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Abstract: Numerical bifurcation and stability analysis of high-fidelity Navier–Stokes simulations
is severely limited by the cost of assembling and factorizing the large Jacobians required by
continuation software such as AUTO andMATCONT, rendering tasks like limit-cycle continuation
intractable beyond small-scale test cases. We present a PDE-free, fully data-driven “restrict–
learn–lift” pipeline that circumvents this bottleneck. High-dimensional spatio-temporal snapshots
generated by direct numerical simulation of the incompressible Navier–Stokes equations are first
projected onto a minimal-dimensional latent space via Proper Orthogonal Decomposition (POD);
a surrogate reduced-order model (ROM) of the latent dynamics is then learned with Gaussian
Process regression (GPR); numerical continuation and stability analysis (fixed points, limit cycles,
Floquetmultipliers) are subsequently carried out directly on the learnedROMusing theMATCONT
toolbox; finally, the bifurcating states are reconstructed in the physical space through the closed-
form POD pre-image mapping. We demonstrate the approach on the two-dimensional wake
flow past a circular cylinder, for which POD naturally identifies the correct two-dimensional
latent space and the pipeline accurately reconstructs the Andronov–Hopf bifurcation at '42A ≈ 49,
including the continuation of the emerging limit-cycle branch, its period, and its Floquetmultipliers.
While POD is sufficient to resolve this primary instability, we discuss why more demanding,
secondary bifurcation scenarios—such as symmetry-breaking and Neimark–Sacker bifurcations—
require nonlinear manifold-learning techniques, such as Diffusion Maps, to correctly identify
the intrinsic dimensionality of the latent dynamics; this extension is thoroughly explored in a
companion study [1].

Keywords: Fluid Dynamics, Navier-Stokes PDEs, Reduced-Order Models, Proper Orthogonal
Decomposition, Numerical BifurcationAnalysis, Machine Learning, Gaussian Process Regression.

1. Introduction

Numerical simulations of nonlinear phenomena in fluid mechanics have reached an unprecedented level
of detail thanks to the continued advancement of computational algorithms and hardware resources. Yet
understanding the mechanisms that govern complex phenomena, such as flow instabilities and the onset of
turbulence, requires more than time-marching simulations: while modern Computational Fluid Dynamics
(CFD) codes efficiently integrate transients and even locate steady states via Newton solvers, they cannot
reliably pinpoint the critical (tipping) points at which instabilities appear, nor trace the resulting unstable
branches. A systematic and precise analysis of the emergence and evolution of oscillatory patterns—even
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unstable ones that can explain the route to turbulence—requires a systematic bifurcation analysis. The
numerical bifurcation theory toolkit offers a suite of algorithms and software tools, such as AUTO [2]
and MATCONT [3, 4], that facilitate the continuation of stable and unstable steady states, limit cycles,
and critical bifurcation points, including Hopf, fold, period-doubling and Neimark–Sacker bifurcations,
as well as codimension-2 bifurcation tracking. However, for high-fidelity CFD simulations, storing
and factorizing the high-dimensional Jacobian matrices required by these packages renders tasks such
as limit-cycle continuation computationally intractable beyond small-scale test cases [5]. Matrix-free
Krylov subspace methods, such as Newton–Krylov solvers, offer a scalable alternative for large-scale
PDE systems by avoiding the explicit formation of Jacobians [5, 6, 7, 8, 9, 10, 11]; for the Navier–Stokes
equations, Newton–Krylov continuation of periodic orbits has been performed in [6]. Nonetheless,
such methods lack the comprehensive algorithmic capabilities—robust detection and continuation of
codimension-1 and codimension-2 bifurcations, user-friendly interfaces—of the established continuation
packages, and typically require custom implementation for each new problem.

Reduced-order models (ROMs) in CFD [12, 13, 14, 15, 16, 17, 18, 19] reduce the computational and
memory cost by orders of magnitude, enabling both faster simulations and the systematic bifurcation
analysis that would be prohibitive for the full-order model. The rationale is that, despite their inherently
nonlinear behaviour, fluid flows often organize around a few dominant coherent structures that carry the
essential information about the emergent dynamics across the parameter space—the derivation of the
Lorenz equations from a low-dimensional truncation of Rayleigh–Bénard convection being a paradigmatic
example. A prominent class of such ROMs is represented by normal-forms, i.e., the simplest possible
reduced models of a high-dimensional dynamical system around a bifurcation point [20], obtained by
systematically truncating nonessential dimensions and higher-order terms. Traditionally, such ROMs are
derived by linearizing the full Navier–Stokes equations around a base state and identifying the critical
eigenmodeswith near-zero growth rate, then using invariant/centermanifold theory [13, 21, 22, 23, 24, 25]
or spectral submanifold theory [26, 27, 28] to parameterize a locally invariant, low-dimensional manifold
tangent to thosemodes. The theory of approximate inertialmanifolds [13, 14, 29, 30, 31] has similarly been
used to construct finite-dimensional manifolds onto which Navier–Stokes trajectories are exponentially
attracted.

Data-driven methods have recently complemented this analytical machinery by learning surrogate ROMs
directly from high-fidelity spatio-temporal simulations [18, 32, 33, 34]. The typical pipeline first projects
the flow onto a low-dimensional latent space via manifold learning, most commonly Proper Orthogonal
Decomposition (POD) [35, 36, 37, 38], which offers a direct, closed-form solution to the pre-image
(reconstruction) problem. Nonlinear manifold-learning algorithms, such as Diffusion Maps (DMs) [39,
40, 41, 42, 43, 44, 45], have also been exploited to deal with more complex dynamics, at the cost of an
inherently ill-posed pre-image problem. On the modelling side, several approaches have been used to
learn the evolution operator on the latent space, including sparse identification of nonlinear dynamics
(SINDy) [46, 47, 48], feed-forward and recurrent neural networks [43, 49, 50], and Gaussian Process
regression (GPR) [51, 52, 53, 54], which also provides a natural quantification of predictive uncertainty.
In [19, 55, 56], ROMs and bifurcation diagrams of equilibria are built from steady-state snapshots via
intrusive POD-Galerkin projections; this approach has also been used for the control of solutions on
unstable branches [57] and extended to fluid–structure interaction [58]. In [48], POD and autoencoders
are combined with parametric SINDy to enable efficient bifurcation analysis, with applications including
the flow past a cylinder.

Building on the celebrated Equation-Free (EF) multiscale framework [59, 60], which is rooted in the
on-demand construction of local models from short bursts of a microscopic (or high-fidelity) simulator,
we propose here a PDE-free, fully data-driven “restrict–learn–lift” framework for constructing surrogate
normal-forms that approximate, both qualitatively and quantitatively, the emergent dynamics of the
Navier–Stokes equations, enabling their use in state-of-the-art numerical bifurcation and stability analysis
toolkits such as MATCONT [3, 61] and AUTO [2]—tasks that would otherwise be computationally
intractable in the high-dimensional state space of the full-order simulator, where one typically must resort
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to linear (or weakly nonlinear) stability analysis of equilibria and local theoretical normal forms [62].
A closely related EF strategy, coupled with POD, was previously used for incompressible flows in [63];
the key distinction of the present approach is that, rather than constructing local mappings on-the-fly
from short bursts of microscopic simulation, a single global surrogate model is learned from long-term,
high-fidelity simulations spanning the entire parameter range, which can subsequently be probed with the
full arsenal of continuation algorithms.

In this paper, we focus the presentation and validation of the framework on a single, well-understood
benchmark: the two-dimensional wake flow past a circular cylinder, which undergoes a supercritical
Andronov–Hopf bifurcation as the Reynolds number '4 is increased [64, 65]. We show that a minimal,
two-dimensional POD-based latent space, coupled with a GPR surrogate and MATCONT continuation,
reproduces with high accuracy the full bifurcation diagram—the loss of stability of the steady wake,
the emerging limit-cycle branch, its period, and its Floquet multipliers—and that these results can be
reconstructed back into the original high-dimensional velocity field via the closed-form POD pre-image
mapping. Because the cylinder wake instability is a primary bifurcation, POD suffices to identify the
correct minimal dimension of the reduced dynamics. This is, however, not the case for secondary
bifurcations that arise on top of an already-established limit cycle (e.g. a Neimark–Sacker bifurcation
leading to quasi-periodic, torus-like dynamics) or for symmetry-breaking pitchfork bifurcations, where the
latent geometry becomes strongly curved and PODmay fail to identify the correct intrinsic dimensionality,
or require spurious extramodes that do not correspond to the true normal-form dimension. In a companion
study [1], we show that nonlinear manifold learning via parsimonious Diffusion Maps [42, 45] is required
in such cases, and demonstrate the resultingDMs-basedROMs on the sudden-expansion (Coanda) channel
flow, which exhibits a symmetry-breaking pitchfork bifurcation, and on the fluidic pinball, which exhibits
a secondary Neimark–Sacker bifurcation and the associated birth of an invariant torus.

The rest of the paper is organized as follows. Section 2 describes the four-stage PDE-free methodology:
the governing equations, the POD-based restriction/embedding, the GPR-based learning of the latent
dynamics, the numerical bifurcation and stability analysis toolkit, and the closed-form lifting back to
the physical space. Section 3 describes the cylinder wake flow configuration and the direct numerical
simulation setup. Results are presented in Section 4, followed by a discussion, in Section 5, of why
more complex bifurcation scenarios call for nonlinear manifold learning. Conclusions are provided in
Section 6.

2. Methodology

The proposed pipeline—rooted in the Equation-Free (EF)multiscale numerical analysis framework [59]—
for the systematic, PDE-free bifurcation and stability analysis of the Navier–Stokes equations consists of
four main steps: (a) use manifold learning (here, Proper Orthogonal Decomposition) to “restrict/embed”
the high-dimensional spatio-temporal flow field into a low-dimensional latent space; (b) learn a surrogate
ROM of the latent dynamics (here, via Gaussian Process regression, which additionally allows for
uncertainty quantification); (c) perform numerical bifurcation and stability analysis directly in the latent
space (here, via MATCONT); (d) “lift” the resulting bifurcation diagram back to the high-dimensional
physical space. A key distinction between this framework and the traditional EF approach coupled with
POD for incompressible flows [63] is that, in the latter, one constructs local mappings and computes
the quantities needed for bifurcation analysis via short, on-demand bursts of microscopic simulation. In
contrast, the present method learns a single global surrogate model via machine learning from long-term,
high-fidelity simulations spanning the entire parameter range, which can then be queried by the full
continuation toolkit without any further recourse to the Navier–Stokes solver—hence PDE-free.
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2.1 Governing equations

For our illustration, we consider the incompressible two-dimensional Navier–Stokes partial differential
equations in dimensionless form:
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where D ≡ D(G, H, C) and E ≡ E(G, H, C) are the streamwise and normal-to-flow velocity components across
the two-dimensional spatial domain (G, H) over time C, and ? ≡ ?(G, H, C) denotes the pressure. The
bifurcation parameter is the Reynolds number '4, defined in Eq. (20) of Section 3 for the cylinder wake
configuration considered here.

2.2 Restriction to a POD-based latent space

Let {u<}<=1,...," denote a given set of spatio-temporal snapshots arising from the discretized Navier–
Stokes equations. Each snapshot at time C< stacks the velocity components on the whole spatial grid,
u< = [D(G8 , H 9 , C<), E(G8 , H 9 , C<)]> ∈ R# , where 8 = 1, . . . , #G , 9 = 1, . . . , #H , and # = 2#6, with
#6 = #G×#H the total number of grid points. We assume that these points lie on a smooth 3-dimensional
manifoldM ⊂ R# , and seek a data-driven restriction map

Q : R# −→ � ⊂ R3 , 3 � #, (2)

such that a< = Q(u<) ∈ R3 captures the dominant coherent structures and emergent dynamics of the
flow, with 3 an approximation of the intrinsic dimension ofM.

For each value of the governing parameter '4, we evaluate the fluctuations of the velocity field u(G, H, C) =
[D(G, H, C), E(G, H, C)]> about the temporal mean u(G, H), namely u′(G, H, C) = u(G, H, C) − u(G, H). The
classical POD technique [66] decomposes these fluctuations as

u′(G, H, C) =
∞∑
8=1

08 (C)>8 (G, H), (3)

where the modes >8 (G, H) are spatially orthogonal. Defining S′ = {u′<}<=1,...," ∈ R#×" , the discrete
POD modes are obtained via the method of snapshots [67], leading to the eigenvalue problem for the
snapshot covariance matrix S′>S′ ∈ R"×" :

S′>S′78 = _878 , 8 = 1, . . . , ", (4)

where >8 = S′78/
√
_8 and _8 ≥ 0 are sorted in descending order, _1 ≥ . . . ≥ _" . Retaining the leading

3 � " < # modes yields a reduced-order POD basis providing a linear parametrization of the manifold
M. Using this basis, the restriction mapQ of Eq. (2) reads

a =Q(u) = W>(u − u), (5)

where W = [>1, . . . , >3] ∈ R#×3 and a = [01, . . . , 03]> are the leading POD coefficients. Crucially for
the closing (lifting) stage of the pipeline, the POD basis provides a closed-form solution to the pre-image
problem: for any latent point a∗, the corresponding high-dimensional field is reconstructed exactly as

û∗ =R (a∗) = u +Wa∗. (6)
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This is in marked contrast with nonlinear manifold-learning techniques, such as Diffusion Maps, for
which the pre-image problem is inherently ill-posed andmust be solved approximately, e.g., via geometric
harmonics, kernel ridge regression, or the :-nearest-neighbour algorithm [68, 69, 44]. We discuss in
Section 5 why such nonlinear embeddings become necessary once the flow undergoes more complex,
secondary bifurcations.

2.3 Numerical solution of the Navier–Stokes equations for data acquisition

To acquire the high-dimensional flow data on which the ROM is constructed, we solve the incompressible
Navier–Stokes equations (1a)–(1c), with appropriate boundary and initial conditions detailed in Section 3,
by means of the open-source code BASILISK (http://basilisk.fr), which implements a second-
order accurate finite-volume scheme. As is standard for incompressible flows, the equations are solved
via the projection method on a uniform structured grid of #6 = #G×#H points: a temporary velocity field
is first computed by ignoring the pressure gradient, and is then projected onto the space of divergence-
free velocity fields by adding the appropriate pressure-gradient correction. Full details of the numerical
schemes implemented in BASILISK can be found in [70].

To construct the restriction mapQ across the pre- and post-bifurcation regimes, we perform #'4 direct
numerical simulations with '4 uniformly distributed in ['4<8=, '4<0G]. For each value of '4, we record
#C snapshots of the velocity field, collected in the snapshot matrix S = {u<}<=1,...," ∈ R#×" , with
# = 2#6 and " = #C × #'4.

2.4 ROMs via Gaussian Process regression

Having obtained the latent coordinates a(C) = Q(u(C)) ∈ R3 via the POD restriction map, we learn the
unknown evolution operator governing the embedded dynamics via Gaussian Process regression (GPR).
We model the dynamics in continuous time,

3a(C)
3C

= g
(
a(C), '4

)
+ e(C), (7)

where e(C) represents unmodelled noise, and the regression map g is learned by solving

min
g∈�, )∈R;

L
( 3a<
3C

, g
(
a<, '4<; )

) )
,

3â<
3C

= g
(
a<, '4<; )

)
, (8)

over the " observations, where L quantifies the prediction error of the time-derivative estimation (here,
mean-squared error).

The GPR surrogate model for each component 08 , 8 = 1, . . . , 3, of the latent state, takes the form

308

3C
= 68

(
a, '4; )8

)
+ 48 , 48 ∼ N(0, f28 ), (9)

where, dropping the time dependence for conciseness, each 68 (z; )8) = 68 ( [a, '4]>; )8) is an independent
Gaussian Process 68 ∼ GP(0, :8 (z, z′ |)8)) with zero mean and kernel :8 (·). Collecting the " observa-
tions z< = [a<, '4<]> in ` = [z1, . . . , z" ]> ∈ R"×(3+1) , predictions at a new point z∗ ∈ R3+1 follow
the posterior conditional distribution 68 (z∗) ∼ N (`8,∗, f28,∗), with

`8,∗ = k8 (z∗, ` | )8)
[
Q8 (`, ` | )8) + f28 O"

]−1 3a8
3C
, (10)

f28,∗ = :8 (z∗, z∗ | )8) − k8 (z∗, ` | )8)
[
Q8 (`, ` | )8) + f28 O"

]−1
k8 (`, z∗ | )8), (11)

where Q8 (`, `) ∈ R"×" is the covariance matrix with entries :8 (z<, z; | )8). The hyperparameters )8
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and noise variance f2
8
are estimated by minimizing the negative log marginal likelihood

− log %
(
3a8
3C
| `, )8

)
=
1
2

(
3a8
3C

)>
�−18

3a8
3C
+ 1
2
log |�8 | +

"

2
log 2c, (12)

with �8 = Q8 (`, ` | )8) + f28 O" . We employ a radial basis function kernel with automatic relevance
determination (ARD):

:8 (z<, z; | )8) = (\8,1)2 exp
©­«−

3+1∑
9=1

(I<, 9 − I;, 9)2

2(\8, 9+1)2
ª®¬ , (13)

where I<, 9 = 0<, 9 for 9 = 1, . . . , 3 and I<,3+1 = '4<. Finally, given the POD embeddings a< and the
corresponding '4< values, we estimate the time derivatives 30<,8/3C by finite differences and determine
)8 by minimizing Eq. (12), yielding the resulting GPR model for the latent dynamics

301
3C

= 61(01, . . . , 03 , '4),
...

303

3C
= 63 (01, . . . , 03 , '4).

(14)

2.5 Numerical bifurcation analysis

The identified latent-space model (14) enables tracking stationary states and assessing their stability,
allowing the construction of coarse-grained bifurcation diagrams. Stable stationary states are obtained
by numerically finding the roots a∗ of

g(a, '4) = 0, (15)

via a Newton–Raphson scheme, where g = [61, . . . , 63] is the learned latent dynamics operator. Unstable
stationary states are tracked via pseudo arc-length continuation, augmenting Eq. (15) with the condition

# (a, '4) = c · (a − a1) + 1('4 − '41) = 0, c ≡ (a1 − a0)>

XB
, 1 ≡ '41 − '40

XB
, (16)

where (a0, '40) and (a1, '41) are two previously computed points along the branch and XB is the pseudo
arc-length step. In practice, the next stationary state is obtained by solving the linearized (3 + 1)-
dimensional system [

mg
ma

mg
m'4

c 1

] [
Xa
X'4

]
= −

[
g(a, '4)
# (a, '4)

]
, (17)

via the Moore–Penrose pseudo-inverse, until a predefined tolerance is reached. Once a stationary state
(a∗, '4∗) is obtained, its stability follows from the eigenvalues f8 of the Jacobian mg/ma: the state is
stable if Re(f8) < 0 for all 8, unstable if Re(f8) > 0 for some 8, with a bifurcation occurring when
Re(f8) = 0. Codimension-1 bifurcations (Hopf, fold, branching points) mark critical transitions, with
Hopf bifurcations giving rise to limit cycles; codimension-2 bifurcations and detailed criteria can be
found in [71].

If a branch of limit cycles emerges, one seeks periodic solutions a(C) = a(C + )), ∀C, where the period )
is treated as an unknown parameter. Rescaling time as g = C/) , the boundary value problem reads

3a
3g
− )g(a, '4) = 0,

a(0) − a(1) = 0,
(18)
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Figure 1: Schematic representation of the wake flow past a circular cylinder.

augmented with a phase condition removing translational invariance,∫ 1

0
〈a(g), ¤a0(g)〉3g = 0, (19)

where ¤a0 is the derivative of a previously computed limit cycle. Continuation of limit cycles proceeds
analogously to Eq. (17), discretizing a over collocation points; stability is assessed via Floquet multipliers,
which also reveal secondary bifurcation points such as period-doubling, fold, branching, or Neimark–
Sacker bifurcations [71].

For the implementation of numerical bifurcation analysis, we employedMATCONT [3, 4], which provides
tools for continuation and identification of bifurcation points for stationary states and limit cycles. The
learnedGPRROMofEq. (14) is supplied toMATCONT, and derivatives required inEq. (17) are computed
numerically. MATCONT employs direct numerical solvers for Eq. (17), which would be intractable for
the full Navier–Stokes equations, especially for limit cycles; matrix-free Krylov methods [5, 9, 10, 11]
can handle large systems but lack the full bifurcation-analysis capabilities of MATCONT. Our framework
performs all continuation and bifurcation analysis in the low-dimensional latent space, and reconstructs
solutions in the high-dimensional physical space via the closed-form lifting mapR of Eq. (6).

3. Flow configuration: wake flow past a circular cylinder

The two-dimensional flow around an infinitely long circular cylinder immersed in a uniform stream is
considered. ACartesian coordinate systemOG★H★ is placed at the cylinder centre, with the G★ axis aligned
with the flow direction and the H★-axis normal to it. The cylinder diameter is �★ and the free-stream
velocity is*★∞. The Reynolds number is defined as

'4 =
d*★∞�

★

`
, (20)

where d and ` are the fluid density and dynamic viscosity, respectively (dimensional quantities, except
fluid properties, are denoted with the superscript ★).

Direct numerical simulations of the incompressible Navier–Stokes equations (see Section 2.3) are used
to compute the two-dimensional viscous wake behind the cylinder. All physical quantities are made
dimensionless with respect to �★ and*★∞:

G =
G★

�★
, H =

H★

�★
, D =

D★

*★∞
, E =

E★

*★∞
, ? =

?★

d*★2∞
, C = C★

*★∞
�★

. (21)

The computational domain is a rectangle excluding the interior of the cylinder, with sides !★G = 26�★ and
!★H = 12�★ (Fig. 1). A no-slip boundary condition is applied on the fixed cylinder surface. At the domain
inlet, a uniform velocity profile D = 1, E = 0 is prescribed, which also serves as the initial condition.
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Figure 2: Instantaneous contour maps of D ((a) and (c)) and E ((b) and (d)) velocity components of the
cylinder flow for '4 = 20 ((a)-(b)) and '4 = 60 ((c)-(d)). Panel (e) reports the instantaneous spatial
distribution of D on the H = 0 axis for '4 = 20, 40 and 60. Panel (f) shows the temporal evolution of D at
(G̃, H̃) = (7, 0) for the same values of '4.

A standard free-outflow boundary condition is enforced on the outlet, while the remaining sides are
equipped with homogeneous Neumann boundary conditions. A uniform structured grid with mesh size
ΔG = ΔH = 0.2 is used (five grid cells per cylinder diameter), yielding#6 = #G×#H = 7800 grid points—a
resolution previously shown to be adequate for reproducing the 2D cylinder wake dynamics [65].

Spatio-temporal simulations are performed in the range '4 ∈ [20, 60]. The streamwise D and normal-to-
flow E velocity components are stored with a time step ΔC = 0.2, for a total computational time ) = 400,
yielding 2000 temporal realizations of the velocity field for each value of '4.

For relatively low Reynolds numbers ('4 = 20 and '4 = 40) the flow is steady, characterized by a
recirculation wake region (D < 0) whose extent increases with '4 (Fig. 2). As '4 increases up to
'4 = 60, the velocity field exhibits periodic spatio-temporal oscillations due to the vortex-shedding
phenomenon originating behind the cylinder. The onset of the periodic regime is determined by an
instability developing in the recirculation wake region near '42A ≈ 49, known to be the manifestation of
an Andronov–Hopf bifurcation [64].

4. Results

4.1 POD basis identification

For the cylinder configuration, we employed the parameters '4<8= = 40, '4<0G = 60, #6 = 7800,
#C = 1000, #'4 = 11, for a total of " = 22000 snapshots used to build the POD basis of Section 2.2.
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Figure 3: Eigenvalue spectrum and corresponding cumulative sum of the cylinder flow ((a)-(b)). Panels
(c)-(d), (e)-(f) report the leading spatial modes >1 and >2 for D (left) and E (right) fields. Panels (g)-(h)
show the temporal evolution of the velocity field projections 08 on the five leading modes for '4 = 40
and '4 = 60, respectively.
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Figure 4: Numerical data set used to train the POD-GPR model of the circular cylinder flow latent
dynamics in the ('4, 01, 02) space, colored by Reynolds number '4.

Figure 3(a)-(b) shows the POD eigenvalue spectrum and cumulative energy, while panels (c)-(f) show the
leading spatial modes >1 and >2. These first two modes are physically associated with the periodic von
Kármán street of vortices establishing downstream of the cylinder for '4 > '42A [72]. A third mode,
associated with a shift-mode characteristic of the transient dynamics from the onset of vortex shedding
to the periodic wake, does not contribute additional information relevant to the bifurcation itself, while
the fourth and fifth modes (not shown) represent higher harmonics of the leading two. By inspecting
the temporal evolution of the velocity field projections 08 (C) for '4 = 40 and '4 = 60 (Fig. 3(g)-(h)),
it is clear that >1 and >2 represent the minimal number of modes required to describe the bifurcation
separating the steady and periodic flow regimes. We therefore retain the leading 3 = 2 modes to train the
surrogate GPR model. Importantly, in this case POD automatically identifies the minimal dimensionality
needed to capture the bifurcation—aswe discuss in Section 5, this is a consequence of theAndronov–Hopf
bifurcation being a primary instability, and it no longer holds for more complex, secondary bifurcation
scenarios.
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Figure 5: Uncertainty quantification of the GPR reduced-order model on the testing data set for the
cylinder flow configuration. For given input data, the model predictions of 3a/3C are shown both in terms
of expected (mean) values (black dots) and 95% confidence intervals (cyan band). The black dashed line
denotes the quadrant bisector.
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Figure 6: Reduced-order dynamics of the cylinder flow as predicted by time integration of the POD-GPR
model: '4 = 45 (a); '4 = 55 (b).

4.2 ROM training and predictive uncertainty

The available data set was randomly partitioned into training (60%) and testing (40%) subsets, and used
to identify the reduced dynamical operator of Eq. (14), with the time derivatives 3a/3C approximated
using finite differences with a time step ΔC = 0.2. The geometry of the resulting training data in the
('4, 01, 02) latent space (Fig. 4) is a smooth, low-curvature two-dimensional manifold parametrized by
the Reynolds number and the leading modal amplitudes, consistent with the presence of a single primary
instability. This structural simplicity facilitates the learning of an accurate reduced evolution operator
directly in the POD linear subspace.

The predictive accuracy and associated uncertainty of the learned GPR model are illustrated in Fig. 5: for
given inputs ('4, 01, 02), the GPR model predicts both the expected value of the reduced operator and
its standard deviation, from which the 95% confidence intervals are computed. On the testing data set,
the maximum standard deviation was found to be 2.03% of the corresponding mean value, confirming
that the learned surrogate provides an accurate and robust approximation of the latent Navier–Stokes
dynamics across the explored Reynolds number range.

The numerical integration of the POD-GPR reduced-order model is first assessed for two representative
values of the Reynolds number, spanning both the steady laminar ('4 < '42A ) and periodic vortex-
shedding ('4 > '42A ) regimes. Results are shown in Fig. 6, where the time evolution of the reduced
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Figure 7: Numerical bifurcation diagram of the POD-based ROM of the cylinder flow by increasing the
Reynolds number '4 (a). A supercritical Hopf bifurcation occurs at '42A = 48.48: the stable fixed-point
solution (01 = 02 = 0) becomes unstable, giving rise to a branch of limit cycles LC (blue curve). In
panel (b), the high-dimensional bifurcation diagram (black continuous curve) is reconstructed in terms
of the E velocity component at G = 10, H = 0; values from the Navier–Stokes solutions are also reported
for comparison (black dots). Panel (c): a complex-conjugate pair of eigenvalues (red circles) become
unstable (i.e., Re(f8) > 0 for 8 = 1, 2) for '4 > '42A . Panel (d): limit-cycle period ) (black curve)
and Floquet multipliers 51 and 52 (blue curves) as a function of '4, obtained from limit-cycle branch
continuation.

coordinates 01 and 02 in phase space is reported for '4 = 45 (panel (a)) and '4 = 55 (panel (b)), using
initial conditions from the (unseen) test data set. The learned surrogate model qualitatively reproduces
the cylinder wake dynamics in both regimes: the reduced coordinates asymptotically converge to the
fixed-point stable solution 01 = 02 = 0 for '4 = 45, while periodic limit-cycle oscillations are recovered
for '4 = 55.

4.3 Andronov–Hopf bifurcation and stability analysis

Once the predictive capability of the POD-based ROM has been validated, a numerical bifurcation
diagram is constructed using the continuation method of Section 2.5. The results, presented in Fig. 7,
clearly identify the onset of a Hopf bifurcation at the critical Reynolds number '42A = 48.48, in excellent
agreement with the reference value '42A ≈ 49 reported for the full Navier–Stokes system [64].

For '4 < '42A , the system exhibits a single stable fixed-point attractor, 01 = 02 = 0 (overlapping solid
black and red curves in Fig. 7(a)). As '4 increases beyond '42A , this fixed point becomes unstable
(dashed curves), and a branch of stable limit cycles (LC) emerges (blue curve). Figure 7(c) shows the
eigenvalues of the Jacobian matrix of the learned system (14) as a function of '4: as is characteristic
of a Hopf bifurcation, a complex-conjugate pair of eigenvalues crosses the imaginary axis and becomes
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Quantity Value

Latent dimension 3 2
Critical Reynolds number '42A (POD-GPR ROM) 48.48
Reference '42A from the literature [64] ≈ 49
Floquet multiplier 51 at '42A 1 (decreasing for '4 > '42A )
Floquet multiplier 52 (neutral direction) 1 (constant)
Maximum GPR standard deviation on test set 2.03%
Maximum relative error, lifted vs. DNS solution 12% (at '4 = 50)

Table 1: Summary of the key quantities computed for the Andronov–Hopf bifurcation of the cylinder
wake flow with the POD-GPR ROM.

unstable (Re(f8) > 0 for 8 = 1, 2) for '4 > '42A , with the imaginary part—corresponding to the
oscillation frequency of the resulting limit cycles—increasing slightly with '4, consistent with previous
findings [65].

The continuation along the limit-cycle branch further enables the computation of the oscillation period )
and the associated Floquet multipliers 51 and 52 (Fig. 7(d)), which characterize the stability of the periodic
solutions. The first Floquet multiplier 51 equals one at the bifurcation point and decreases monotonically
with increasing '4, reflecting the increasing stability of the limit cycle as the Reynolds number grows.
The second multiplier 52 remains constant and equal to 1 throughout the branch, an expected trivial result
corresponding to the neutral direction associated with the time invariance of the periodic orbit. The
values 51 = 52 = 1 at the bifurcation point are consistent with the theoretical prediction for a supercritical
Hopf bifurcation. Table 1 summarizes the key quantities computed along the branch.

Finally, by addressing the pre-image problem via the closed-form POD lifting map of Eq. (6), the POD-
GPR reduced-order solutions are reconstructed back to the original high-dimensional physical space,
yielding the full bifurcation diagram of Fig. 7(b). For comparison, we also report the Navier–Stokes
solutions (black dots) in terms of the transverse velocity E stored at G = 10, H = 0; for '4 > '42A ,
both the maximum and minimum amplitude of the E oscillations are considered. The high-dimensional
bifurcation diagram is accurately reconstructed by the minimal 3 = 2 ROM across the whole Reynolds
number range considered, with a maximum relative percentage error of 12% at '4 = 50.

5. Discussion: towards more complex bifurcation scenarios

The results of Section 4 show that a genuinely PDE-free pipeline—POD restriction, GPR-based latent-
dynamics learning, and MATCONT continuation—is sufficient to reconstruct, with high accuracy, the
full Andronov–Hopf bifurcation diagram of the cylinder wake flow, including the stability of the emerging
limit cycles and their Floquet multipliers. This success hinges on a structural property of the problem:
the Hopf bifurcation of the cylinder wake is a primary instability, and the corresponding latent manifold
is smooth and of low curvature, so that a linear embedding such as POD automatically identifies the
correct minimal dimension (3 = 2) of the underlying normal-form dynamics.

This is, however, not guaranteed in general. When a flow undergoes a secondary bifurcation—e.g.,
a Neimark–Sacker bifurcation destabilizing an already-established limit cycle and giving rise to quasi-
periodic dynamics on an invariant torus—or a symmetry-breaking pitchfork bifurcation, the geometry of
the latent manifold becomes considerably more intricate, exhibiting curvature, twisting, and folding that
reflect the coexistence and interaction of multiple time scales. In such cases, POD may fail to identify the
correct intrinsic dimensionality of the data, or may require additional modes that do not correspond to the
true, parsimonious normal-form dimension, thereby losing dynamical-systems and numerical-analysis
insight, and, in the worst case, becoming unable to reproduce the correct bifurcation structure altogether.
Nonlinear manifold-learning techniques, such as parsimonious DiffusionMaps [42, 45], are then required
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to correctly uncover the intrinsic dimension and provide a geometrically consistent latent parametrization
of the flow—at the cost of an inherently ill-posed pre-image problem, which must be addressed with
dedicated techniques such as the :-nearest-neighbour algorithm [73, 44] in place of the closed-form POD
lifting map of Eq. (6).

This more demanding regime is thoroughly investigated in a companion study [1], where the same
restrict–learn–lift pipeline presented here, extended with a Diffusion-Maps-based restriction stage, is
applied to two additional benchmark configurations: the planar sudden-expansion (Coanda) channel
flow, which undergoes a symmetry-breaking pitchfork bifurcation as '4 increases, and the fluidic pinball,
which exhibits a secondary Neimark–Sacker bifurcation leading to the birth of an invariant torus. There,
it is shown that Diffusion-Maps-based ROMs correctly identify the minimal latent dimension in both
cases—including the five-dimensional parsimonious embedding required to capture the Neimark–Sacker
bifurcation of the fluidic pinball—and enable, to the best of our knowledge for the first time, the
continuation and Floquet stability analysis of the resulting quasi-periodic solutions directly within a state-
of-the-art bifurcation toolkit such as MATCONT, whereas POD-based ROMs of the same dimension are
shown to fail in reliably reproducing this behaviour.

6. Conclusions

We have presented a PDE-free, data-driven “restrict–learn–lift” framework that combines Proper Or-
thogonal Decomposition, Gaussian Process regression, and the numerical bifurcation-analysis toolkit
MATCONT to perform numerical bifurcation and stability analysis of high-fidelity Navier–Stokes simu-
lations without ever requiring the assembly or factorization of the full-order Jacobian. On the benchmark
wake flow past a circular cylinder, the resulting minimal, two-dimensional POD-GPR ROM accurately
reconstructs the Andronov–Hopf bifurcation diagram, including the continuation of stable and unstable
branches, the period of the emerging limit cycles, and their Floquet multipliers, with a maximum relative
error of 12% with respect to the full-order Navier–Stokes solutions and a maximum GPR predictive
uncertainty of 2.03%.

The cylinder wake case illustrates a favourable, and comparatively simple, scenario in which a linear
manifold-learning technique such as POD is sufficient to identify the correct minimal dimension of the
latent dynamics. As discussed in Section 5, and as thoroughly demonstrated in a companion study [1], this
is generally no longer the case for more demanding, secondary bifurcation scenarios—such as symmetry-
breaking pitchfork bifurcations or Neimark–Sacker bifurcations leading to quasi-periodic, torus-like
dynamics—for which nonlinear manifold-learning techniques, such as parsimonious Diffusion Maps, are
required to correctly capture the intrinsic dimensionality and geometry of the underlying normal-form
dynamics. Future work will focus on extending the present PDE-free framework to codimension-two and
global bifurcations, which underlie the onset of turbulence, and on the identification of low-dimensional
attracting manifolds and the corresponding normal forms for such global bifurcations.
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