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Abstract: Multidimensional summation-by-parts (SBP) operators can be used to construct high-
order, conservative, and stable discretizations on complex geometries. While tensor-product SBP
operators are widely used, the adoption of multidimensional SBP operators has been slow, in
part because they are difficult and tedious to implement. To help address this difficulty, this
work investigates an explicit formula for first-derivative SBP operators. This formula produces
discretizations whose spectrum and accuracy are effectively independent of the quadrature rules
used to define the solution nodes. Numerical experiments are provided that verify this behavior.
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1. Introduction

One of my research interests is the optimization of systems governed by computational fluid dynamics
(CFD). Such CFD-constrained optimization problems arise in aerodynamic design, flow control, and
inverse problems. These are demanding applications for CFD because they require discretizations that
are efficient, robust, and geometrically flexible. High-order discretizations with the summation-by-parts
(SBP) property [1] offer one way to satisfy these requirements [2, 3].

Despite being well-suited to CFD-constrained optimization, multidimensional SBP operators can be
difficult to use. This difficulty stems from the non-uniqueness of SBP operators and, consequently, a
scarcity of closed-form definitions that have favorable spectral properties.

The complicated implementation of multi-dimensional SBP operators likely contributes to the slow
adoption of SBP operators in simplex-based codes. Unlike tensor-product operators, which are defined
by a concise one-dimensional operator, multi-dimensional SBP operators require several dense matrices
for each polynomial degree P. Furthermore, these matrices are rarely defined by explicit formulae; for
example, the skew-symmetric operators in References [4] and [5] were defined as the minimum-norm
solution of accuracy constraints, while the operators in Reference [6] were found by solving various
optimization problems. If a practitioner wants to use these multi-dimensional SBP operators, they must
either (i) hope a library is available in their chosen programming language, (ii) painstakingly transcribe
the operators (accounting for node and face ordering), or (iii) implement the linear solves or optimizations
that produce the operators from first principles. None of these options is attractive.

Thus, there is a need for a straightforward, explicit formula for multidimensional SBP operators. This
formula should produce an operator with good spectral properties; ideally, the spectrum should be
independent of the quadrature rule that the operator is based on. In this paper, I show that the SBP
operator introduced by Chan [7] satisfies these requirements. His operator projects the collocation-based
solution onto a modal basis, which is why I will refer to the operator as a modal collocation (MC) operator.

The focus of [7] was entropy-stable discontinuous Galerkin discretizations, where Chan used the MC
operator in an intermediate step at the quadrature nodes to leverage two-point entropy conservative flux
functions [8]. However, MC operators have received little attention as a high-order difference operator
on their own. To the best of my knowledge, the only direct application of an MC operator was by
Montoya and Zingg [9], who used it as a benchmark against their tensor-product modal SBP operators.
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Therefore, the goal of the paper is to highlight the MC operator and characterize the spectrum of MC-based
discretizations.

The following is a brief outline of the remaining paper. Section 2 begins by reviewing the definition of
the MC operator, and then proceeds to the main theoretical result regarding the spectrum of MC-based
semi-discretizations. To support the theory, I provide some numerical experiments in Section 3 of one-
and two-dimensional discretizations of initial-boundary-value problems. Conclusions are provided in
Section 4.

2. Methodology and Analysis

2.1 Modal Collocation Operators

I begin by defining the modal-collocation operator.

Definition 1 (First-derivative modal-collocation operator) Ler Xo = {xi}f\i , and Wg = {wi}f\i | de-
note the nodes and weights, respectively, for a quadrature rule over the domain € that is exact for degree
2P polynomials. In addition, let € RN*NP be a matrix whose columns are functions from a degree P
orthonormal polynomial basis evaluated at Xq, and let V, € RN*NP hold the derivatives of the basis

with respect to the coordinate x4 also evaluated at Xqo. Then the matrix

Dy, = Vi dVTW,
is a degree P modal-collocation operator corresponding to the first derivative 8 /0xq4, d = 1,2,...,D,
at the quadrature nodes Xq, where W = diag(wy, wa, ..., wn) is a diagonal matrix whose diagonal

entries are the quadrature weights in Wg.

This MC operator definition uses an orthonormal basis to simplify the subsequent analysis. However,
this is not necessary; indeed, Chan [7] used a more general projection operation defined as show below.

D,, = V., (VTWV)~IVTW,

where V is a generic basis for polynomials of total degree P evaluated at the quadrature nodes. It is
straightforward to show that the above definition transforms the generic basis into an orthonormal basis,
so Definition 1 is a special case; see [10].

An MC operator that uses a positive quadrature rule (i.e. positive weights) is also a degree P diagonal-norm
summation-by-parts operator [7]. In particular, we have the decomposition

WD,, =WV, V/W=S§,, + %Exd,

where S, is skew-symmetric and E,, is symmetric. Furthermore, the symmetric matrix acts on the

boundary and can be written [7]
E, = R?WFRI—,

where Wr = diag(wi, wa, ..., war) holds the weights of a degree 2P exact quadrature over the boundary
I' = Q. In the above definition of E,, the projection/interpolation matrix

Rr = VrVIW

where V holds the orthonormal basis evaluated at the boundary quadrature nodes Xr = {x j}l}i |-

We consider a one-dimensional discretization in the theory presented below. In the one-dimensional
setting we write the MC operator as D, = V,VI'W and it acts on the interval domain Q = [x7,xg].
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Furthermore, in one dimension the boundary quadrature becomes trivial — Xr = {x,xg} and W =
diag(1, 1) — and the operator E, simplifies to

E. =RLRz - RIR,,
where
RL = VLVTW, where RR = VRVTW.

The matrices V; € R*NP and Vg € RI*NP represent the orthonormal polynomial basis evaluated at x;.
and xg, respectively.

2.2 Quadrature Independence of MC Semi-discretization Spectrum

In this section, I show that an MC semi-discretization of the periodic, one-dimensional advection equation
has an eigenvalue spectrum that is effectively independent of the underlying quadrature. Specifically,
the non-trivial eigenvalues in the spectrum depend only on the domain/element shape and the chosen
polynomial degree P. Elsewhere I show that this result extends to multidimensional, non-periodic
problems [10].

The constant-coefficient linear advection equation with periodic boundary conditions is given by,

ou ou
— + _:0, V € Q= 5 ,[E 0’T9
TR x [xe,xr],7 € [0,T] )
u(xp,t) =u(xg,t), Vtel0,T],
where @ > 0 is the advection speed. The standard SBP semi-discretization of (1) using one element/block
and upwind simultaneous approximation terms (SATs) is given by [3, 2]

le—l; +aDyu +aW™ 'R (Rpu — Rgu) =0, )

where u (1) € RY is the solution. The semi-discretization can be written concisely as

L;—l; = Au, where A=-aD, - aW‘lR{(RL - Rg). 2)

I can now state and prove the main result.
Theorem 1 Suppose the semi-discretization (2) uses a degree P modal-collocation operator Dy. If

o(A) = {Ai}ﬁ\:’ | denotes the spectrum of A, then o (A) is the union of Nz = N — Np zero eigenvalues and
Np eigenvalues that are independent of the quadrature.

Proof: Let Z € RV*(N=Nr) be a matrix in the null-space of VIW, i.e. VIWZ = 0. Also, without loss of
generality, assume that Z is orthonormal with respect to W, so Z'WZ = |. Next, decompose the solution
into components corresponding to V and Z,

u(t) =Vuy (1) + Zuz(1),

and substitute this decomposition into the ODE (2);

%(Vuv + Zuz) = A(Vuv + Zuz)
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Next, left multiply the ODE above by [WV, WZ] " to obtain

uy| [VIW VIWAV VTWAZ
Uy h ZTW

ZTWAV ZTWAZ

d

dt

uy
uz

AV Z]

uy
uz] . 3)

=B

Note that the matrix B defined above is similar to the matrix A, since the matrix left multiplying A in
Equation (3) is the inverse of the matrix right multiplying A. Consequently, A and B share the same
eigenvalues; it will prove easier to characterize the eigenvalues of B.

To simplify the matrix B in the ODE (3), we first note that Z is in the null-space of A:

AZ=(-aD, - a/W_lR{RL + aW_lR{RR)Z
=—aV,VITWZ - a/VV{VLVTWZ + aVV{VRVTWZ =0
where we used VIWZ = 0. Thus, the submatrices VI WAZ and Z'WAZ in the matrix B are matrices of
zeros. Next, consider the submatrix Z" WAV in B:
ZTWAV = ZTW( —aDy, — aW™! R{RL +aW™! R{RR)V

= —oz(ZTWVxVTW + ZTWVV{VLVTW - ZTWVVZVRVTW)V

=0,
where we used Z'WV = 0 and the fact that the derivatives of the orthonormal basis can be expressed in
terms of the basis, so Z'WV, = 0 as well.
To summarize, we have shown that the matrix B in the ODE (3) is equivalent to

B= 0 ol

VTWAV 0}

Therefore, the eigenvalues of B are the union of N = N — Np repeated zero eigenvalues and the eigen-
values of the submatrix VI WAV. This submatrix simplifies because of the exactness of the quadrature.
To see this, let V;(x) and V;(x), with i, j € {1,2,..., Np}, be two functions from the orthonormal basis.
Then

[VIWAV] i [VIW(-aDy - eW™'RIR. + W™ 'R Rg)V]
=[- aVTWV, —aVIV, + a/V{VR]

ij
i (Using VIWV =)
N vV,
=-a Z (Vi(xk)WkW(xk) —aVi(xp)Vi(xL) + aV;(xL)V;(xr)
=1

oV, N
= -« / (V,B—J dQ +«a / ViVin, dr, (quadrature accuracy)
Q X r

where the numerical flux function (V] is given by

. _ (Vj(X), X XL,
LR M

Thus, we have shown that the entries in the submatrix VI WAV are independent of the quadrature.
Consequently, its eigenvalues are also independent of the quadrature, which completes the proof. O
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Figure 1: Example collocation nodes
for P = 2 on a five-element grid con-
sidered in the constant-coefficient ad-

vection study.

20th-order grid

2.3 Generalization

Constant-coeflicient, periodic advection is a simple problem — does Theorem 1 generalize? For example,
can we use a central-flux instead of an upwind flux in (2)? What about non-periodic boundary conditions
and multi-element grids? Most importantly, what about two- and three-dimensional problems?

The result generalizes to non-periodic, constant-coefficient advection regardless of the numerical flux,
number of dimensions, and the shape of the elements [10]. That is, if MC operators are used to discretize
the advection problem in the usual way', then the spectrum of the semi-discretization has Nz = N — Np
zero eigenvalues and Np eigenvalues that are independent of the quadrature. The result generalizes in
this case because the MC semi-discretization continues to project the collocation degrees of freedom
onto the polynomial basis — which removes dependence on modes in the span of Z — and the resulting
residual remains in the span of the polynomial basis over each element.

For non-constant or nonlinear hyperbolic problems, the MC spectrum will depend on the quadrature.
However, in this case, one can show that the non-trivial part of the spectrum is identical to that ob-
tained using a discontinuous Galerkin semi-discretization based on the same quadrature and numerical
fluxes [10].

3. Results

3.1 One-Dimensional Linear Advection Studies

I begin with the the one-dimensional constant-coefficient advection in order to verify Theorem 1. I also
use this problem to demonstrate that MC-based discretizations behave as expected in terms of accuracy
and stability. Thus, consider Problem (1) with @ = 1, [xz,xg] = [0, 1], and a Gaussian-bump initial
condition:

u(x,0) = exp ( ~ (- %)/(2/25))2), Vxel[0,1].

I consider three different quadratures rules to demonstrate that the quadrature rule does not impact the
spectrum of the semi-discretization. These quadratures are listed below for a given polynomial degree P.
Figure 1 illustrates the collocation nodes for P = 2 on a uniform grid with five elements.

LG: This choice corresponds to a (P + 1)-point Legendre-Gauss (LG) quadrature rule, which is exact
for polynomials of degree Q = 2P + 1.

LGL: This choice corresponds to a (P + 2)-point Legendre-Gauss-Lobatto (LGL) rule, which is also
exact for polynomials of degree Q = 2P + 1.

20th-order: This choice corresponds to an 11-point LGL rule, which is exact for polynomials of degree

0=19.

I'That is, following a standard SBP-SAT discretization.
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On a generic element k € {1,2, ..., K}, the SBP-SAT semi-discretization of the PDE in (1) is

d
%:—Dxuk—sk, Vke{l,2,....K},t € [0,T], &)
where u (1) € R is the solution on element k, D,uy is the MC discretization of the spatial derivative,

and s denotes the simultaneous approximation terms (SATs) on node k.

I consider both upwind SATs and symmetric SATs, which are given by the following expressions on
element k.

s = R (Rpux — Rrug-1), (upwind)

1 1 .
Sk = ER{(RLuk — Rrui-y) — ERz(RRuk - Rrugsr). (symmetric)

The above expressions introduce a small abuse of notation: when k = 1 (the first element) the index k — 1
should be replaced with K, and when k& = K (the last element) the index k + 1 should be replaced with 1.

When necessary, I numerically solve the system of ODEs (4) using a high-order adaptive time-marching
scheme with absolute and relative tolerances set to 10™1% and 107!, respectively. Specifically, I use the
Vern7 () method as implemented in the Julia DifferentialEquations. j1 package [11].

3.1.1 Spectra

Figure 2 shows spectra for the semi-discretization (4) using P = 2 and five elements. The left plot shows
the spectra for upwind SATs and the right plot shows the spectra for symmetric SATs. The three spectra
shown on each plot correspond to the three choices of quadrature points. The LG scheme has the fewest
degrees of freedom and therefore the fewest eigenvalues. The LGL and 20th-order schemes have a subset
of eigenvalues that match the LG scheme’s eigenvalues to machine precision, consistent with Theorem 1.
The remaining LGL and 20th-order eigenvalues are zero and correspond to the space orthogonal to the
degree P = 2 basis.

3.1.2 Accuracy

Next I verify the accuracy of the semi-discretization (4). While the three quadrature rules (LG, LGL,
and 20th-order) share the same non-trivial eigenvalues, their semi-discretizations will produce different
errors because of projection errors; the initial condition and exact solution are non-polynomial, so the
different quadrature rules produce slightly different basis coefficients when the functions are projected.

We can eliminate the differences in projection errors by using a common quadrature rule to project the
initial condition and exact solution. Here we use the LG quadrature as the common rule. To clarify this
approach, let Vg denote the degree P polynomial evaluated at the LG nodes on one element and let W g
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102 10t o ture type over a sequence of meshes

h and polynomial degrees P.

denote the diagonal matrix of LG weights. Then the initial condition on element & is given by
ur(0) =V V] Wicuo e, ke{l,2,....,K},

where ug x LG is the initial condition at the LG nodes of element k. A similar projection is used for the
exact solution when computing the error.

Figure 3 plots the L2 error in the numerical solution at time = T = 1. The error is approximated using the
global quadrature rule induced by a scheme’s diagonal mass matrix and the LG-projected exact solution.
The mesh spacing shown in the figure corresponds to a sequence of five grids with K € {8, 16,32, 64, 128}
elements. Furthermore, I considered P € {1, 2, 3,4} for the polynomial exactness of the operators.

In general, all the discretizations exhibit an error convergence rate of P+ 1 based on the finest two meshes.
An exception to this are the P = 1 schemes, which have convergence rates closer to 2.5. More relevant to
the present work, all three quadrature rules produce the same error to machine precision. Note that when
a common LG-projection is not applied to the initial condition and exact solution, the LGL and 20th-order
quadratures produce errors that are 1.6 and 1.3 times larger, respectively, than the LG quadrature.

3.1.3 Energy Stability

I conclude the one-dimensional results with a verification of energy stability. To help make the presentation
more concise, I only present the results corresponding to the P = 4 discretizations on five elements. The
results for P = 1, 2, and 3 are qualitatively similar.

The left plot in Figure 4 shows the change in energy, e(¢) — e(0) where e(t) = u(t)" Mu(t), for the energy
conservative versions of (4) that use symmetric SATs. The results confirm that the energy is indeed
conserved up to machine precision in this case, regardless of the quadrature scheme used. The differences
in the change in energy between the three quadrature rules can be explained by the adaptive Vern6 ()
time-marching scheme.

The right plot in Figure 4 displays the change in energy versus time ¢ when the discretization uses upwind
SATs. As expected, all three quadrature schemes yield semi-discretizations with non-increasing energy.

3.2 2D Example on a Circular Domain

For the second set of results, I consider the linear advection equation on a circular domain.



Thirteenth International Conference on Computational Fluid Dynamics (ICCFD13)
Milan, Italy, July 06-10, 2026 8

le-16

-~ p=4:1G grid 0.00000 - -0~ p=4:1G grid
4 -0~ p=4:LGLgrid -0~ p=4:LGLgrid
~A- p=4:20th-order grid A+ p=4:20th-order grid
—0.00005 +

—0.00010 \
—0.00015 -

Energy

Change in Energy

=
[
g
© . .
G 0000207 Figure 4: Change in total energy over
L -0.00025 ‘*'* t € [0, 1] for the energy-conservative
: . ] , , , , : (left figure) and energy-dissipative
0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.25 0.50 0.75 1.00

(right figure) p = 4 schemes.
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ture nodes. The size of a node is propor-
tional to the magnitude of its quadrature
weight.

3.2.1 Operator Construction

I use a tensor-product grid in polar coordinates to construct degree Q quadrature rules for the unit circle.
The rules have LG nodes in the radial direction and uniformly distributed nodes in the azimuthal direction.
The LG rules use Q/2 + 1 nodes”, so they are Q + 1 exact in the radial direction; the additional degree
of accuracy is needed for the Jacobian of the mapping (i.e. 7). There are Q + 2 nodes in the azimuthal
direction, which is sufficient to integrate trigonometric polynomials of degree Q + 1. The additional
degree of accuracy in the azimuthal direction is used to align the volume and boundary quadrature nodes;
the boundary quadrature needs to be Q + 1 exact to account for the normal vector n = [cos(6), sin(6)]7.
Figure 5 illustrates the volume and boundary nodes corresponding to ¢ = 4, g = 8, and ¢ = 12 quadrature
rules.

The MC operators are constructed following Definition 1 with (normalized) Zernike polynomials [12]
providing the orthonormal basis.

For comparison, I also consider SBP operators constructed using Equation (9) from [13]. I will refer
to these operators as min-norm SBP operators, because their skew-symmetric matrices are equivalent
to solving the accuracy conditions in a minimum-norm sense. The E,, matrices are constructed using
extrapolation along the collinear nodes to produce sparse boundary operators.

3.2.2 1IBVP and Discretization

I use a linear advection equation with circular streamlines to study the eigenvalues and accuracy of the
MC and SBP operators for circular domains. The details of the initial-boundary-value problem are listed
below.

ou SN
_:_Z—(adu), Vx e Qe [0,2n],

ot = 0xg4

- )
u(x,t)a,(x) =0, Vx eI, te]0,2n],
u(x,0) = exp(x1x2), Vx € Q,

20is always taken to be even, so Q/2 is an integer.
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where Q is the unit disc, @, (x) = @(x) - n(x) is the normal component of the advection velocity, and the
(divergence-free) advection velocity is given by

al(x)l I_xz xl +x2 _ [—sin(@)r2]

@ (x) (x1 +x2 cos(@)ﬂ

The advection velocity is parallel to the disc’s boundary, so the normal component @, (x) = 0 and the
boundary condition is satisfied.

The MC discretization of (5) is

2
%Z—Z(Dd /\d—W_]Ed /\d)u, vVt e [0,2n]
- ©)
= Au
[u(o)]i:exp ((xl)z(XZ)z), Vi= 1$2’~'-9Na

where the diagonal matrix

N = diag(aq(x1), @q(x2), ..., aa(xN))

holds the dth component of the advection velocity evaluated at the nodes. The terms W~'E,; Aqu are
penalty terms for the boundary condition. The SBP discretization of (5) is identical to (6) with the MC
operators replaced with SBP operators.

3.2.3 Spectra

Figures 6-9 plot the eigenvalues of the matrix A arising from different basis degree P and quadrature
degree Q in the semi-discretization (6). Figures 6 and 7 show the eigenvalues corresponding to P = 6
discretizations using MC and min-norm SBP operators, respectively. The non-trivial MC eigenvalues
are invariant with respect to the three quadrature degrees Q = 12, O = 24, and Q = 36. By contrast, the
min-norm SBP eigenvalues change with the quadrature.

Figures 8 and 9 are analogous plots for P = 10 discretizations. Again, the non-trivial MC eigenvalues
are invariant, whereas the SBP eigenvalues are not. In fact, the SBP discretization using the O = 60
quadrature has an eigenvalue with a positive real part. Note that this instability can be eliminated by
using a skew-symmetric discretization, but it is notable that the MC discretization does not require this
strategy in this case.

Table 1 summarizes the maximum real parts and spectral radii of the spectra plotted in Figures 6-9.
All of the discretizations produce stable matrices with the exception of the min-norm SBP discretization
with P = 10 and Q = 60, as previously noted. In addition, as expected from Theorem 1, the MC
discretizations have spectral radii that are independent of the quadrature degree. By contrast, the min-
norm SBP discretizations have spectral radii that grow with Q.

3.24 Accuracy

I conclude the results for the circular-flow problem by investigating the accuracy of the MC and min-
norm SBP discretizations. For this study, I solve the semi-discretization (6) using the Vern9 () method
implemented in DifferentialEquations. j1 with absolute and relative error tolerances of 107! and
10719, respectively. Unlike the one-dimensional results, I do not use a common quadrature projection
here.
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Figure 9: Eigenvalues of the min-
10 10 -10 norm-SBP-based semi-discretization
—20 ~20 20 of the circular-flow problem using P =
—0.01 0.00 0.0 -0.01 0.00 0.0 -0.01 0.00 0.0

R R R 10 and various quadratures.
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Table 1: Maximum real parts and spec-

deg. P =6 tral radii for the circular-flow problem
max real part spectral radius using different degree P MC and SBP
quad. 0 MC SBP MC SBP Operators.
12 8.2678e-16 1.2479e-15 5.6  5.8987
24 1.077e-15  2.2829e-14 5.6 6.5336
36 9.5198e-16 3.5682e-14 5.6  7.6309
deg. P =10
max real part spectral radius
quad. O MC SBP MC SBP
20 2.1778e-15 3.4132e-15 9.5652 9.9487
40 1.8609e-15 6.0315e-14 9.5652 13.278
60 2.1188e-15 0.0093463 9.5652 15.713
10° 10°
e 1o}
-/E\ ° Q
=% :
L 1071 2 L 1071
o ° I
EJ o NI-U Figure 10: L? Error versus degree P for
= ? = MC and min-norm SBP discretizations
1074 107+ of the circular-flow problem. The left
8- MC: Q=2P -8 MC: Q=4P
figure plots the error when the quadra-
160 e 16 e ture is Q = 2P exact and the right figure
P (operator degree) P (operator degree) plots the error when itis Q = 4P exact.

Figure 10 shows the L? error versus polynomial degree for MC and min-norm SBP solutions to the
circular-flow problem. The left figure plots errors based on quadratures with Q = 2P, and the right figure
plots errors based on Q = 4P. Results are shown for all even degrees between P = 2 and P = 20.

A couple characteristics of the errors in Figure 10 are worth highlighting. First, the min-norm SBP errors
depend on both P and Q. Second, the MC errors are independent of the quadrature Q for polynomial
degrees P > 2. The MC discretization using P = 2 depends on the quadrature degree because the
advection field is not a degree two polynomial.

4. Conclusions

Defining and using multidimensional SBP operators can be cumbersome, because each quadrature rule
requires bespoke operators that are defined as dense matrices, in general. To address the need for a more
straightforward implementation, this work investigated the modal-collocation (MC) operator proposed
by Chan [7]. The MC operator is defined by an explicit formula that is straightforward to implement on
arbitrary-shaped elements. Furthermore, because it projects the collocation solution onto the polynomial
basis, an MC operator produces semi-discretizations whose spectral properties are essentially independent
of the underlying quadrature rule.

I presented results applying the MC operator to the discretization of the constant-coefficient advection
equation in one dimension, and a circular advection problem in two dimensions. The results confirmed that
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the MC-based semi-discretizations are independent of the underlying quadrature accuracy for Q > 2P.

Overall, the theory and results suggest that MC operators are an attractive option for spectral-element
discretizations. They seem particularly well suited to non-tensor product elements.
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