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Abstract: Global well-posedness for three-dimensional fluid flow equations remains a profound
open problem. Recent efforts have shifted toward statistical solutions as a robust and physically
meaningful framework for describing turbulence; yet, efficient computational tools to explore these
solutions in three dimensions are scarce. To this end, we develop novel probabilistic lattice Boltz-
mann methods to compute and analyze statistical solutions for three-dimensional incompressible
fluid flows. We combine various types of lattice Boltzmann methods with probabilistic approaches,
such as Monte Carlo and stochastic Galerkin methods. Through accelerated implementations on
heterogeneous high-performance computers, we efficiently target application-relevant flow config-
urations. We present numerical results demonstrating the computational exploration of statistical
solutions and their associated observables. We validate the Wasserstein convergence of these
statistical measures in periodic regimes and demonstrate the computational feasibility of extract-
ing statistical solutions for initial-boundary value problems where deterministic simulations are
nonunique. Finally, we verify that the same pushforward construction extends to the compressible,
inviscid regime as well. Specific parts of the developed methodologies are implemented in the
open-source framework OpenLB-UQ to ensure public accessibility and sustainable reusability,
enabling applications such as training generative diffusion models.
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1. Introduction and problem statement

Viscous (𝜀 > 0), incompressible Newtonian fluid flows can be described by the incompressible Navier–
Stokes equations 

div𝒙 (𝒖) = 0,
𝜕𝑡𝒖 + div𝒙 (𝒖 ⊗ 𝒖) − 𝜀𝚫𝒙𝒖 + ∇𝒙𝑝 = 𝑭,

𝒖 |𝑡=0 = 𝒖.

(1)

Under an inviscid flow assumption (𝜀 ↘ 0), (1) reduces to the incompressible Euler equations. In both
cases, we refer to (1) below. Here, 𝒖 : Ω × 𝐼 → 𝑈 := R𝑑 is the flow velocity dependent on space
𝒙 ∈ Ω ⊆ R𝑑 and time 𝑡 ∈ 𝐼 := (0, 𝑇] ⊆ R, where 𝑑 ∈ {2, 3}, and 𝑝 : Ω × 𝐼 → R is the pressure
(Lagrange multiplier). The given external forces 𝑭 and the pressure are rescaled with a constant density.
The initial data is defined by 𝒖 : Ω → R𝑑 , which is weakly divergence-free and square-integrable, i.e.,
𝒖 ∈ 𝐿2

div(Ω;𝑈). The kinematic viscosity 𝜀 > 0 is given. In the case of Ω ≠ R𝑑 , the system (1) is supplied
with boundary conditions to form an initial-boundary value problem.

Even for spatial periodicity (Ω = R𝑑), the global (in time) well-posedness of classical solutions of the
3D incompressible Navier–Stokes and Euler equations is unknown [1, 2]. Although the existence of
Leray–Hopf weak solutions [3, 4] has been complemented with uniqueness in the two-dimensional (2D)
case, the uniqueness of weak solutions to the incompressible Navier–Stokes equations in 3D remains
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an open problem [1]. In contrast, supported by the high sensitivity of the flow field 𝒖 to its initial
conditions 𝒖 in experiments, using statistical observables is more appropriate than relying on single
sample data [5], especially in applications with advection-dominated (turbulent) flow regimes (𝜀 ↘ 0).
Foiaş and Prodi [6, 7] proposed the concept of statistical solutions: Given that the initial velocity is
probabilistic with a particular distribution 𝜇, the statistical solutions 𝜇 are time-parameterized probability
measures on 𝐿2(Ω;𝑈). Considering the incompressible Navier–Stokes equations, whereas the existence
and uniqueness of statistical solutions are proven in 2D [6, 8] and existence is proven in 3D, global
uniqueness is unknown in 3D. For the incompressible Euler equations, the existence and uniqueness of
dissipative statistical solutions have been proven by Mishra and coworkers with suitable initial data in
2D (globally) [2] and in 3D (locally) [2, 9]. Besides, vanishing viscosity limits of statistical solutions of
incompressible Navier–Stokes equations towards the Euler equations have been proven for up to 3D [10],
assuming a weakened Kolmogorov’s hypothesis on small-scale self-similarity [5].

From a computational viewpoint, the concept of statistical solutions offers a mathematically rigorous
framework for classical ensemble averaging in engineering applications. The latter has been found to
unlock reduced computational effort for computing averaged statistics in ergodic flows [11]. In addition,
in non-ergodic flows, where the classical ergodicity assumption (see, e.g., [12] and references therein)
fails, using statistical solutions or ensemble-averaging is the only valid approach capable of recovering
the time-dependent stochastic response from fluid flows to date.

Though statistical solutions allow for rigorously mapping various features of turbulence, the concept
has been rarely studied in application-relevant fluid flows. Computing statistical solutions to 3D in-
compressible flows with numerical simulations poses an extreme challenge due to the vast number of
floating-point operations required and the increased energy-to-solution. Nevertheless, looking back, the
effort is necessary for progress in terms of bringing forth theoretical indications, i.e., finding or ruling
out possibly unique statistical solution candidates. Many studies have been conducted by Mishra and
coworkers: A multi-level Monte Carlo (MC) finite difference discretization of the 2D periodic incom-
pressible Navier–Stokes equations has been devised by Leonardi et al. [13]. Statistical solutions of the 2D
incompressible Navier–Stokes equations with boundaries have been computed with single-level MC finite
element methods by Bansal [14]. Statistical solutions to the 2D and 3D incompressible Euler equations
with periodic boundaries have been approximated with an MC spectral hyper-viscosity method [2, 15].
Finite volume methods have been combined with single and multi-level MC, as well as quasi-Monte
Carlo (QMC) methods for the computation of 3D statistical solutions to the compressible Euler equations
in Alsvinn [16]. Lattice Boltzmann methods (LBMs) have been combined with MC sampling to com-
putationally validate the inviscid limit of periodic statistical solutions to the Navier–Stokes equations in
[17, 18]. Notably, prior to the present work, neither numerical methods nor implementations had been
proposed for computing statistical solutions to 3D incompressible Navier–Stokes and Euler equations
with non-periodic boundaries.

Despite the rapid progress of massively parallel computing hardware, integrated, efficiently scalable
numerical methods that can saturate modern-day HPC machinery when computing statistical solutions
for canonical flows in 3D have not yet been established. For this purpose, the LBM offers distinct
advantages in terms of stability and parallelizability. LBMs have thus become an established alternative
to conventional approximation tools for the Navier–Stokes equations where optimized scalability in HPC is
crucial. Using LBM in large eddy simulations (LES) provides significant speedup over traditional methods
for industry-scale turbulent flows [19]. Moreover, the mesoscopic derivation of LBMs naturally allows
for thermodynamically consistent extensions towards multi-physics modeling [20–22] and simulating
compressible flows [23–25]. Thus, its unique combination of robustness and near-perfect scalability on
current HPC hardware renders LBM a promising numerical scheme for computing statistical solutions.
Although combinations of LBMs with both intrusive and non-intrusive methods have rarely been studied
in the past, the results are consistently promising. An intrusive stochastic Galerkin LBM is developed
in [26] to approximate stochastic convection–diffusion equations with complex boundary conditions.
In [27], a non-intrusive collocation method has been combined with LBMs for fluid flows through porous
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media, reducing the computational effort by a factor of 100 in 2D compared to single-level MC LBMs.
Despite these promising features, to the best of the author’s knowledge, neither non-intrusive nor intrusive
methods have been combined with LBMs for computing statistical solutions in 3D initial-boundary value
problems.

2. Objective

The aim of this paper is to introduce the concept of computing statistical solutions for application-
relevant turbulent fluid flows. To this end, we propose probabilistic LBMs that combine UQ methods
with advanced and efficient kinetic methods. This paper is structured as follows. In Section 3, we
define the methodology for both statistical solutions and the numerical approximation of the pushforward
measures based on LBM operators. In Section 4, we present specific PLBMs developed to date and include
a selection of results. Finally, Section 5 draws a conclusion and suggests future research directions.

3. Methodology

3.1 Statistical solutions of incompressible fluid flows

Let 𝐷 ⊂ R3 be a bounded spatial domain with Lipschitz boundary 𝜕𝐷 and outward unit normal 𝒏. We
consider the evolution of an incompressible, wall-bounded turbulent flow governed by the incompressible
Navier–Stokes equations under uncertainty in the initial data.

3.1.1 The phase space and measure space

We define the phase space of physically admissible fluid states, X, as the space of square-integrable,
weakly divergence-free vector fields tangent to the boundary (the Leray–Hopf space)

X := {𝒖 ∈ 𝐿2(𝐷;R3) | ∇ · 𝒖 = 0 in 𝐷, 𝒖 · 𝒏 = 0 on 𝜕𝐷}, (2)

where the divergence constraint and the boundary condition are understood in the weak (distributional and
trace) sense, respectively. We equip X with the norm ∥𝒖∥X := ∥𝒖∥𝐿2 (𝐷;R3 ) inherited from the ambient
𝐿2 space, rendering (X, ∥ · ∥X) a separable Hilbert space. The tangential boundary condition in the
definition of X corresponds to impermeable walls and is stated for definiteness; for configurations with
inflow and outflow boundaries, as in Sections 4.3 to 4.5, the phase space is adapted to incorporate the
respective inhomogeneous boundary data, while the pushforward construction below remains unchanged.
To describe the statistics of the flow, we consider the space of Borel probability measures on X with finite
second moment,

P2(X) :=
{
𝜇 ∈ P(X)

��� ∫
X
∥𝒖∥2

X d𝜇(𝒖) < ∞
}
, (3)

which we metrize by the 𝑝-Wasserstein distance. For 𝑝 ∈ [1,∞) and 𝜇, 𝜂 ∈ P𝑝 (X), the latter is

𝑊𝑝 (𝜇, 𝜂) :=
(

inf
𝛾∈Π (𝜇,𝜂)

∫
X×X

∥𝒖 − 𝒗∥ 𝑝X d𝛾(𝒖, 𝒗)
)1/𝑝

, (4)

where Π(𝜇, 𝜂) ⊂ P(X × X) denotes the set of all couplings (transport plans) with marginals 𝜇 and 𝜂.
Throughout this work we employ the case 𝑝 = 1, i.e., the 1-Wasserstein distance𝑊1, both as the analytical
metric and as the basis of the computable diagnostics introduced below. A measure 𝜇𝜀 ∈ P2(X) describes
the probability distribution of the fluid state, where 𝜀 > 0 denotes the kinematic viscosity.
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3.1.2 The statistical solution via push-forward

Let 𝑆𝑡 : X → X, 𝑡 ∈ [0, 𝑇], be the solution operator (semigroup) associated with the Navier–Stokes
equations, such that 𝒖(𝑡) = 𝑆𝑡 (𝒖0) for an initial state 𝒖0 ∈ X. Due to the turbulent nature of the flow, 𝑆𝑡
may exhibit chaotic sensitivity to the initial conditions. Given an initial probability measure 𝜇𝜀

0 ∈ P2(X)
encoding the uncertainty in the initial state (and potentially in further parameters), the statistical solution
at time 𝑡 ∈ (0, 𝑇] is defined as the push-forward measure

𝜇𝜀
𝑡 := (𝑆𝑡 )#𝜇𝜀

0 , (5)

characterized by the change-of-variables identity∫
X
Φ(𝒖) d𝜇𝜀

𝑡 (𝒖) =
∫
X
Φ
(
𝑆𝑡 (𝒖0)

)
d𝜇𝜀

0 (𝒖0), ∀Φ ∈ 𝐶𝑏 (X), (6)

where Φ ranges over all bounded continuous observables (functionals) in 𝐶𝑏 (X) of the flow.

Following the correlation-measure framework of [2, 10], the measure 𝜇𝜀
𝑡 is equivalently and uniquely

characterized by its hierarchy of 𝑘-point correlation marginals {𝜈𝜀,𝑘𝑡 ,𝒙 }𝑘≥1. For 𝑘 ∈ N and 𝒙 =

(𝒙1, . . . , 𝒙𝑘) ∈ 𝐷𝑘 , the 𝑘-point correlation marginal 𝜈
𝜀,𝑘
𝑡 ,𝒙 ∈ P((R3)𝑘) is the joint law of the ve-

locity values (𝒖(𝒙1), . . . , 𝒖(𝒙𝑘)) under 𝜇𝜀
𝑡 , i.e., the push-forward of 𝜇𝜀

𝑡 under the evaluation map
𝒖 ↦→ (𝒖(𝒙1), . . . , 𝒖(𝒙𝑘)). The case 𝑘 = 1 yields the single-point law 𝜈

𝜀,1
𝑡 ,𝒙 , while 𝑘 = 2 encodes

two-point correlations and thus the structure functions central to the statistical theory of turbulence [5].

Recent analytical results [10] show that, under a weakened Kolmogorov K41 self-similarity (weak scaling)
assumption, the statistical solutions of the Navier–Stokes equations converge in the inviscid limit (𝜀 ↘ 0)
to a statistical solution of the incompressible Euler equations in the Wasserstein topology induced by (4).
In particular, in periodic 3D configurations the statistical Navier–Stokes solutions exhibit weak-strong
convergence toward the (weak-strong) unique statistical Euler solution.

3.2 Probabilistic lattice Boltzmann methods

3.2.1 The lattice Boltzmann approximation

The LBM operates on a discrete kinetic phase space L := [𝐿2(𝐷;R)]𝑞, where 𝑞 ∈ N denotes the
number of discrete velocities and a state 𝒇 = ( 𝑓0, . . . , 𝑓𝑞−1) ∈ L collects the discrete particle distribution
functions. For a fixed grid spacing △𝑥 > 0 and associated time step △𝑡 > 0, the LBM evolution operator
(itself being a composition of collision and streaming steps) is denoted by

𝐸△𝑥
𝑡 : L → L. (7)

The collision step depends on the kinematic viscosity 𝜀 through the relaxation time 𝜏 of the collision
operator via the Chapman–Enskog relation 𝜀 = 𝑐2

𝑠

(
𝜏 − 1

2

)
△𝑥2

△𝑡 ; we suppress this dependence in the
notation of 𝐸△𝑥

𝑡 and of the induced operators below. To link the kinetic and macroscopic descriptions,
we define the moment projection map

𝑃 : L → X, 𝒇 ↦→ 𝑃( 𝒇 ) = 𝒖 (8)

with

𝒖(𝒙) :=
∑𝑞−1

𝑖=0 𝒄𝑖 𝑓𝑖 (𝒙)∑𝑞−1
𝑖=0 𝑓𝑖 (𝒙)

, (9)

where {𝒄𝑖}𝑞−1
𝑖=0 are the discrete lattice velocities. Note that (9) conforms to the classical concept in LBM

that the zeroth (denominator in (9)) and first order moments (numerator in (9)) recover the density 𝜌 and
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the momentum density 𝜌𝒖, respectively. Conversely, we define an equilibrium initialization map

𝑃∗ : X → L, 𝒖 ↦→ 𝑃∗(𝒖) = 𝒇 eq (10)

with, for example, the classical second order expansion

𝑓
eq
𝑖
(𝒙) := 𝑤̂𝑖 𝜌(𝒙)

(
1 + 𝒄𝑖 · 𝒖(𝒙)

𝑐2
𝑠

+ (𝒄𝑖 · 𝒖(𝒙))2

2𝑐4
𝑠

− 𝒖(𝒙) · 𝒖(𝒙)
2𝑐2

𝑠

)
, 𝑖 = 0, . . . , 𝑞 − 1, (11)

where {𝑤̂𝑖}𝑞−1
𝑖=0 are the lattice weights and 𝑐𝑠 is the lattice speed of sound, assigning a discrete equilibrium

population 𝒇 eq ∈ L to a macroscopic state. Note that we use a constant reference density in the
initialization (11). By construction, 𝑃∗ satisfies the consistency relation 𝑃 ◦ 𝑃∗ = idX . The approximate
solution operator on the physical phase space X induced by the LBM is then

𝑆△𝑥𝑡 := 𝑃 ◦ 𝐸△𝑥
𝑡 ◦ 𝑃∗ : X → X. (12)

Note that we regard the choices (9) and (11) as flexible modules within the PLBM class. In the numerical
experiments presented in Section 4, a variety of moment and equilibrium models is used.

3.2.2 The combined probabilistic lattice Boltzmann approximation

PLBMs approximate the statistical solution 𝜇𝜀
𝑡 on (0, 𝑇] by propagating samples of the input measure 𝜇𝜀

0
through the deterministic LBM operator (12) and reconstructing a discrete empirical measure 𝜇

𝜀,△𝑥,𝑀
𝑡 .

Given a set of 𝑀 samples {𝒖 (𝑖)
0 }𝑀

𝑖=1 ⊂ X drawn from 𝜇𝜀
0 (MC or QMC) or a set of quadrature nodes with

associated weights (SC), the PLBM approximation reads

𝜇𝜀
𝑡 ≈ 𝜇

𝜀,△𝑥,𝑀
𝑡 :=

𝑀∑︁
𝑖=1

𝛼𝑖 𝛿𝑆△𝑥
𝑡 (𝒖 (𝑖)

0 ) ,
𝑀∑︁
𝑖=1

𝛼𝑖 = 1, (13)

where 𝛿𝒗 is the Dirac measure centered at 𝒗 ∈ X, the propagated samples are denoted by

𝒖△𝑥
𝑡 (𝜔𝑖) := 𝑆△𝑥𝑡

(
𝒖 (𝑖)

0
)
∈ X, 𝑖 = 1, . . . , 𝑀, (14)

and the weights reduce to 𝛼𝑖 = 1/𝑀 for the (Q)MC estimators and to the quadrature weights for SC.

The statistical observables visualized in Section 4 are the low-order moments of this empirical measure,
evaluated point-wise in space. For a bounded continuous observable Φ ∈ 𝐶𝑏 (X), its expectation
under (13) is the weighted sample average

E
𝜇
𝜀,△𝑥,𝑀
𝑡

[Φ] :=
∫
X
Φ(𝒗) d𝜇𝜀,△𝑥,𝑀

𝑡 (𝒗) =
𝑀∑︁
𝑖=1

𝛼𝑖 Φ
(
𝒖△𝑥
𝑡 (𝜔𝑖)

)
. (15)

Choosing for Φ the (component-wise) point evaluation 𝒗 ↦→ 𝒗(𝒙) at a fixed location 𝒙 ∈ 𝐷 yields the
empirical mean velocity field, denoted by the ensemble-average bracket ⟨·⟩,

⟨𝒖⟩△𝑥𝑡 (𝒙) := E
𝜇
𝜀,△𝑥,𝑀
𝑡

[
𝒗 ↦→ 𝒗(𝒙)

]
=

𝑀∑︁
𝑖=1

𝛼𝑖 𝒖
△𝑥
𝑡 (𝜔𝑖) (𝒙), (16)

which approximates the first correlation moment
∫
X 𝒗(𝒙) d𝜇𝜀

𝑡 (𝒗) of the statistical solution and corresponds
to the barycenter of the single-point marginal 𝜈𝜀,1𝑡 ,𝒙 . Analogously, the second centered moment defines
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the empirical (component-wise) variance field

(
𝜎△𝑥
𝑡 (𝒙)

)2
𝑗

:=
𝑀∑︁
𝑖=1

𝛼𝑖

( [
𝒖△𝑥
𝑡 (𝜔𝑖) (𝒙)

]
𝑗
−
[
⟨𝒖⟩△𝑥𝑡 (𝒙)

]
𝑗

)2
, 𝑗 ∈ {1, 2, 3}, (17)

taken per Cartesian velocity component 𝑗 , with the associated standard deviation (std) field obtained
component-wise as

(
𝜎△𝑥
𝑡 (𝒙)

)
𝑗
=

[
(𝜎△𝑥

𝑡 (𝒙))2
𝑗

]1/2. Together, the mean field ⟨𝒖⟩△𝑥𝑡 (16) and the standard-
deviation field 𝜎△𝑥

𝑡 (17) are the statistics reported in the numerical experiments; their spatial profiles and
iso-volumes constitute the primary statistical signature of the computed solution (13). For the (Q)MC
estimators (𝛼𝑖 = 1/𝑀), the empirical mean (16) is an unbiased estimator of the true mean field with
root-mean-square error of order O(𝑀−1/2), whereas the SC estimators attain higher-order accuracy under
sufficient regularity of the parameter-to-solution map.

For intrusive PLBMs based on stochastic Galerkin methods (SG), the empirical construction (13) is
replaced by a spectral (generalized polynomial chaos) expansion of the random state, such that the
approximate statistical solution is obtained as the push-forward 𝜇

𝜀,SG
𝑡 := (𝑆SG

𝑡 )#𝜇𝜀
0 under the SG-

propagated operator 𝑆SG
𝑡 , rather than through the sample-based moments (16) and (17).

3.2.3 Strong versus statistical convergence

The weak-strong uniqueness principle states that whenever a classical strong solution 𝒖★ exists on [0, 𝑡],
every admissible statistical solution emanating from 𝛿𝒖★ (0) must collapse to the Dirac mass 𝜇𝑡 = 𝛿𝒖★ (𝑡 ) ,
i.e., a state of zero variance. In highly turbulent, high-Reynolds-number regimes, such strong solutions are
not known to exist globally, and the statistical solution may remain genuinely non-Dirac. To distinguish
these two scenarios numerically, without recourse to an analytical or fixed global reference solution,
we contrast a strong (sample-wise, trajectory-level) error against a statistical (law-level) error, both
formulated either as Cauchy differences between consecutive grid refinements △𝑥 and △𝑥/2 or as classical
experimental orders of convergence against the most spatially refined resolution. Note that we only define
the Cauchy version here; for the latter, we refer the reader to [18].

Strong sample-wise error. Let Θ denote the underlying sample space and 𝜔𝑚 ∈ Θ, 𝑚 = 1, . . . , 𝑀 , the
drawn realizations, with identical pseudo-random seeding maintained across resolutions so that the error
isolates numerical convergence rather than sample variance. We define the relative strong sample-wise
Cauchy 𝐿1-error

Estrong(𝑡) :=
1
𝑀

𝑀∑︁
𝑚=1

∥𝒖△𝑥
𝑡 (𝜔𝑚) − R

(
𝒖△𝑥/2
𝑡 (𝜔𝑚)

)
∥𝐿1 (𝐷)

∥R
(
𝒖△𝑥/2
𝑡 (𝜔𝑚)

)
∥𝐿1 (𝐷)

, (18)

where 𝒖△𝑥
𝑡 (𝜔𝑚) = 𝑆△𝑥𝑡 (𝒖 (𝑚)

0 ) is the coarse-grid solution as in (14), 𝒖△𝑥/2
𝑡 (𝜔𝑚) the corresponding solution

on the refined grid, and R a conservative block-averaging restriction operator mapping the fine-grid field
onto the coarse-grid geometry to enable a point-wise spatial comparison.

Statistical error via correlation marginals. The natural law-level metric is the 1-Wasserstein dis-
tance (4) between the empirical measures 𝜇△𝑥

𝑡 and 𝜇
△𝑥/2
𝑡 , where we abbreviate 𝜇△𝑥

𝑡 := 𝜇
𝜀,△𝑥,𝑀
𝑡 from

(13) whenever 𝜀 and 𝑀 are fixed. Since this distance lives on the infinite-dimensional space X and is
computationally intractable to calculate directly [2], we exploit the correlation-marginal characterization
and measure convergence through the 𝑘-point marginals 𝜈△𝑥,𝑘𝑡 ,𝒙 of 𝜇△𝑥

𝑡 . Following [2, Eq.(5.7), Proposi-
tion E.1], the spatially averaged Wasserstein distance between 𝑘-point marginals lower-bounds the full
distance up to a constant 𝐶𝑘 > 0,∫

𝐷𝑘

𝑊1
(
𝜈
△𝑥,𝑘
𝑡 ,𝒙 , 𝜈

△𝑥/2,𝑘
𝑡 ,𝒙

)
d𝒙 ≤ 𝐶𝑘 𝑊1

(
𝜇△𝑥
𝑡 , 𝜇

△𝑥/2
𝑡

)
, a.e. 𝑡 ∈ (0, 𝑇], (19)
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so that the convergence of the (computable) left-hand side is implied by, and serves as a verifiable
diagnostic for, the convergence of the (intractable) right-hand side.

We therefore introduce the family of 𝑘-point Wasserstein diagnostics 𝑊1,𝑘 . In the notation 𝑊𝑝,𝑘 , the
first index 𝑝 is the order of the underlying Wasserstein metric (here 𝑝 = 1, i.e., the ground cost is an 𝐿1

distance), and the second index 𝑘 is the order of the correlation marginal (the number of spatial points).
Concretely, for 𝑘 = 1 we define the spatially averaged one-point distance

𝑊1,1(𝑡) :=
1
|𝐷 |

∫
𝐷

𝑊1
(
𝜈
△𝑥,1
𝑡 ,𝒙 , 𝜈

△𝑥/2,1
𝑡 ,𝒙

)
d𝒙, (20)

and for 𝑘 = 2 the spatially averaged two-point distance

𝑊1,2(𝑡) :=
1

|𝐷 |2

∫
𝐷2

𝑊1
(
𝜈
△𝑥,2
𝑡 , (𝒙1,𝒙2 ) , 𝜈

△𝑥/2,2
𝑡 , (𝒙1,𝒙2 )

)
d𝒙1 d𝒙2, (21)

where the evaluation of the local distance𝑊1 inside the integrands follows the conventions specified next.

Component-wise and vector-valued evaluation. For a scalar observable, the 𝑘-point marginal is a
probability measure on R𝑘 and the local 𝑊1 in (20) and (21) is unambiguous. For the velocity, the 𝑘-
point marginal is a measure on (R3)𝑘 , and we additionally introduce the component marginals 𝜈△𝑥,𝑘, ( 𝑗 )𝑡 ,𝒙 ,
defined as the joint law of

(
𝑢 𝑗 (𝒙1), . . . , 𝑢 𝑗 (𝒙𝑘)

)
∈ R𝑘 for each Cartesian component 𝑗 ∈ {1, 2, 3}.

The component-wise evaluation replaces the local 𝑊1 by the average 1
3
∑3

𝑗=1 𝑊1
(
𝜈
△𝑥,𝑘, ( 𝑗 )
𝑡 ,𝒙 , 𝜈

△𝑥/2,𝑘, ( 𝑗 )
𝑡 ,𝒙

)
,

whereas the vector-valued evaluation computes𝑊1 directly between the joint laws on (R3)𝑘 with Euclidean
ground cost. Since coordinate projections are 1-Lipschitz, every component distance, and hence their
average, is bounded by the vector-valued distance, which in turn is controlled by the full distance
through (19); the component-wise evaluation decouples the transport problem into scalar subproblems
and is computationally cheaper, whereas the vector-valued evaluation retains inter-component correlations
at the cost of a higher-dimensional optimal transport problem.

Throughout this work, the one-point diagnostic 𝑊1,1 is always evaluated component-wise, so that no
notational distinction is required at 𝑘 = 1. At 𝑘 = 2, both evaluations are computed for the veloc-
ity, distinguished as 𝑊1,2 (component-wise) and 𝑊v

1,2 (vector-valued); this applies to the randomized
Taylor–Green vortex in Section 4.2. For scalar observables, such as the density in the astrophysical jet
configuration in Section 4.5, the component marginal coincides with the full marginal, the two evaluations
agree, and we write 𝑊1,2 without a superscript.

Computable empirical estimator. For 𝑘 = 1, the component-wise diagnostic (20) admits an exact
closed-form evaluation on the empirical ensembles. Because the local one-point component marginals
are one-dimensional empirical distributions of equal size 𝑀 , the optimal transport problem at each grid
point and for each scalar component reduces exactly to the 𝐿1 distance between the order statistics of the
two samples. Writing S(·)𝑚 for the operator that sorts the 𝑀 ensemble values at a given coordinate in
ascending order and returns the 𝑚-th order statistic, we approximate (20) by

𝑊1,1(𝑡) ≈
1
𝑁𝒙

𝑁𝒙∑︁
𝑙=1

1
3

3∑︁
𝑗=1

1
𝑀

𝑀∑︁
𝑚=1

���S ( [
𝒖△𝑥 (Θ, 𝒙𝑙, 𝑡)

]
𝑗

)
𝑚
− S

( [
R(𝒖△𝑥/2(Θ, 𝒙𝑙, 𝑡))

]
𝑗

)
𝑚

���, (22)

where 𝑁𝒙 is the number of discrete spatial cells of the restricted coarse domain, 𝒙𝑙 the corresponding
cell coordinate, 𝒖△𝑥 (Θ, 𝒙𝑙, 𝑡) the list of the 𝑀 ensemble values at 𝒙𝑙, and [ · ] 𝑗 extracts the 𝑗-th Cartesian
component. For scalar observables, the component average is void and (22) applies verbatim to the
scalar ensemble values. We emphasize that the index 𝑚 in (22) enumerates order statistics of the sorted
ensemble, in contrast to its role as a realization index in (18). At 𝑘 = 2, the local transport problems
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are genuinely multi-dimensional and no sorting shortcut applies; here we employ the same statistical
error approximations as in [18]. Convergence of 𝑊1,1 (and, analogously, of the higher-order 𝑊1,𝑘) as
△𝑥 ↘ 0 empirically certifies that the law of the flow converges to an admissible statistical state, even
where individual realizations diverge through small-scale vortex dislocations.

3.2.4 Convergence rates and error structure

The convergence of the PLBM approximation to the true statistical solution is quantified in the 1-
Wasserstein distance 𝑊1 on X from (4), with the 𝑘-point diagnostics 𝑊1,𝑘 serving as its computable
surrogates via the bound (19). While global uniqueness for the 3D Navier–Stokes equations is an open
problem, we define 𝜇𝜀

𝑡 constructively as the limit, provided it exists, of the unique statistical solutions of
the LBM-regularized dynamics, where the LBM provides a unique selection principle at finite △𝑥.

A triangle inequality for 𝑊1 separates the total error into a modeling and a sampling contribution,

𝑊1
(
𝜇𝜀
𝑡 , 𝜇

𝜀,△𝑥,𝑀
𝑡

)
≤ 𝑊1

(
(𝑆𝑡 )#𝜇𝜀

0 , (𝑆
△𝑥
𝑡 )#𝜇𝜀

0
)︸                         ︷︷                         ︸

modeling error

+𝑊1
(
(𝑆△𝑥𝑡 )#𝜇𝜀

0 , 𝜇
𝜀,△𝑥,𝑀
𝑡

)︸                         ︷︷                         ︸
sampling error

. (23)

The modeling error depends on the consistency of the LBM with the Navier–Stokes equations as △𝑥 ↘ 0,
and on the stability of the solution operator 𝑆△𝑥𝑡 . Here, consistency is understood under diffusive time-
step scaling, △𝑡 ∝ △𝑥2, under which the lattice Mach number obeys Ma ∝ △𝑥, so that the leading-order
compressibility error O(Ma2) = O(△𝑥2) vanishes at second order along the refinement. Holding the
relaxation time 𝜏 fixed under this scaling would keep the viscosity 𝜀 constant; instead, in the numerical
experiments of Section 4.2, the inviscid limit is coupled to the grid refinement by prescribing 𝜀 ∝ △𝑥,
equivalently 𝑅𝑒 ∝ 𝑁 ∝ △𝑥−1 and 𝜏 ↘ 1

2 with 𝜏 − 1
2 ∝ △𝑥, where 𝜏 = 1

2 marks the stability boundary
of the scheme. Thus, the limits △𝑥 ↘ 0 and 𝜀 ↘ 0 are taken jointly along a coupled path, consistent
with the vanishing-viscosity statistical limit under investigation, and the proximity of 𝜏 to the stability
boundary motivates the entropy-controlled collision model of Section 4.2.

The sampling error depends on the chosen UQ method and the regularity of the parameter-to-solution
map; it scales as O(𝑀−1/2) for MC and faster for SC/QMC under sufficient regularity. For PLBMs
based on stochastic Galerkin methods (SG) (see Section 4.1), the sampling error is expected to decay
spectrally, O(𝑒−𝑐𝑀′) with 𝑐 > 0 and 𝑀 ′ denoting the number of retained gPC modes. This spectral decay
holds provided the parameter-to-solution map is sufficiently smooth, in which case the approximation
𝜇
𝜀,SG
𝑡 := (𝑆SG

𝑡 )#𝜇𝜀
0 is expected to inherit the spectral accuracy. By testing Wasserstein convergence along

the inviscid limit (𝜀 ↘ 0), we lay the groundwork for the exploration of wall-bounded configurations.

4. Numerical experiments

Below, we summarize the specific PLBMs developed to date and include selected results.

4.1 Stochastic Galerkin lattice Boltzmann method

In [28], a PLBM based on stochastic Galerkin methods using polynomial chaos has been proposed and
validated through formal analysis, as well as numerical tests for 2D randomized benchmark flows. The
results demonstrate the expected spectral convergence and a significantly reduced computational cost,
with a speedup factor of 5.72 compared to MC sampling for the randomized Taylor–Green vortex (RTGV)
in 2D. The extension of this method to 3D configurations is planned for future work.

4.2 Entropic Monte Carlo lattice Boltzmann method

In exploratory computations of periodic statistical solutions to the 3D Navier–Stokes equations with
OpenLB [17], the expected scaling of the energy spectra and the structure functions in terms of Kol-
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mogorov’s K41 theory along the inviscid limit (𝜀 ↘ 0) is observed. The computations are carried out for
the 3D RTGV, which is based on a perturbed initial velocity 𝖚0 = 𝒖0 + 𝖘 ∈ R3, involving 24 i.i.d. random
variables in 𝖘. We combine MC sampling with a reduced Karlin–Bösch–Chikatamarla (KBC) collision
scheme [0] with entropy-controlled relaxation of higher-order moments for nonlinear stability when ap-
proximating the incompressible Navier–Stokes equations with LBM along the inviscid limit (𝑅𝑒 ↗ ∞).
Single samples and mean fields of the RTGV flow are illustrated in Figure 1 for increasing Reynolds
numbers, including a Wasserstein convergence validation. The complete computational campaign re-
quired approximately 2.5 × 103 GPUh on HoreKa Green (NVIDIA A100 GPUs), where the finest grid
contained approximately 1.34 × 108 cells (excluded in Figure 1). Based on PLBM approximations, we
have thus computationally confirmed the Wasserstein convergence of statistical Navier–Stokes solutions
toward weak-strong unique statistical Euler solutions in a periodic 3D configuration [18].
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𝑡 , 𝜇
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𝑡 )∥𝐿1 )

Figure 1: Left panel: Iso-volume velocity fields (colored by magnitude) of 3D RTGV flow simulation
with MC KBC LBM at 𝑡 ≈ 15s with increasing Reynolds number 𝑅𝑒. Single sample computations
(top row), mean (16) (middle row), and standard deviation (17) (bottom row) for 𝑅𝑒 = 1280, 2560, 5120
on NVIDIA A100 GPUs. Right panel: Convergence rates O(𝑁𝔯 (𝑡 ) ) calculated at several timesteps via
log-log linear fits across grid resolutions 𝑁 . Experimental order of Wasserstein convergence (EOWC)
plotted over time for 𝑊1,1, 𝑊v

1,2, and 𝑊1,2 for 𝑀 = 1000 samples with respect to spatial resolution
𝑁 = 256 at 𝑅𝑒 = 10240. The predicted bound at −0.5 for EOWC is confirmed for 𝑊v

1,2 (21), whereas the
averaged trajectory-wise experimental order of sample convergence (𝐿1 EOSC, similar to Cauchy error
(18)) diverges as expected once turbulence is developed. Figure and notation from [18] (with permission
from the authors).

4.3 Recursively regularized stochastic collocation lattice Boltzmann method

In [29], we developed a recursively regularized SC LBM for urban LES with uncertain data assimilation of
wind measurements (see Figure 2). The circular lateral boundary condition is perturbed with randomized
measurement data for wind speed and direction. The scalable ensemble implementation achieves faster-
than-real-time performance (assuming sufficient availability of compute resources, simulating 48 real
hours can be reduced to 15 hours of wall-clock time) and provides key statistics such as mean fields
and confidence intervals without modifying the deterministic solver. Notably, in this framework, the
concept of statistical solutions based on PLBMs is coupled with time-averaging to account for varying
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wind speeds and directions over the simulated time horizon.

Figure 2: Measurement data-assimilated SC LBM simulation (𝑀 = 121 samples) of urban wind flow
around a real building geometry. Hourly measurements of wind speed and direction are used as contin-
uously updated input data. From left to right: sample of velocity, time-average of single sample, mean
of time-averaged velocity, standard deviation of time-averaged velocity. Per sample: 𝑅𝑒 = 1.8 × 106, 10
million grid cells, simulated physical time 𝑇 = 48h in about 15h wall clock time on 4 nodes with 2x Intel
Xeon Platinum 8368 each. Figure adapted from [29] (with permission from the authors).

4.4 Incompressible Monte Carlo large eddy lattice Boltzmann method

To conduct probabilistic turbulent round jet simulations, we have developed an incompressible MC LES
LBM. The inflow condition is randomized by using an abstracted vortex method [30]. The geometry
mimics an injection nozzle exiting into a larger cylindrical container. Figure 3 shows the velocity fields
of 32 samples, the mean, the standard deviation, and the velocity component magnitudes plotted over
the cross-section centerline. The Reynolds number is defined from the nozzle diameter and is set to
𝑅𝑒 = 5000. Per sample, 107 grid cells are used, and the physical simulation time is 𝑇 = 150 [s], requiring
approximately 2 hours on a workstation with 38 CPU cores and 2 GPUs. These results demonstrate the
capability of PLBMs to stably sample high-Reynolds-number wall-bounded turbulence, paving the way
for statistical convergence studies in non-periodic geometries.

Figure 3: MC LES LBM simulation of a turbulent round jet with random inlet condition (𝑀 = 32
samples). Top left: Mean (16) and standard deviation (17) of the statistical solution. Top right: Mean
and standard deviation velocity probes (magnitude and individual components) along the centerline of
the domain. Per sample: 𝑅𝑒 = 5000, 10 million grid cells, simulated physical time 𝑇 = 150s simulated
in approximately 2h using 38 CPU cores (Intel Xeon Platinum 8368) and 2x NVIDIA A100 GPUs.
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4.5 Compressible Monte Carlo vectorial lattice Boltzmann method

The proposed methodology extends to compressible and inviscid flows as well if a suitable vectorial LBM
is used as a deterministic operator in the pushforward. In [31], we computationally explore the limits of
weak-strong uniqueness of a Mach 2000 jet by defining the statistical solution as the pushforward of a
probability measure through a vectorial LBM (VLBM) operator. The jet inlet at 𝑥 = 0 is randomized with
a truncated Karhunen–Loève density perturbation. We compute an ensemble of 𝑀 = 1000 Monte Carlo
samples across a sequence of highly refined spatial grids of up to 12.8 million cells and subsequently post-
process the empirical measures (see Figure 4). In Figure 5, we contrast the strong sample-wise 𝐿1 Cauchy
error divergence with the convergence of the probability measure in the Wasserstein metric with respect
to the highest grid resolution. Our results demonstrate that while individual flow realizations physically
diverge due to chaotic shear-layer instabilities, the statistical solution converges to an admissible limit
measure at a temporally stable rate (cf. Figure 5). Conclusively, we have successfully used PLBMs to
provide numerical evidence that the statistical solution of the astrophysical jet problem is non-Dirac and
remains stable in the extreme compressible regime [31].

Figure 4: MC VLBM simulation of a Mach 2000 astrophysical jet in two spatial dimensions with
Karhunen–Loève-type randomized density inlet condition. Single samples and statistical moments
(mean (16) and standard deviation (17)) of the density at 𝑡 = 0.0035 (left to right). The layout displays 𝑥-
resolutions 500, 1000, 2000, and 4000 (top to bottom) on the 𝑦-clipped domain [0, 2.5] × [−0.25, 0.25].
Colorbars are in logarithmic scale. Single samples are computed on NVIDIA H200 GPUs for all
resolutions in less than six minutes each. The complete ensemble is distributed over 20 nodes with 50
samples per batch job in the array. Figure from [31] (with permission from the authors).

4.6 Large-scale sampling for learning statistical solutions

Among other data, we include round jet samples (Figure 3) in the order of 𝑀 = 105 to train GenCFD [30],
a conditional score-based diffusion model. Unlike deterministic MSE-based ensembles that regress to the
mean, GenCFD generates spectrally accurate, realistic turbulence samples. Furthermore, [30] provides
rigorous theoretical justification for this generative capability, enabled by the efficient production of
training data from statistical solutions approximated with PLBMs, among other methods.

4.7 Implementations and code releases

4.7.1 OpenLB-UQ framework

All simulations in Sections 4.2, 4.3, and 4.4 have been implemented in the open-source C++ library
OpenLB [20], which is designed for efficient and extensible simulations of complex fluid dynamics on
high-performance computers. Specifically, in OpenLB-UQ [32], we leverage the efficiency of OpenLB
for large-scale flow sampling with a dedicated and integrated UQ module, where the focus is placed on
non-intrusive SC methods based on generalized polynomial chaos and QMC sampling. The OpenLB-UQ
framework is extensively validated through convergence tests concerning statistical metrics and sample
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Figure 5: Convergence rates O(𝑁𝔯 (𝑡 ) ) calculated at several timesteps via log-log linear fits across axis
grid resolutions 𝑁 of Mach 2000 astrophysical jet simulations (see Figure 4). As chaotic vortex shedding
develops, the magnitude of the strong Cauchy error convergence order (EOSC), averaged over single
sample trajectories, decays significantly to 𝔯 ≈ −0.03. In contrast, the Wasserstein metric with respect to
the highest grid resolution 𝑁 = 4000 stabilizes in order magnitude for 1-point marginals (𝑊1,1 EOWC),
while the order magnitude further increases for 2-point marginals (𝑊1,2 EOWC), respectively. Figure
adapted from [31] (with permission from the authors).

efficiency using selected benchmark cases [32]. The results in [32] confirm the expected convergence rates
and demonstrate promising scalability, robust statistical accuracy, and computational efficiency across
thousands of samples and thousands of CPU cores; cf. Figure 6. A structured refactoring of the module
towards complete GPU-support, using the existing platform-transparent LBM-kernels in OpenLB, is
currently being carried out.

Figure 6: Weak scaling performance of sample-level parallelization for a 2D flow around a cylinder
case at several resolutions 𝑛𝑥 without postprocessing. The black line shows the mean total time per
batch size, with the blue shaded area indicating the standard deviation across repeated runs. Each batch
is assigned 100 samples, resulting in overall sample sizes of 𝑀 = 200, 400, 800, 1600 for 2, 4, 8, 16
batches, respectively. This batch configuration is applied uniformly across all resolutions. The samples
are parallelized on domain-level with 2, 4, 16, and 64 MPI processes for the respective resolutions. The
batches are then computed in parallel, using up to 1024 CPU cores for the maximum sample size and
resolution. Figure from [32] (with permission from the authors).
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4.7.2 Python-based implementation

The simulations in Section 4.5 have been performed using Python and CuPy. Conclusively, the entire
statistical data generation and processing can be contained in a single short Python file, maximizing
portability and user friendliness. An open-source release of the code is planned.

5. Conclusion and future work

We have presented a unified framework for computing statistical solutions to the 3D incompressible
Navier–Stokes equations, combining the efficiency of LBM with rigorous probabilistic schemes. We
successfully validated Wasserstein convergence in periodic turbulence and extended the methodology
to complex, wall-bounded fluid flows. The concept of PLBM further carries over seamlessly to the
compressible, inviscid regime. Our results demonstrate that PLBMs are not only computationally
feasible on heterogeneous HPC systems but also essential for capturing physical observables in regimes
where deterministic solutions are nonunique. In addition, PLBMs provide a mathematically tractable
and computationally feasible framework in non-ergodic fluid flow configurations. The high-fidelity
datasets generated by this framework provide a crucial foundation for training state-of-the-art generative
AI models, such as GenCFD. Future work will focus on the complete GPU porting of the OpenLB-UQ
module and the further exploration of inviscid limits in wall-bounded and compressible turbulence to
establish new benchmarks for statistical fluid dynamics.
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