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Abstract: Hypersonic flows are very challenging for numerical methods. In this context, the
mesh is as important as the numerical scheme to achieve accurate simulations. It has been shown
that Voronoi meshes tend to dampen shock instabilities such as the carbuncle effect, thanks to
the greater rotational invariance that their cells provide in numerical dissipation compared to
their simplicial counterparts. Furthermore, a specific kind of Voronoi meshes, namely Centroidal
Voronoi Tessellations, naturally arise as minimisers of the error of cell-centered Finite Volume
schemes, providing a framework for mesh adaptation to increase numerical simulations accuracy
while keeping the computational cost moderate. Several efficient algorithms have been developed to
generate triangulations and are implemented in various meshing tools. Leveraging the geometrical
duality between Voronoi tessellations and Delaunay triangulations, one can construct the Voronoi
diagram from a triangulation thus rely on the same efficient core algorithm. Our aim is to develop
a methodology to construct and adapt Voronoi meshes according to stiff compressible effects that
occur when simulating hypersonic flows.
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Introduction

Block-structured grids has historically been preferred over unstructured meshes for hypersonic flow
simulations as they provide both accuracy and computational efficiency. The generation of such meshes
can however be challenging for complex geometries or flows with intricate features. Over the years, mesh
adaptation has proven to be an extremely powerful tool for Computational Fluid Dynamics (CFD), by both
reducing computational costs and improving solution accuracy [1]]. This leap forward made unstructured
meshes competitive for transonic and supersonic aerodynamic applications [2].

Mesh adaptation is mainly done on simplicial meshes (triangular meshes in 2D, tetrahedral meshes in
3D) or quad meshes as the predictive data structure that they rely on makes algorithms conceptually
simpler than arbitrary meshes and also computationally more efficient. However, cell-centered Finite
Volume (FV) solvers may misbehave on triangular meshes, especially at high speed flows, leading to
numerical instabilities such as the carbuncle phenomenon [3]. It has been shown that the greater cell
isotropy provided by Voronoi meshes tends to dampen this instability [4] and provide greater accuracy
overall [5]]. Voronoi diagrams also provide an adequate framework for mesh adaptation [6l (7] where quality
meshes can be obtained as local minimisers of the so called Centroidal Voronoi Tessellation (CVT) energy
function [8]].

In this article, a full Voronoi mesh adaptation pipeline is described, including mesh generation, adaptation
and CFD computations. The main contributions of this article are a new 2D Voronoi diagrams clipping
strategy which is relatively simple to implement and integrates seamlessly with the mesh adaptation
process (Section [I), showing how the concept of CVT naturally arises from the minimisation of the
feature-based error estimation of the second-order accurate FV scheme (Section [2) and evaluate the
suitability of the methodology for transonic and hypersonic inviscid flow computations (Section [3)).
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1. Voronoi diagrams and meshes

This section defines the concepts of Voronoi diagram and CVT, then describes the methodology used to
build Voronoi meshes with an emphasis on the clipping stage.

1.1 Voronoi diagram definition

Let Q c R be a connected compact region, where R¢ denote the d-dimensional Euclidean space. Let
also (a:i)ili | € QN be a set of distinct points. These points, called seeds or generators, define a tiling
() l’i , of domain € where each cell €; is defined as

Q={xecQ | Vje[LN] llz-zl <lz-zl}

This means that a cell Q; is the set of all points from Q which are closer from generator x; than from
any other seed. While other mathematically equivalent definitions exist [9], this one emphasise the
compactness property that this structure provide. An interesting special case of Voronoi diagrams is
obtained when all seeds are collocated with the centroids of the cells that they generate. Such a diagram
is called a CVT and is particularly well-suited for meshing applications.

1.2 Clipped Voronoi mesh generation

Voronoi diagram construction The Voronoi diagram is equivalently characterised by its duality from
the Delaunay triangulation of its generators. This means that usual algorithms used for Delaunay
triangulations generation, such as Bowyer-Watson’s for which computationally efficient implementations
have been developed [10]], can be leveraged to construct the Voronoi diagram, provided that a post-
processing dualisation step is performed. The pipeline is thus as follows: first generators are sampled
inside the domain. Then, the convex hull of these generators is Delaunay-triangulated. Follows the
dualisation step where each vertex from the triangulation leads to the creation of a Voronoi cell. Finally,
as the domain boundary 9€ is not taken into account during the dualisation step, the constructed Voronoi
diagram is unbounded thus needs to be clipped. This last step is the subject of next paragraph.

Clipping strategy Here a novel clipping strategy, applying only to the bidimensional case, is introduced.
The reader can refer to [11] for a more general clipping strategy which is applicable to both 2D and 3D
Voronoi diagrams but is more involved.

A multiply-connected polygon # approximating d€2 is considered. This linear approximation of the
boundary is defined as a counter-clockwise exterior boundary $y and possibly several clockwise-oriented
polygons #; that define inner boundaries. Each polygon #; is also defined as a set of oriented edges
(ef.‘)z;l. Edge e 4y denotes the edge shared by cells V and ‘W: eq qy = 0V N 0W. The clipping
process, as described in Algorithm[I] relies on neighbor-to-neighbor propagation and a simplified special
case of the Greiner-Hormann polygon clipping algorithm [12]. This polygon clipping algorithm works by
connecting the circular linked list Ly of the vertices of the polygon to be clipped in counter-clockwise
order, to the list L, of the vertices of an oriented boundary fragment. This connection is made by inserting
the intersection points stored in L, at the appropriate location in Ly based on their curvilinear abscissa,
as exemplified by Figure|[l]

Note that the only new vertices introduced by this clipping stage are the intersections between a Voronoi
cell edge and a boundary edge. As an entering point for a cell is also the exit point for the previous cell,
the connectivity of the clipped mesh is easy to keep track of.

Depending on the initial discretisation of 02, this clipping phase can create cells with many tiny faces
that are useless from a computational standpoint and can even degrade the flow solver performance. A
simple manner of avoiding such overdiscretisation is to save only the entering and the leaving points (the
intersections), effectively skipping over the points of #;.
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foreach #; € P do
Find the cell V containing the starting point of e};
k1,
/* Now a first intersection is found by leaving the current cell. */
while ¢¥ N 9V = 0 do
‘ k—k+1;
end
ko «— k;
repeat
/* Here e{.‘ intersects the line segment eq 4 shared by cell V and
its neighbor W. */
Store the cell ‘W as a cycling linked list Ly (see Figure ;
Create another linked list L,;
Insert vertex ef.‘ Neq ayin Lg;
while e¥ N (0W \ ey ay) = 0 do
Insert the endpoint of e{F in Le;
k—k+1;
if kK > n; then
k«—1;
end
end
Insert vertex eX N (W \ eq qy) in L;
Connect list L, to Lay;
Follow the linked list from first intersection until looping back. This loop is the cell ‘W
clipped against P;;
YV — W,

until £ = ko;

end
Algorithm 1: Clipping procedure.

(a) Geometric clipping. (b) Linked list connection.

Figure 1: Cell clipping example. Cell Ly = (a — b — ¢ — d — e — a) is clipped against a boundary
piece L, = (u — v — w) effectively creating two intersection points i and j.
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As the clipping procedure needs to be performed at each iteration of the mesh optimisation process,
it is required to be computationally efficient. This efficiency is provided by the neighbor-to-neighbor
propagation strategy and the fact that the number of clipped cells is generally far below the total number
of cells. This makes the clipping phase cost negligible compared to the actual Voronoi construction
phase. Note also that a linear search is sufficient to find the first intersection, provided that the number of
boundaries is significantly smaller than the number of cells.

Algorithm I] can be extended in order to adress some edge cases:

* If a boundary #; is fully contained within a cell then the algorithm will loop forever. This issue
can be adressed either by exiting with failure if k came back to zero without any intersection
being found, or by considering that the clipped mesh is the original mesh with the intersected cell
removed.

* If two boundaries #; and P; are relatively close from each other, then a single cell can be clipped
against both #; and #;. This issue can be adressed by not doing the clipping phase on the fly but
stack the linked lists instead, adding each new cut to the already existing lists. The clipping stage
can be done afterward.

* Robust geometric predicates are used to perform intersection tests [[13]. However edge cases such
as intersections on edges endpoints are not considered because a random initialisation is used for
generating initial Voronoi seeds.

1.3 L-BFGS optimisation

The Limited-Memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm is considered to optimise
the placement of the Voronoi seeds. This is the most common and efficient strategy to converge toward
a CVT [8]. Given the L-BFGS descent direction, the step is given by a line search enforcing the strong
Wolfe conditions [14]]. In order to avoid generators leaving domain #, each local displacement is clamped
to the boundary. This effectively affects the descent direction and can break L-BFGS assumptions. The
L-BFGS update is therefore skipped if the curvature condition does not hold for this restricted global
displacement.

The clipping stage boundary simplification degrades the convergence of the algorithm. Therefore, this
cleaning step is done at the very end, after the mesh optimisation.

2. Finite volume error estimation and minimisation

This subsection derives an approximation of the FV method reconstruction error and shows that minimis-
ing such estimate leads naturally to building a CVT.

2.1 Finite Volume error estimation

Let (€)) f\:’ , be a mesh of the computational domain Q. At a point & of cell Q; with centroid x;, the Taylor
expansion of a C2-smooth scalar field u writes

u(e) = u(xw;) + (x —x;) - Vu(w;) + R (z;, ), (D
where the remainder R; (x;, ) depending on the Hessian matrix H,, of field u is generally written as:
1
Ri(zi, @) = 5(x — ;) - Hu(a:) (@ —21) +o(||l - i)

but can also write |
Ri(x;, ) = E(w —x;) - Hy(z) (z - x;) + o(||lz — :]%).
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as H,,(x) = H,(x;) + o(1).

Considering a second-order accurate cell-centered FV scheme, the pointwise truncation error e; that
stems from the linear reconstruction over the cell €; is thus

ei(x) = |Ri(x;, )|, 2

which can be bounded as follows
1
lei(x)] < 5(517—517[) | Hyl () (T — @), 3)

where the absolute value |H,, | of a matrix Hj, is defined from its spectral decomposition H,, = PTdiag(4, u)P
as |Hy| = PTdiag (4], |u|) P.

This bound is optimal since equality is achieved when u is an elliptic function [15]. Therefore, the
interpolation error can be reasonably modeled as

lei(@)] = 3 (@~ 1) - M(@) (- ) 4

where M = |H,,|.

Integrating over the domain Q, the total error estimate in L” norm writes

N ¥
ELP:(Z/Q |e,-(a:)|l’dm) . (5)
i=1 Y4

Using Equation (@), the L? norm error is estimated as

1

1 N 1 g
Evr > E(Z [ nt @ - air dw) , ©)
i=1 i

where M? (x) = PT(x)diag (\/l/l(w)l, \/lu(:c)|) P(x).

2.2 Link to the CVT energy

Now the mesh that minimises () is an anisotropic CVT [16]. For simplicity of mesh construction and
robustness of the numerical scheme, an isotropic approximation ¢>I,, where I, is the identity matrix and
¢ is a scalar field, can be substituted to the tensor M. The derivation of a suitable ¢ field is discussed in
the next paragraph.

With this expression, one finally gets the following isotropic L? error estimation:

N 1
. 1 P
Epp ~ 5 (Z/Q ¢ (@) ||z — o |[*P dz | . 7
i=1 i

One would want to build the mesh that minimises (7). This is a well-known optimal quantisation problem
for which local minima belongs to a class of Voronoi diagram called stable CVTs [17]], which can be
obtained by gradient descent and quasi-Newton algorithms [18} [8]. The asymptotic result from [19]
relates the mesh density field ¢ of a CVT to the size of the cells as N tends to +co. Using this result, the
following asymptotically equivalent error estimation can be derived:
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. toti 1 N 4p %
1S0,asymptotic —
Ef et~ 2 Z/Q o7 (@)l|e - i) dz | . ®)
i=1 Y€
4
This final estimation makes a direct link with the concept of CVT energy with ({)Tf' as weighting field.

Metric isotropisation The aim is to find a scalar field ¢ (x) such that
2 —xi|Pdz = [ M2 — x| d
. ¢ (z)|lx — z;||*" dz = ; IM2 () (z — @;)[|” dr .

As it is already assumed that variations of M are small over a cell and because ¢ will be constructed from
pointwise values anyway, the problem is recasted into finding, for any given index 7, a scalar ¢; such that

/ 67"l = ;| d = / M7 (1) (2 — ) |*P d,
Q; Q;

which is given by
1
o _ o M @) (@ — )| da

‘ Jo Il — ;| dee

In order to derive a clean closed form expression, the integration domain is considered to be a circle of
radius R, which is a reasonable approximation as long as the Voronoi cells are well shaped (which is the
case when converging toward a CVT). With that final assumption, the following result holds:

0w 1L COIRMP =M ki
0= o

where A and y are the eigenvalues of matrix M. See Appendix [A] for details. This is as a convex
combination of the binomial terms of degree p of the eigenvalues of M. In particular

p=1 ¢?=3+p),
P=2 ¢ = V32 + 220+ 32,
p = +o0 ¢12 = max (4, u).

Hessian tensor reconstruction To perform the mesh adaptation, the Hessian tensor is reconstructed
on a reference mesh using a double L? projection [20]. Note that the requirement on # being C?-smooth
is only theorical as constructing the Hessian matrix estimation of a discontinuous field will lead to an
implicit smoothing of the mesh density near discontinuities, leading to smooth mesh gradation which is
beneficial for numerical schemes. In fact, after the construction of ¢> from the Hessian approximation,
a smoothing step is added to control the variation of the field over the whole computational domain and
improve mesh gradation and quality. This smoothing procedure is taken from [7]] and is restated briefly.
The smoothed monitor function ¢ is computed from the raw monitor function ¢ as

(I+a(l+a)L)d=¢

where L is the graph Laplacian matrix of the reference mesh and « is a user parameter (a value of 0
corresponds to no smoothing while @ — +co leads to a uniform mesh).
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Figure 2: Two parabolic steps test case.

2.3 CFD coupling

Flow solver The Euler equations are solved using an in-house density-based cell-centered FV code.
Fluxes are computed at the cell interfaces using the SLAU?2 solver [21]]. Second-order accuracy is achieved
through the Monotone Upstream-centered Scheme for Conservation Laws (MUSCL) method [22] with
the Barth-Jespersen limiter [23]]. Steady-states numerical solutions are obtained via local time stepping.

Adaptation loop An initial uniform Voronoi mesh is constructed in order to perform the first computa-
tion. Note that one could also use inverse wall distance as the monitor function in order to accelerate the
convergence of the adaptation loop [6]. For the next iterations, the monitor function is directly obtained
from the Hessian tensor reconstruction. Each solution is projected onto the newly adapted mesh so that
each CFD computation is initialised with a good guess of the final steady-state solution. To create the
new mesh, generators are also sampled based on the previous mesh, which makes the overall adaptation
loop quite efficient.

3. Numerical examples

Several test cases are provided to illustrate the versatility of the methodology.

Two parabolic steps An analytic test case is introduces with the aim of illustrating the effect of choosing
different LP norms.

The function is defined as
1 ifx<3y?-3

u=1410 if1y? -3 <x <3y?-1

5

8  otherwise
and represented in Figure 2] It features two discontinuities of different amplitudes. This difference in
amplitude is what makes the different L” norms behave differently.

In the adaptation loop, instead of solving for a feature field via CFD computation, the analytical function
u defined above is evaluated at the centroid of each cell. Then the Hessian tensor is reconstructed from
these values as if it was a genuine physical field. It is finally smoothed with the parameter a = 1.

For a fixed number of cells, the higher the p power, the more cells are brought toward the sharper
discontinuity. This effect can be seen in Figure [3| where four meshes with N = 10000 cells were adapted
according to different L, norms. The small discontinuity is clearly visible in the Ly and L;-adapted
meshes and fades out in L4 and Lg-adapted meshes where cells are mainly focused toward the sharper
discontinuity. Under the L, norm, the adaptation process cannot converge. The choice of parameter p is
therefore a tradeoff between capturing discontinuities as sharply as possible and capturing multiple flow
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(c) Adaptation 2. (d) Adaptation 3.

Figure 4: Near-wing view of the adapted meshes and smoothed monitor function (8000 cells per mesh).

features. A choice of p = 2 is considered a good tradeoff for inviscid computations, whereas p = 4 has
been shown to perform better for viscous flows [2]].

Transonic flow over the RAE2822 airfoil (M., = 0.729) An inviscid transonic flow around the
RAE?2822 airfoil is considered. The free-steam Mach number is set to M, = 0.729 and the angle of
attack is @ = 2.31°. The chord length is denoted by c. For this case and the others, a perfect gas is
considered with a y = 1.4 specific heats ratio.

The initially subsonic flow accelerates over the wing and reaches criticality at around 60% the chord
length. The mesh illustrated by figure [5a]is formed by 16 000 polygonal cells in a 10 x 10 chord lengths-
wide square domain. It is obtained after 9 adaptations, starting from an initial uniform mesh with 8000
cells. The adaptation is done on the Mach number field in L? norm with a smoothing parameter set to
a = 0.5. To prove the robustness of the mesh adaptation process, the uniform near wing mesh is shown in
Figure[da]as well as the first three adapted meshes obtained successively through the adaptation process in
Figure[d] Blue to red colors corresponds to low to high values of the smoothed monitor function, giving
locations to refine for the next adaptation step. It is shown that from a very coarse initial mesh (4 cells
per chord length), the adaptation process is able to converge toward a well-suited mesh in few iterations.

The Mach number contour is provided in Figure [Sb|and shows that the shock is sharply captured near
the airfoil. Upstream of the shock, the Mach number contours shows spurious oscillations due to mesh
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(a) Adapted mesh. (b) Mach number contour plot.

Figure 5: RAE2822 airfoil case (16 000 cells; 9 adaptations).
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Figure 6: Pressure coefficient around the RAE2822 airfoil.

coarseness. If one would want to improve on the sharpness of the contour resolution, one can opt for
a better balance between overall accuracy and shock resolution by considering the reconstruction error
in L' norm. The pressure coefficient curve on the adapted mesh is shown in Figure @ Compared to
the reference computation [24]], which is a 3-order accurate Discontinuous Galerkin (DG) computation
done on a mesh formed by 20 816 triangles, Similar accuracy is achieved overall while providing a sharper
shock (x/c = 0.62) and a better resolution near the stagnation point.

Supersonic flow through a duct with triangular bumps (M., = 2.0) The supersonic flow at Mach
M, = 2.0 through a duct with two symmetric triangular bumps is considered. These bumps create shock
waves that interact with each other. The full case specification can be found in [25]. The density plot along
the line y = 0.3 is compared to the reference edge-based FV computation [235] performed on a uniform
unstructured triangular grid with 11250 nodes. This reference has the specificity of introducing slope
limiters that are less dissipative than the more common Barth-Jespersen and Venkatakrishnan limiters.
The adaptation of the 10000 cells Voronoi mesh in Figure [7a]is done in L, norm with density as the
feature field and is obtained after three consecutive adaptations. As the flow is supersonic, no density
gradient propagates back toward the inlet so that the raw monitor function is zero before the first shock
and still quite close to zero after the smoothing step (¢ = 0.5). This creates very large cells which do
not degrade the accuracy of the numerical resolution as the density is constant throughout this region.
Figure [7b] shows the density contour plot. It can be seen in Figure [7a] that small cells are created at the
shocks and are even smaller in the areas where two shocks cross. The section plot at y = 0.3, presented in
Figure 8] shows the same trend as the reference, obtained with the so called “R5” limiter, with improved
shock resolution thanks to the adaptation process.
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(a) Adapted mesh. (b) Density field.

Figure 7: Supersonic duct with triangular bumps case (10 000 cells; 4 adaptations).
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Figure 8: Section plot of the density at y = 0.3 for the supersonic duct.

Hypersonic flow around the double ellipse geometry (M., = 8.1) A hypersonic flow (M., = 8.1)
around the double ellipse geometry is considered. The geometry specification can be found in [26]. The
16000 cells mesh (@ = 1) and pressure field are given in Figure 0] Even if Voronoi meshes tend to
damp the carbuncle effect, on coarse meshes, this effect has detrimental effect on pressure coeflicient
curves on the uniform mesh, see Figure On the fourth mesh represented by Figure [9a however, the
carbuncle phenomenon does not affect the pressure coefficient significantly anymore, while still being
slightly visible on the pressure field in Figure [0

Hypersonic flow around a cylinder (M., = 17.6) A M., = 17.6 hypersonic flow is computed around
a cylinder geometry. Despite the large carbuncle effect on the uniform mesh that can be seen on the
pressure coefficient in Figure T2} like for the double ellipse case, the mesh adaptation process is still able
to recover the physical solution after some adaptation steps. On the adapted mesh, the solution matches
the analytical model from Lester Lees [27] closely near the stagnation point. This model is specifically
formulated for high accuracy in this flow region but its validity degrades further downstream along the
curvilinear abscissa. This explains the discrepancy with the numerical computations. The final mesh
obtained after 3 adaptations at 32000 cells (¢ = 1) is visible in Figure[TTa] The pressure field obtained
on this mesh is given in Figure [TTb| and shows only a moderate carbuncle effect thanks to the Voronoi
mesh and the adaptation process.

4. Conclusion and Future Work

A method for generating Voronoi meshes for arbitrary computational domains has been described. This
method relies on four main steps: sampling of generators in the computational domain, constructing a
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(a) Adapted mesh. (b) Pressure field.

Figure 9: Double ellipse case (16 000 cells; 4 adaptations).
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Figure 10: Pressure coefficient around the double ellipse.
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Figure 11: Cylinder (32 000 cells; 4 adaptations).  Figure 12: Pressure coefficient around the cylinder.
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Delaunay triangulation from these seeds, dualising to obtain an unbounded Voronoi diagram and finally
clipping to the domain boundary.

This mesh generation process is integrated into a mesh adaptation loop. Voronoi meshes have been
shown to perform well across transonic, supersonic, and hypersonic flows over a variety of geometries.
Moreover, their use can be mathematically justified over triangular or quadrilateral elements. From a
very coarse initial mesh, the feature-based adaptation process is able to properly adapt to localised flow
features to provide greater accuracy.

As a future work, the aim is to use direct Computer-Assisted Design (CAD) queries instead of using a
fine-discretised version of the geometry in order to improve the fidelity of the whole process. Efforts
will also go toward computing viscous flows by leaning toward anisotropic mesh generation or hybrid-
structured meshes. Finally, the whole methodology, except the specific clipping strategy, generalises very
well to 3D so that performance of this Voronoi mesh adaptation should be evaluated on 3D cases.
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A. Metric isotropisation derivation
By changing the domain of integration to the eigenbasis of metric M(x;), one gets

2 02” fOR(rZ(A cos? 6 + y sin 6))? dr r do
P =
' fOM fOR(rz(cos2 6 + sin” 0))? dr r do

where A and yu are the eigenvalues of matrix M (which are positives). This simplifies to
1 2r

= — (Acos? @ + psin® 6)P do .
2r 0

2p
i

Using the binomial expansion of (1 cos? @ + y sin” 6)P,

1 p 2r
¢°P = —Z P /lk,up_k/ cos** 9 sin*P~%) g dg,
! 2n 4 \k 0

then using the parity properties of sine and cosine functions,

2L B
¢?” == Z p /lk,up_k cos2k g sin>P=%) g dg .
t T =0 k 0
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This integral is known as a first kind Euler integral for which a closed form expression can be derived:

/Y

3 ! AN
/ ? o2k 0 sin2(PK) g dg = 2”1 (2K)!1(2(p - k))!
0 1 ik (p—h)!

Injected in the previous expression, this leads to

w1 CRIRP =K
¢ip‘4p;) (k!(p —k)1)? A
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