulated surface representation obtained from
the convex hull construction. (d) Tetrahedral subdivision obtained by connecting each surface triangle to
the centroid of the polyhedron.
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4. Numerical Results

The proposed three-dimensional solution transfer is assessed in two complementary studies. First,
the transfer is verified independently of any governing equation by repeated projection of analytical
functions between non-matching tetrahedral meshes over the domain Ω = [−1, 1]3. Second, the method
is embedded into a time-accurate hybridized discontinuous Galerkin (HDG) framework with anisotropic
mesh adaptation [16] and applied to a model convection-diffusion problem in order to evaluate its behavior
under successive mesh adaptations.

4.1 Verification of the Transfer Procedure

The transfer procedure is first verified independently of any governing equation by repeated projection
of analytical functions between non-matching tetrahedral meshes. Two representative functions are
considered,

𝑤1 = sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧), (16)

𝑤2 =
10𝑥√︁

1 + (10𝑥)2
+ 10𝑦√︁

1 + (10𝑦)2
+ 10𝑧√︁

1 + (10𝑧)2
. (17)

Here,𝑤1 is a smooth trigonometric function, whereas𝑤2 exhibits strong localized gradients corresponding
to a smooth step-like profile.

Each function is projected onto a structured source mesh and subsequently transferred to a non-matching
unstructured target mesh. This two-step process is repeated ten times in order to amplify the accumulated
projection error. The considered mesh pairs differ in topology but share the same characteristic element
size, with ℎ = {0.5, 0.25, 0.125, 0.0625}.

Figs. 5(a) and 5(b) show the 𝐿2-error after the final transfer. Optimal convergence rates of O(ℎ𝑝+1)
are obtained for 𝑝 = 1, . . . , 4, confirming the high-order accuracy of the three-dimensional supermesh-
based Galerkin projection. A slightly slower convergence rate is observed for 𝑤2, since reaching the full
asymptotic regime for this smooth approximation of a discontinuous profile would require further mesh
refinement.

In addition to accuracy, conservation is examined by monitoring the integral of the transferred quantity
over the computational domain. Since the exact integral of both test functions is zero, the numerical
results directly reflect the conservative character of the transfer. The integral is preserved up to numerical
precision across all refinement levels and polynomial orders.

4.2 Application in a Time-Accurate Adaptive HDG Framework

To assess the behavior of the proposed solution transfer procedure within a time-dependent adaptive
framework based on the HDG spatial discretization, we consider a three-dimensional linear convection-
diffusion problem with a translating Gaussian profile,

𝜕𝑤

𝜕𝑡
+ 𝒄 · ∇𝑤 = 𝜀∇2𝑤, 𝒙 ∈ Ω, 𝑡 ≥ 0, (18)

where 𝒄 ∈ R3 and 𝑤 ≡ 𝑤(𝑥, 𝑦, 𝑧, 𝑡). The computational domain is Ω = [−1, 1]3. The Gaussian pulse is
initially centered at (𝑥𝑐, 𝑦𝑐, 𝑧𝑐) = (−0.3,−0.3,−0.3) and translates diagonally across the domain up to
the final time 𝑇 = 𝜋/4.

The exact solution is given by

𝑤(𝑥, 𝑦, 𝑧, 𝑡) =
(

2𝜎2

2𝜎2 + 4𝜀𝑡

)3/2
exp

(
− (𝑥̂ − 𝑥𝑐)2 + ( 𝑦̂ − 𝑦𝑐)2 + ( 𝑧̂ − 𝑧𝑐)2

2𝜎2 + 4𝜀𝑡

)
, (19)
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(a) 𝑤1 = sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧)
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Figure 5: 3D convergence results in terms of the 𝐿2-norm error (top) and the integral of the function
representation over the domain Ω (bottom) for polynomial orders 𝑝 = 1, . . . , 4

where

𝑥̂ = 𝑥 − 𝑐𝑥𝑡, 𝑦̂ = 𝑦 − 𝑐𝑦𝑡, 𝑧̂ = 𝑧 − 𝑐𝑧𝑡, (20)

with 𝜎 = 0.1, 𝜀 = 0.001, and advection velocity vector 𝒄 = (𝑐𝑥 , 𝑐𝑦 , 𝑐𝑧) = 4
𝜋
(0.6, 0.6, 0.6). With this

choice, the pulse center reaches (0.3, 0.3, 0.3) at the final time 𝑇 . Dirichlet boundary conditions are
prescribed from the exact solution.

Convergence studies are performed on both static and adaptively refined meshes for polynomial degrees
𝑝 = 2 and 𝑝 = 3. In the static case, uniform unstructured meshes with 𝑁𝑒 = {500, 1 000, 2 500, 5 000,
11 000} elements are used throughout the simulation. The same values are used as maximum element
counts in the adaptive runs. The anisotropic mesh adaptation framework follows [3], and its three-
dimensional extension is described in [31]. The adaptation itself is driven by the metric-based approach
using the Refine mesh generator [32, 33].

The adaptive simulation starts from an unstructured mesh with 2 000 elements, onto which the initial
condition is projected. Two initial mesh adaptations are performed before time integration begins. In the
adaptive setting, the mesh is modified repeatedly during the simulation in order to follow the translating
and diffusing solution profile. Each such mesh update requires transferring the numerical solution from
the previous mesh to the new one, making this test case a suitable setting for assessing the repeated use
of the proposed conservative transfer procedure within a time-dependent computation.
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Time integration is carried out by a third-order three-stage diagonally implicit Runge–Kutta method.
Time-accurate mesh adaptation is performed using the Backward Euler mesh predictor strategy introduced
in our previous work [16], with the mesh updated at every second time step. The time step size is fixed
for all simulations, and the total number of time steps is chosen as 𝑁𝑒/2. This setting therefore provides
a direct test of the coupling between time integration, anisotropic mesh adaptation, and conservative
solution transfer in three dimensions.

Fig. 6 shows the convergence behavior in terms of the 𝐿2-error at the final time. The adaptive simulations
exhibit convergence rates ranging from O(ℎ𝑝+1) to O(ℎ𝑝+2), confirming that successive transfers do
not degrade the formal accuracy of the high-order discretization. In contrast, the static meshes display
delayed asymptotic convergence due to insufficient resolution of the localized Gaussian peak.

Snapshots of the numerical solution and the corresponding anisotropically adapted meshes are shown
in Fig. 7. The mesh evolution follows the translation and spreading of the Gaussian profile, illustrating
the stable coupling of time integration, anisotropic mesh adaptation, and conservative three-dimensional
solution transfer.

The adaptive simulations show that the proposed transfer can be repeatedly applied within the time-
dependent adaptive loop without compromising the accurate tracking of the translating and diffusing
Gaussian profile.

10−16× 10−2

1/ 3
√
Ne
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10−4

10−3

10−2

||w
−
w
h
|| 2

Slope 3

Slope 4
Slope 4

Slope 5
p = 2

p = 3

Static mesh

Adaptive mesh

Figure 6: Convergence study for the 3D translating Gaussian test case with static and adaptively refined
meshes in terms of the 𝐿2-error of the numerical solution for 𝑝 = 2 and 𝑝 = 3.

5. Discussion and Conclusions

This work presents a conservative high-order solution transfer procedure for three-dimensional tetrahedral
meshes. The method is formulated as a local Galerkin projection between non-matching meshes and is
evaluated over a supermesh constructed from tetrahedron–tetrahedron intersections. In comparison with
the two-dimensional setting, the main new difficulty is not the algebraic form of the transfer itself, but the
geometric treatment of the intersection regions, which form convex polyhedra of varying topology. For
this reason, particular emphasis is placed on the robustness of the underlying geometric procedure, namely
the localization of intersection points, reconstruction of the intersection polyhedron, and its subdivision
into tetrahedral integration sub-elements, which together define the construction of the local supermesh.

The proposed methodology is assessed in two complementary numerical studies. First, independent
transfer tests confirm optimal convergence rates of order O(ℎ𝑝+1) and preservation of integral quantities
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(a) 𝑡 = 0 (b) 𝑡 = 𝑇/2 (c) 𝑡 = 𝑇

Figure 7: Numerical solution and the corresponding anisotropically adapted meshes for the 3D translating
Gaussian test case with 𝑁𝑒 = 5 000 and 𝑝 = 2 at times 𝑡 = 0 (after the second initial adaptation), 𝑡 = 𝑇/2,
and 𝑡 = 𝑇 .

up to numerical precision, demonstrating that the transfer retains both high-order accuracy and conser-
vation. Second, when embedded into a time-accurate adaptive framework based on the HDG spatial
discretization, the transfer remains stable under repeated application during successive mesh adaptations.
In the presented three-dimensional convection–diffusion test case, the adaptive computations preserve
the formal accuracy of the underlying high-order discretization and successfully track a translating and
diffusing localized solution profile. These results indicate that the proposed transfer provides a reliable
mechanism for repeated solution transfer in fully three-dimensional adaptive simulations.

Although a detailed complexity analysis is beyond the scope of the present work, the extension from
two to three dimensions introduces a noticeable increase in computational cost. This is mainly due
to the greater geometric complexity of tetrahedron–tetrahedron intersections, the construction of the
local supermesh, and the subsequent integration over tetrahedral supermesh elements. In practice, the
number of local supermesh elements associated with a target element is significantly higher than in the
two-dimensional setting and depends strongly on the topology of the intersecting meshes. Nevertheless,
the overall transfer procedure retains the same conceptual structure as in two dimensions and remains
applicable in the three-dimensional setting.

The emphasis of the present work is on the methodological aspects of conservative solution transfer in three
dimensions. Within the time-accurate adaptive framework, the three-dimensional assessment is restricted
to a scalar linear convection–diffusion problem. Its purpose is to verify the coupling between time
integration, anisotropic mesh adaptation, and conservative solution transfer in a fully three-dimensional
setting. The convection–diffusion test case is therefore not intended as a demonstration of full three-
dimensional CFD capability, but rather as a controlled setting for assessing repeated conservative transfer
in an adaptive time-dependent loop. While the proposed transfer itself is formulated for general piecewise
polynomial solution representations, more complex three-dimensional systems of partial differential
equations are not considered here. In particular, applications to the Euler or Navier–Stokes equations,
together with a broader study of computational efficiency and parallel performance, are left for future
work.
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