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Abstract: Turbulent transition predictions often focus on growth of isolated unstable modes and
typically neglect the receptivity stage. Consequently, the effects of coexisting modes generated dur-
ing receptivity on nonlinear breakdown remain under-investigated. This study addresses influences
of receptivity on turbulent transition by using a coupled compressible linearized Navier—Stokes
(CLNS) and direct numerical simulation (DNS) framework to model the complete natural transition
process. Leading-edge receptivity is naturally induced by freestream acoustic waves via CLNS,
providing multi-mode solutions for downstream DNS. Investigating a subharmonic resonance, we
compare natural scenario—incorporating continuous spectra and discrete modes—against a con-
trolled scenario driven by an isolated Tollmien-Schlichting (TS) wave. The results demonstrate that
the coalescence of various modes from the receptivity stage significantly accelerates the transition
process. Notably, the natural scenario exhibits much earlier turbulent breakdown compared to the
controlled scenario, even when the primary TS wave amplitudes are identical, due to enhanced
parametric resonance induced by the coexisting modes. These findings emphasize that accurately
predicting realistic natural transition requires incorporating receptivity physics rather than relying
solely on the growth of discrete unstable modes.

Keywords: Receptivity, Boundary Layer Instability, Turbulent Transition, Computational Fluid
Dynamics.

1. Introduction

Turbulent transition has been investigated for several decades due to its influence on drag and heat
transfer on aircraft surfaces. Recently, numerous numerical studies have been conducted to predict
turbulent transition. Most of them combine stability analysis, such as linear stability theory (LST), with
high-fidelity simulations to calculate boundary layer transition efficiently [1, 2, 3, 4]. While successful,
these methods are often limited to controlled transition scenarios because stability analysis is restricted
to linear or weakly nonlinear growth regions. Crucially, most stability analysis methods calculate relative
amplitudes, meaning the initial absolute amplitude is arbitrarily determined.

On the other hand, receptivity has been studied as a distinct branch of research. High-fidelity simulations
or linearized equation methods have been applied to predict receptivity induced by acoustic [3, 6], vorticity
[7], or entropy waves [7] at a leading edge [8, 9], local roughness [10], or shock [11]. However, most
studies focusing on receptivity do not account for the growth of modes in nonlinear regions. Therefore,
the effects of coexisting modes on turbulent transition remain under-investigated compared to transition
triggered by a discrete unstable mode.

The growth of modes in weakly nonlinear regions in subharmonic resonance have been theoretically
investigated using a resonant triad [12, 13, 14] and parametric resonance [15, 16, 4]. However, these
works focused solely on several discrete modes, a fundamental planar wave and subharmonic oblique
waves. As a result, interactions between coexisting modes associated with the fundamental wave, and
their subsequent influence on subharmonic modes, remain not fully understood.

Some previous studies have explored influences of coexisting modes in transition [17, 18, 6]. Recently,
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Figure 1: Schematic diagram of the current methodology.

Schuabb et al. [19] simulated full transition process in hypersonic flow. They considered entire pro-
cess of natural transition using direct numerical simulation (DNS), which simulates transition triggered
by broadband freestream acoustic disturbances. Simulations for full transition process are sectionally
conducted because it is too large to be considered simultaneously. Computations were performed in
sequential stages; the first simulation addressed receptivity, and subsequent simulations covered down-
stream regions. With validation against experimental results such as amplitude growth and spectra of
pressure fluctuations, their computations successfully reproduced wind tunnel experiments. Despite these
efforts, limited studies examine influences of coexisting modes, and underlying physics and mechanisms
are not fully understood. Therefore, a detailed numerical investigation is further required to investigate
influences of coexisting modes generated in receptivity to subsequent nonlinear breakdown.

To address the limitations of previous studies, the current study employs a compressible linearized
Navier-Stokes (CLNS) method [11, 20] and high-fidelity simulation. The CLNS framework solves har-
monic fluctuation equations without the additional assumptions often used in stability analysis, enabling
the prediction of both receptivity and linear regions. Therefore, CLNS provides information on ab-
solute amplitudes and results composed of various modes, including continuous spectra and discrete
modes. Subsequently, direct numerical simulation (DNS) is applied to the downstream nonlinear regions
and turbulent transition. This coupled CLNS-DNS approach captures every stage of natural transi-
tion—receptivity, linear growth, nonlinear breakdown, and turbulent transition—making it applicable to
the entire transitional boundary layer.

In this study, we adopt flow conditions widely used in turbulent transition studies, specifically the
subharmonic resonance scenario in low-speed flow [21, 1, 4]. However, instead of introducing artificial
receptivity such as a blowing/suction slot or a vibrating ribbon inside the boundary layer, this study
considers natural receptivity induced by freestream acoustic waves and the leading edge.

2. Methodology

The current methodology is illustrated schematically in Figure 1. In this study, two numerical methods
are utilized to investigate natural transition, including receptivity. The CLNS method is applied to capture
leading-edge receptivity and linear growth in the upstream regions. It provides disturbance information,
such as mode shapes, for use in the subsequent high-fidelity simulation. DNS is then used to simulate
the downstream region, resolving the remaining transition process and turbulent breakdown. While
previous studies [1, 2, 4] used a similar approach, they excluded the receptivity stage. Consequently, their
simulations were limited to controlled transition scenarios, focusing solely on the growth and interaction
of major unstable discrete modes. In contrast, the current methodology incorporates receptivity, allowing
for the consideration of multimodal effects that include both the continuous spectrum and discrete modes.
This represents a more realistic scenario for natural transition process.
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2.1 Receptivity and Primary Instability

A flow variable g can be decomposed into a mean part Q and a fluctuation part g’.

g=0+q (1)

In laminar flow, the fluctuation can be expressed in a harmonic formulation.

q’ = §exp{i(Bz — wi)} (@)

where 3 is a spanwise wavenumber and w is an angular frequency. By substituting the given decomposition
into the primitive Navier—Stokes equations and using the fluctuation ansatz, we can obtain the harmonic
fluctuation equation. Early stages of transition, receptivity and linear regions (primary instability), are
governed by linear equations; thus, the derived equation can be further simplified to a linearized equation.
As a result, the linearized harmonic Navier—Stokes equations which are the governing equation of the
CLNS method can be derived. The full equations can be found in the references [11, 20].

Since this study investigates turbulent transition initiated by freestream acoustic waves and the leading
edge of a flat plate, a 2D planar freestream acoustic wave is introduced via the theoretical Euler equation
at the far-field boundary in the CLNS computation. To minimize local scattering effects at the nose-body
junction, a modified super-elliptic shape [8] is employed. The Reynolds number based on the plate half
thickness and the aspectratio are Re, = 2400 and AR = 6. The nondimensional frequency of the acoustic
wave is F = w/Rep X 10° = 120. Further detailed computational methods for the CLNS are provided in
the reference [20].

To induce subharmonic resonance, we additionally need to obtain the subharmonic oblique wave. Here
the subharmonic oblique wave with 8 = 0.73 is calculated by LST. It should be noted that the subharmonic
oblique mode could also be calculated via CLNS to account for the receptivity process. However, the
authors do not compute the subharmonic oblique mode using CLNS for two reasons. First, including
it would complicate the analysis and obscure the underlying physics. Thus, the current study focuses
only on the receptivity of the fundamental mode for clarity, which is the primary factor of subharmonic
resonance.

Second, a subharmonic freestream acoustic wave which includes the subharmonic oblique mode would
be an evanescent wave under the current flow conditions. A dispersion equation of the freestream acoustic
wave which has zero incident angle can be written as Equation 3.

(eUs — w)* = (a2, + B2) 5 3)

where B, @, Coo are a spanwise wavenumber, streamwise wavenumber, and wave speed in freestream,
respectively. In Equation 3, the only unknown variable is @ so that the equation becomes the quadratic
equation for a. If the discriminant of this equation is negative, this wave is the evanescent wave. In
this study, the given flow condition of the subharmonic freestream acoustic wave provides the negative
discriminant so that this wave cannot reach the leading edge.

2.2 Secondary Instability and Turbulent Flow

For the complete transition simulation, the profiles obtained from the CLNS are imposed at the DNS
inlet. Here the subharmonic resonance in low-Mach flow is simulated using the proposed methodology.
This resonance scenario has been widely investigated experimentally [23], theoretically [15, 16], and
numerically [1, 2, 3, 4], though previous studies typically initiated it via artificial receptivity.

Following the CLNS calculation, three DNS cases are conducted with varying amplitudes for the fun-
damental mode. The profiles used in DNS are presented in Figure 2. In Figure 2a, the wall-normal
component is magnified by a factor of 40 for visualization purposes. Unlike the u/ and v/, ,, com-

(2,0) (2,0)
ponents of the TS wave in Figure 2b, the streamwise fluctuation u’(2 0) generated through receptivity
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Figure 2: Amplitude profiles of (a) the fundamental mode generated through receptivity, (b) Tollmien-
Schlichting (TS) wave, and (c) subharmonic oblique wave. All amplitudes are normalized by streamwise
maximum amplitude, max (|u’]).

is significantly stronger than Vlz,o because it comprises a superposition of various modes. Figure 2b
presents the profile of the TS wave extracted from the total CLNS results shown in Figure 2a. LST
results are included solely for validation purposes. The TS wave profiles in Figure 2b are used for the
CS case, while the total profiles in Figure 2a are used for the NS1 and NS2 cases. It is noteworthy that
the ”,(2,0) including various modes is 24.3 times larger than that of the TS wave, one discrete mode. The
subharmonic oblique wave shown in Figure 2c is applied identically to all cases.

The magnitudes of the modes for each DNS case are summarized in Table 1. The CS case is used as
the baseline, representing the controlled scenario investigated in previous studies. It employs the pure
TS wave as the fundamental mode; thus, the amplitude of the fundamental mode is identical to that of
the TS wave. The NS1 case uses the multi-mode solution—a summation of modes generated through
receptivity—for the fundamental mode, rather than an isolated TS wave. Therefore, while it maintains the
same TS wave amplitude as the CS case, the total amplitude of the fundamental mode is 24.3 times larger
due to the contribution of the multi-mode solution in the CLNS results. The NS2 case uses the same profile
as NS1 but with a reduced amplitude for the fundamental mode. For clarity, hereafter the fundamental
mode and the isolated TS wave will be denoted as ”22,0) and u’(TS), respectively. The subscript (m, n)
indicates temporal harmonic modes and spanwise spatial harmonic modes of the subharmonic oblique
mode u’( L)

for NS (4a)
for CS (4b)

4 —

Z't(2,0) - ul(TS) + u/(others)
’/ —

(0 = Uirs)

In contrast to the fundamental mode, the subharmonic oblique mode obtained using LST is consistent
across all cases.

Table 1: Amplitudes of assigned modes at the inlet of DNS. The numbers in parentheses refer to TS wave
amplitude included in the fundamental mode.

Fundamental mode ”,(2,0) Fundamental mode u’(T s) Subharmonic oblique mode
CS case - 4x1073 2x 107
NS1 case 243 x4 %1073 (4x1073) 2% 1073
NS2 case 4x1073 (4x1073/24.3) 2% 1073

The computational domain of DNS is in 400 < VRe, < 1000, and 64 streamwise grid points are allocated
per wavelength of TS wave. The first wall normal grid size y| is less than 0.1 in the entire domain since
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Figure 3: Maximum amplitude growth and mode shapes of u’ and v/ at VRe, = 400 (branch I). (a)
CLNS results without the extraction method and (b) CLNS results with the TS wave extraction method.
Adapted from [20].

DNS shares the wall-normal distribution with the CLNS simulation. In spanwise direction, 32 grid points
are distributed per spanwise wavelength oblique modes, which was shown to be sufficient to capture
turbulent transition in the previous study [24, 3]. Further detailed computational methods used in DNS
are provided in the reference [24].

3. Computational Results

In the current study, CLNS and DNS are used to simulate turbulent transition in boundary layer induced
by the artificial receptivity and natural receptivity. For complete simulation in DNS, CLNS provides the
multi-mode profile as well as the TS wave and LST provides the subharmonic mode.

Brief results of receptivity and linear regions simulation are provided in Figure 3 to validate the current
CLNS solver. Without any post-processing, the amplitude growth of u’ along VRe ., the Reynolds number
based on the streamwise distance, remains nearly constant because of freestream acoustic wave as shown
in Figure 3a. Due to modes in boundary layer, some oscillations exist. On the other hand, the wall normal
component agrees well with LST results. The mode shapes of v/ from CLNS and LST are also well
overlapped. Streamwise component u’, however, has the mode shape similar to the Stokes layer profile
rather than TS wave shown in Figure 3b. To compare the streamwise components with LST for further
validation, we need to extract TS wave in the coexisting modes that share the same frequency as the TS
wave but differ in spatial wavelength. Following previous studies [22, 20], two step procedures consisting
of subtraction of a Stokes wave followed by a filtering method are applied. The extracted TS wave of
CLNS is comparable to LST results as shown in Figure 3b so that the current CLNS code and obtained
results are successfully validated.

The current DNS is also validated with previous studies using maximum amplitude growth in Figure 4.
Since previous studies have focused on the controlled scenario transition, CS is used for comparison. In
Table 2, initial amplitudes of the fundamental and subharmonic modes previous and current computations
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Figure 4: Maximum amplitude growth of TS wave (2, 0) and subharmonic oblique wave (1, 1). Results
of current DNS (CS) and LST [25] are compared with previous LES, DNS, and NPSE. NPSE [4] was
conducted with A¢;,, = 40°.

are summarized. All simulations directly assigned the fundamental and subharmonic modes at the inlet
except Sayadi et al. [21]. They used a wall blowing/suction method to generate T'S wave and subharmonic
oblique wave in boundary layer so that their initial amplitudes cannot be directly compared with other
studies. It is noteworthy that different amplitudes in TS wave will induce different growth of the
subharmonic mode. The current DNS uses a weaker amplitude than previous studies so that growth of
the subharmonic mode can be delayed compared to other studies.

Table 2: Initial maximum amplitudes of TS wave and the subharmonic mode in previous [2, 1, 21, 4] and
current computations.

Fundamental mode Subharmonic oblique mode

Current DNS (CS) 4%1073 2x 107
LES, Jee et al. [2] 6.5x 1073 1.4x107*
DNS, Lozano et al. [1] 6.8 x 1073 2.1x107°
DNS, Sayadi et al. [21] 3x1073 1.5% 1073
DNS, Kim et al. [4] 57x1073 2.3x 107

Despite different initial amplitudes of TS wave (2, 0), growth of TS wave from the current DNS and
previous studies agrees well. However, the subharmonic oblique mode (1, 1) presents a large variation
among the studies due to different initial amplitudes of TS wave. LES by Jee et al. [2] and DNS by Sayadi
et al. [21] are comparable while other studies provide one order of magnitude smaller subharmonic
amplitude.

DNS by Lozano-Duran et al. [1] and nonlinear parabolized stability equations (NPSE) [4] used the
similar initial amplitudes with the current DNS results so that subharmonic growth in the current DNS
is close to their results. However, the point where the subharmonic grows rapidly (exponentially) is
different between DNS, NPSE, and the current study. This discrepancy can be caused by different initial
amplitudes of TS wave. Additionally, it might be also induced by A¢;, which is the initial phase difference
between TS wave and subharmonic oblique waves. Kim et al. [4] demonstrated that the initial phase
difference A¢;, between TS wave and subharmonic oblique waves can change interactions between those
modes. They also showed that transition onset and turbulent transition can be largely varied by Ag¢;;,
using NPSE and LES. Consequently, we can explain discrepancies in growth of the subharmonic mode
by influences of different initial amplitudes of TS wave and initial phase differences A¢;,,.

Averaged skin friction coefficient in the current DNS is also compared with previous studies in Figure
5. Both CS and NS cases are plotted here. The current DNS simulations show low C in turbulent flow
due to relatively coarse resolution in spanwise direction. However, the previous studies [26, 3] which
used a coarse grid resolution already demonstrated that the current spatial resolution is enough to predict
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Figure 5: Averaged skin friction coefficients Cy along streamwise direction. [25].

transition. This is also shown in Figure 5. Coarse LES (purple dashed-dot line) [26] predicts low Cy,
similar to the current DNS Cy in turbulent boundary layer, while Sayadi et al. [26] successfully predicted
amplitude growth before transition with this coarse grid. Similarly, transition location from coarse LES
Cy is comparable to fine LES (green dashed-dot line) and DNS (black dotted line) until VRe, = 750.

On the other hand, CS case shows turbulent transition near VRe, = 750 where locates slightly downstream
compared to other previous studies except DNS from Kim et al. [4]. As discussed in maximum amplitude
growth comparison, this difference can be induced by effects of A¢;,,. DNS with A¢;;,, = 130° [4] shows
identical transition location to other DNS studies, while DNS with A¢;,, = 15° [4] predicts delayed
transition location. The current CS are very well agreed to DNS with A¢;,, = 15°. This result confirms
that discrepancies in maximum amplitude growth and skin friction evolution are due to different initial
amplitudes and A¢;,, not numerical errors. NS1 which uses receptivity-generated multi-mode solution
as the fundamental mode predicts transition upstream VRe, = 550 compared to CS. In contrast, NS2 C ¥
continuously follows theoretical laminar C meaning no transition in NS2.

To visualize the growth of instability modes and turbulent transition, the vortical structures are presented
in Figure 6. Although the multi-mode profile is imposed at the inlet for the NS1 case, the resulting
vortical structures are qualitatively similar to those of the CS case. Both cases initially exhibit 2D vortical
structures, followed by the emergence of 3D structures further downstream due to modal interactions.
Specifically, Staggered-A vortices are clearly evident in both cases. The primary difference lies in the
breakdown location of large-scale structures, which occurs significantly farther upstream in the NS1 case
compared to the CS case. This indicates that transition is triggered earlier in NS1 which is consistent
with skin friction evolution, despite both cases sharing the same TS wave amplitude.

For the NS2 case, vortical structures are visualized using a lower Q-criterion threshold than in the
other two cases. Despite having the same total fundamental amplitude as the CS case, the NS2 case
exhibits significantly delayed growth due to the weaker TS wave component. This weaker TS wave is
insufficient to trigger the rapid growth of the subharmonic oblique mode observed in the CS and NS1
cases. Consequently, turbulent transition does not occur in the NS2 case within the computational domain.

The amplitude growth of the three cases are compared to investigate the evolution of the instability modes.
For the NS cases, the TS wave extraction method is applied to obtain i (rs), while the CS case does not
require this procedure because the TS wave is inherently isolated. Therefore, only the fundamental mode,
which is identical to the TS wave in the CS case, is illustrated in Figure 7a. The TS waves in all cases
agree well with the LST predictions; thus, it can be conjectured that the coexisting modes within the
fundamental wave remain decoupled in the nonlinear regions, just as they do in the linear regions.

In the CS case, the subharmonic mode initially follows the LST prediction and increases rapidly starting
from VRe, = 500. In contrast, the subharmonic mode in the NS1 case begins to grow much more rapidly
from further upstream. Since the amplitudes of the primary TS waves in both the CS and NS1 cases are
nearly identical, the accelerated subharmonic growth in the NS1 case can be attributed to the influence
of the coexisting disturbances.
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Figure 6: Vortical structures visualized by iso-surface of Q-criterion colored by streamwise velocity.
Computational results are duplicated in the spanwise direction for clear visualization. Threshold values
of O for each cases are indicated at the top of figures [25].

Figure 7: Maximum amplitude growth of instability modes along streamwise directions. (a) CS case, (b)
NS1 case, and (c) NS2 case. [25]

In the NS2 case, the subharmonic mode initially decays; however, it soon departs from the LST results
and exhibits slow growth, which not shown in typical subharmonic resonance process. Previous study [4]
has shown that a TS wave with a low amplitude of A7s < O(10~*) cannot induce subharmonic growth.
Although the TS wave amplitude in the NS2 case is also Ars < O(107%), the subharmonic mode still
grows. This indicates that the coexisting modes among the fundamental wave affect the subharmonic
mode. However, unlike TS wave, the coexisting modes cannot induce subharmonic resonance with the
subharmonic mode; consequently, i 1,1y grows slowly rather than exponentially.

A key finding of this study is that transition is not solely governed by discrete unstable modes such as
the TS wave, but is substantially altered by the coexisting modes in the fundamental mode introduced
through natural receptivity. Previous transition analyses, which typically consider only a few discrete
modes, have been successful in explaining well-established mechanisms such as parametric resonance,
phase-locking conditions, and resonant triads. However, the present results reveal that additional modes
generated during the receptivity stage further enhance secondary instability beyond what is attributable to
the TS wave alone. Consequently, turbulent breakdown in the natural scenario occurs significantly earlier
than in the controlled scenario, highlighting the necessity of accounting for receptivity when modeling
realistic boundary-layer transition.

The mode shapes at three streamwise locations are presented in Figure 8. In upstream region, mode
shapes of three cases are comparable, supporting validity of the current TS wave extraction method.
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Figure 8: Mode shapes of TS wave in three cases at (a)VRe, = 480, (b)VRe, = 570, and (c)VRe, = 640
[25].

However, NS1 provides distorted shapes because turbulent transition already occurs in this location.
Its shape becomes more distorted in further downstream since the flow is evolved into fully developed
turbulent boundary layer. In contrast, CS and NS2 are consistently comparable in downstream locations
since transition in CS occurs near VRe, = 750 and NS2 does not provide transition.

4. Conclusion and Future Work

A CLNS-DNS framework was used to simulate the complete natural transition process. This study
used the CLNS method to calculate receptivity, and subsequent DNS was carried out in downstream.
Comparisons between natural (receptivity-generated multimodes) and controlled (discrete-mode only)
scenarios revealed that the coalescence of various modes accelerates transition process. Specifically, the
natural scenario exhibited earlier breakdown than the controlled scenario, even when the primary unstable
mode amplitude was matched. Consequently, relying solely on discrete mode growth is insufficient;
incorporating receptivity physics is essential for accurate transition prediction.

These findings provide valuable insights into realistic transition processes governed by multi-modal inter-
actions. To rigorously elucidate the physical mechanisms underlying this mode coalescence, theoretical
approaches are necessary. In future work, secondary instability analysis—such as employing a modified
Floquet theory that incorporates Stokes layer effects into the base flow—will be conducted to precisely
identify the fundamental sources driving the enhanced growth of the subharmonic mode.
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