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Abstract:  We applied the matrix stability analysis of the carbuncle phenomenon to ideal MHD 

equations for the first time. Perpendicular and parallel shocks are analyzed for Roe, HLL and 

HLLD schemes. As a result, HLL scheme is always stable in both perpendicular and parallel 

shocks, while Roe and HLLD schemes are always unstable in parallel shocks, and the stability of 

them depends on the relationship between upstream Mach number and plasma beta parameter in 

perpendicular shocks. Moreover, the results suggested the existence of a critical fast magnetosonic 

Mach number at which the perpendicular shock becomes unstable. Furthermore, we proposed an 

AUSM-like expression of HLLD scheme and improved the shock robustness by adding the 

velocity diffusion term into the pressure flux. In particular, the numerical fast magnetosonic speed 

varying with plasma beta parameter was introduced for the robustness against the parallel shocks. 

The matrix stability analysis indicated that the present scheme, HLLD+M, improved the stability 

of both perpendicular and parallel shocks. We confirmed that the present scheme, compared with 

existing methods such as HLLD, achieved better shock robustness against the carbuncle 

instability through numerical tests. 

Keywords:  Carbuncle phenomenon, Shock instability, Stability analysis, Magnetohydrodynamics, 

Riemann solvers. 

 

1. Introduction 

The carbuncle phenomenon is a well-known numerical instability in simulations of compressible flows 

with shock waves. It was first reported by Peery and Imlay in simulations of blunt body flows with Roe 

scheme [1]. It typically appears when a strong shock is aligned with the computational grid, leading to 

non-physical distortions of the shock front and severe degradation of the numerical solution [2]. This 

instability is most prominently observed in complete approximate Riemann solvers that resolve all 

waves, such as Roe-type schemes. Previous studies indicated that the carbuncle phenomenon is closely 

related to the growth of transverse perturbation modes along the shock front [3]. It was reported that the 

internal shock structure is responsible for the carbuncle phenomenon by Chauvat et al. [4] and Kitamura 

et al. [5]. 

In magnetohydrodynamics (MHD), accurate shock-capturing is of crucial importance in many 

applications, including space and laboratory plasmas. Compared to neutral fluids, MHD equations 

involve multiple wave families, such as fast and slow magnetosonic waves and Alfvén waves, which 

significantly complicate numerical shock structures and stability properties. Carbuncle-like instabilities 

have also been reported in MHD simulations [6, 7]; however, their underlying mechanisms are not yet 

fully understood. 

A systematic analytical approach to the carbuncle phenomenon in neutral fluids is provided by 

Dumbser et al [8]. In this method, Euler equations are linearized, and a stability matrix is constructed to 

analyze the temporal evolution of perturbations. Dumbser et al. applied this method to two-dimensional 

steady shock problems and demonstrated that specific eigenmodes of the stability matrix become 

unstable above a critical Mach number. This matrix-based approach enables a quantitative identification 

of unstable modes and provides a theoretical basis for understanding the origin of the carbuncle 

phenomenon and for designing appropriate stabilization strategies. Chen et al. [9] applied the matrix-

based method to a simple cell-shock-cell system and demonstrated that numerical shock instability is 
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essentially a multidimensional phenomenon. Their analysis revealed that the instability originates from 

the self-instability of the shock upstream cell and is triggered by inappropriate pressure dissipation in 

the transverse direction. Based on this mechanism, they proposed a fundamental principle for stabilizing 

shock-capturing schemes [9, 10].  

Among shock-capturing schemes, many shock-robust variants of Advection Upstream Splitting 

Method (AUSM) -family schemes have been developed due to its simplicity and extensibility (e. g. 

AUSMDV [11], AUSM+ [12], AUSM+up [13], AUSMPW+ [14], SLAU2 [15], AUSM+M [16], 

AUSM-2025u/p [17]). AUSM-family schemes decompose the numerical flux into mass flux and 

pressure flux, allowing selective modification of inappropriate dissipations that trigger the carbuncle 

instability. This modular structure facilitates the development of numerous AUSM-family schemes with 

shock robustness and other outstanding features. For instance, AUSM+M [16] has stronger shock 

robustness against carbuncle instability, better low-speed accuracy and higher resolution of oblique 

shocks by modifying the pressure diffusion term of mass flux, the velocity diffusion term of pressure 

flux, and the numerical sound speed from AUSM+. In order to provide this extensibility for Harten-Lax-

van Leer (HLL) -family flux, AUSM-like expressions of HLL [18] and HLLC [19] were proposed [20, 

21]. Kitamura et al. successfully extended HLLC to all speeds based on this AUSM-like form [21]. 

In MHD, shock-robust schemes have been also proposed [6, 7, 22, 23]. Multistate Low-dissipation 

Advection Upstream Splitting Method (MLAU) [22] has the accuracy and robustness of AUSM-family 

schemes and Alfvén wave resolution of HLLD [24] scheme by separating the numerical flux into mass 

flux, pressure flux, and magnetic tension flux. Low-dissipation HLLD (LHLLD) [23] is an improved 

HLLD for all speeds and shock robustness. In LHLLD, the pressure difference term of the entropy wave 

velocity and the velocity diffusion term of the intermediate total pressure are modified by the same 

techniques used in MLAU. This enables the all-speed applicability and shock robustness of HLLD by 

simple modification. However, a systematic analysis of these MHD schemes for carbuncle instability 

has not been conducted before. 

In this study, we will first extend the matrix stability analysis developed for neutral fluids to ideal 

MHD equations in order to investigate the carbuncle phenomenon in MHD systematically. In particular, 

we will discuss the dependence of stability on Mach number and the plasma beta parameter 𝛽. Second, 

we will apply the AUSM-like expression of HLL-family scheme to HLLD scheme. This formulation 

allows us to develop a shock-robust HLLD scheme in the same manner as AUSM-family scheme. Here, 

we will use the magnetic tension flux of MLAU in our proposed formulation.  

The rest of the paper is organized as follows. Section 2 provides governing equations and matrix-

based analytical method; In Section 3, we apply the matrix stability analysis to perpendicular and parallel 

shocks. In Section 4, the results of the matrix stability analysis are validated through numerical 

simulations. Section 5 presents an AUSM-like expression of HLLD, develops an improved HLLD, and 

analyzes its performance. Section 6 presents numerical results of various benchmark tests including 

shock waves and high Mach number flows. Section 7 gives the concluding remarks. 

2. Analytical method 

2.1 Governing equations and discretization 

We consider the two-dimensional ideal MHD equations: 
∂𝐐

∂𝑡
+
∂𝐅

∂x
+
∂𝐆

∂y
= 0, (1) 

where the conservative variables and flux vectors are 
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𝑸 =

(

 
 
 
 
 

𝜌
𝜌𝑢
𝜌𝑣
𝜌𝑤
𝐵𝑥
𝐵𝑦
𝐵𝑧
𝜌𝐸)

 
 
 
 
 

,  𝑭 =

(

 
 
 
 
 
 

𝜌𝑢

𝜌𝑢2 + 𝑝𝑇 − 𝐵𝑥
2

𝜌𝑢𝑣 − 𝐵𝑥𝐵𝑦
𝜌𝑢𝑤 − 𝐵𝑥𝐵𝑧

0
𝑢𝐵𝑦 − 𝑣𝐵𝑥
𝑢𝐵𝑧 −𝑤𝐵𝑥

𝑢(𝜌𝐸 + 𝑝𝑇) − 𝐵𝑥(𝒖 ∙ 𝑩))

 
 
 
 
 
 

,  𝑮 =

(

 
 
 
 
 
 

𝜌𝑣
𝜌𝑣𝑢 − 𝐵𝑦𝐵𝑥

𝜌𝑣2 + 𝑝𝑇 − 𝐵𝑦
2

𝜌𝑣𝑤 − 𝐵𝑦𝐵𝑧
𝑣𝐵𝑥 − 𝑢𝐵𝑦

0
𝑣𝐵𝑧 −𝑤𝐵𝑦

𝑣(𝜌𝐸 + 𝑝𝑇) − 𝐵𝑦(𝒖 ∙ 𝑩))

 
 
 
 
 
 

, (2) 

where  𝜌, 𝑝𝑇, 𝐸 are the density, total pressure and total energy respectively, and 𝒖 = (𝑢, 𝑣, 𝑤)𝑇 and 

𝑩 = (𝐵𝑥 , 𝐵𝑦, 𝐵𝑧)
𝑇 are the fluid velocity and magnetic field. The total pressure and total energy are 

𝑝𝑇 = 𝑝 +
|𝑩|2

2
, 

𝐸 =
𝑝

(𝛾 − 1)𝜌
+
|𝒖|2

2
+
|𝑩|2

2𝜌
, 

where 𝑝 is thermal pressure and 𝛾 is the specific heat ratio, which is taken as 5/3 in this paper. 

Considering a finite volume cell Ω𝑖 and boundary faces S𝑖𝑘, we discretize Eq. (1) as follows: 

d𝐐̅𝒊

d𝑡
+
∑ 𝑭̅𝒊𝒌S𝑖𝑘
𝑓𝑎𝑐𝑒𝑠
𝑘=1

Ω𝑖
= 0, (3)

where 𝐐̅𝒊 is the cell-averaged value and 𝑭̅𝒊𝒌 is the numerical flux passing through the interface. 

2.2 Matrix stability analysis 

For the matrix-based linear analysis [8], we assume 

𝐐̅𝒊 = 𝑸𝒊̂ + 𝜹𝐐̅𝒊, (4) 

where 𝑸𝒊̂  is the steady mean value and 𝜹𝐐̅𝒊  is the small perturbation. Substituting (4) into (3) and 

linearizing the numerical flux function, we obtain the perturbation evolution of all  𝑞 = N ∙ M cells in 

the domain consisting of N rows and M columns, 

𝑑

𝑑𝑡
(
𝜹𝐐̅𝟏
⋮

𝜹𝐐̅𝒒

) = 𝑺(
𝜹𝐐̅𝟏
⋮

𝜹𝐐̅𝒒

) , (5) 

where 𝑺 is the stability matrix. Considering only the evolution of initial perturbations, the solution of 

the linear system (5) is  

(
𝜹𝐐̅𝟏
⋮

𝜹𝐐̅𝒒

) = 𝑒𝑺𝑡 (
𝜹𝐐̅𝟏
⋮

𝜹𝐐̅𝒒

)

𝑡=0

(6) 

The perturbation remains bounded if the maximum of the real part of the eigenvalue λ  of 𝑺  is 

negative, 

max (Re(λ)) ≤ 0. (7) 
The flux Jacobian in 𝑺 is evaluated numerically using a centered approximation as proposed in [8], 

in order to handle the non-differentiability of numerical flux functions. 

3.  Applications of the matrix stability analysis to ideal MHD equations 

3.1 Application to the perpendicular shock 

We apply the matrix stability analysis to ideal MHD equations. We define a uniform Cartesian grid 

containing 11 × 11 cells in the domain, where a thin steady perpendicular shock is located between the  

6th and the 7th column. Here, a perpendicular shock is a type of MHD shock waves in which the 

upstream magnetic field is oriented perpendicular to the shock propagation direction [35] as shown in 

Fig.1(a). A perpendicular shock is a special case of a fast MHD shock and density, pressure and magnetic  
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field increase across the shock, while the normal component of the magnetic field remains zero. The 

initial state on the upstream side of the shock is set as follows: 

(𝜌0,  𝑢0, 𝑣0, 𝑤0, 𝐵𝑥0, 𝐵𝑦0, 𝐵𝑧0,  𝑝0)
𝑇
= (1,1, 0, 0,0,√

2

𝛾𝑀0
2𝛽
, 0,  

1

𝛾𝑀0
2)

𝑇

, (8) 

where 𝑀0 = 𝑢0/𝑎0 and 𝛽 = 2𝑝0/|𝑩𝟎|
2 are respectively the upstream thermal sonic Mach number and 

the upstream plasma beta parameter with the upstream sound speed 𝑎0 = √𝛾𝑝0/𝜌0 . Here, we introduce 

the fast magnetosonic Mach number 𝑀𝐹 = 𝑢0/𝑐𝑓0 with the upstream fast magnetosonic speed 𝑐𝑓0
2 =

𝑎0
2 + |𝑩𝟎|

2/𝜌0. Using the condition 𝑀𝐹 > 1 in the upstream region of the fast shock, the following 

relation that 𝑀0 and 𝛽 must satisfy is derived;  

𝛽 >
2

𝛾(𝑀0
2 − 1)

. (9) 

The initial state on the downstream side of the shock can be calculated using Rankine-Hugoniot relations 

for MHD. Random numerical perturbations of the order 10-6 are introduced into the entire flow field to 

trigger instabilities. 

The stability of the following schemes has been analyzed: Roe [25], HLL [18] and HLLD [24] which 

are widely used in MHD simulations. The distributions of the eigenvalues of the stability matrix at 𝑀0 =
10 and 𝛽 = 0.1 are shown in Fig.2. In this condition, Roe and HLLD schemes are unstable but HLL 

scheme is stable. The maximum values of the real parts of the eigenvalues against 𝛽(0.001 ≤ 𝛽 ≤
10 and Eq. (9)) for each 𝑀0(3 ≤ 𝑀0 ≤ 20) are plotted in Fig.3. In Roe and HLLD schemes, for a given 

 

Figure 1: Computational Grid and (a) perpendicular and (b) parallel shock. 

 

Figure 2: Distributions of the eigenvalues of 𝑺 in the complex plane at 𝑀0 = 10 and 𝛽 = 0.1. 
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𝑀0, we conducted the analysis while gradually decreasing 𝛽. Once the scheme became stable, we moved 

on the next 𝑀0 and restarted from 𝛽 in which the scheme became stable at the previous 𝑀0. When 𝑀0 

and 𝛽 are varied, the highly-dissipative HLL scheme always has eigenvalues with negative real parts for 

𝑀0 ≤ 20 and 𝛽 ≤ 10 , while Roe and HLLD schemes have eigenvalues with positive real parts as 𝛽 

becomes larger. It is considered that when the magnetic field is large compared with the gas pressure,  

the schemes tend to be stable due to the stabilizing effect of the magnetic field [6, 7]. This is likely 

because in the perpendicular shock, the tangential magnetic field generates the transverse magnetic 

tension that suppresses transverse perturbations along the shock front, making the shock less susceptible 

to the carbuncle instability. In addition, Fig.3 shows that Roe scheme has smaller stability thresholds of 

 
Figure 3: Maximum values of the real parts of the eigenvalues against 𝛽  for each 𝑀0  in perpendicular 

shocks. 

 

 

Figure 4: Stability maps for 𝑀0 versus 𝛽. Circles indicate stable states and crosses indicate unstable states. 

The curve of 𝑀𝐹 = 1 represents the lower limit of 𝛽. 

 

Figure 5: Stability maps along the curves obtained from Eq. (10) with 𝑀𝐹 as a parameter. The zoomed-in 

views of the selected regions are shown in the insets. 
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𝛽 than HLLD scheme. This result implies that Roe scheme requires a larger value of magnetic field for 

stability than HLLD scheme. 

 Stability maps for the different combinations of  𝑀0 and 𝛽 are shown in Fig.4. The curve of 𝑀𝐹 =
1 in Fig.4 represents the lower limit of 𝛽 given by Eq. (9). Figure 4 suggests that the schemes are more 

stable in the region closer to the curve of 𝑀𝐹 = 1 . Thus, we hypothesize the existence of a critical value 

of 𝑀𝐹 beyond which the scheme becomes unstable. 

 In order to clarify the relationship between the stability and 𝑀𝐹, we investigate the stability on the 

curves where 𝑀𝐹  is constant. The curves are expressed by the following equation derived from the 

relation between 𝑀0, 𝛽 and 𝑀𝐹: 

𝛽 =
2

𝛾 (
𝑀0

2

𝑀𝐹
2 − 1)

. (10)
 

The stability maps along the curves obtained from Eq. (10) with 𝑀𝐹 as a parameter are presented in 

Fig.5. The stability is found to be nearly constant along each curve. We can see the schemes are unstable 

in the regions where 𝑀𝐹 is large, whereas the schemes tend to be stable as 𝑀𝐹 approaches unity. In 

particular, when 𝑀𝐹 ≤ 1.75, HLLD is stable regardless of 𝑀0 and 𝛽. This result can be regarded as an 

analogy to the observation that schemes for a neutral fluid become unstable to the shock at high upstream 

Mach number [8]. 

3.2 Application to the parallel shock 

The stability of a thin steady parallel shock was investigated using the matrix stability analysis. Here, a 

parallel shock is a type of MHD shock waves in which the magnetic field is parallel to the shock 

propagation direction [35] as shown in Fig.1(b). The initial state on the Upstream side of the shock is 

set as follows: 

(𝜌0,  𝑢0, 𝑣0, 𝑤0, 𝐵𝑥0, 𝐵𝑦0, 𝐵𝑧0,  𝑝0)
𝑇
= (1,1, 0, 0, √

2

𝛾𝑀0
2𝛽
, 0, 0,  

1

𝛾𝑀0
2)

𝑇

. (11) 

Because the magnetic field normal to the shock front does not contribute to the pressure jump across the 

shock, the jump conditions reduce to those of a hydrodynamic shock. Thus, the initial state on the 

downstream side of the shock can be calculated using Rankine-Hugoniot relations for a hydrodynamic 

shock and the normal magnetic field is continuous across the shock. The other analysis conditions are 

the same as those in the perpendicular shock. 

The stability of the following schemes has been analyzed: Roe, HLL and HLLD. The maximum 

values of the real parts of the eigenvalues against 𝛽(10−3 ≤ 𝛽 ≤ 103) for each 𝑀0(3 ≤ 𝑀0 ≤ 20) are 

plotted in Fig.6. As in the case of the perpendicular shock, the eigenvalues become smaller as 𝛽 becomes 

smaller in all the schemes. Similarly, HLL scheme always has eigenvalues with negative real parts. 

However, Roe and HLLD schemes are less stable, because they always have eigenvalues with positive 

real parts. This implies that a parallel shock is more vulnerable to the carbuncle instability than a 

perpendicular shock due to the absence of transverse magnetic tension along the shock front. 

 

Figure 6: Maximum values of the real parts of the eigenvalues against 𝛽 for each 𝑀0 in parallel shocks. 
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4. Validation of the matrix stability analysis by numerical experiments 

In order to validate the matrix stability analysis for ideal MHD equations, we conducted numerical 

simulations and compared the numerical results with those of the matrix stability analysis. In the 

following calculations, we employed 1st-order accuracy in both time and space, and used Roe and 

HLLD schemes as the numerical flux, where HLL scheme was excluded from the validations since it is 

always stable. Also, hyperbolic divergence cleaning method [26] was adopted for the numerical 

treatment to avoid ∇ ∙ 𝑩 ≠ 0. The computational grid consists of  25 × 25 cells and the domain size is 

1 × 1. A thin steady perpendicular/parallel shock is located between the 12th and 13th columns. Random 

perturbations of the order 10-6 are added to the initial values of conservative variables in all cells. 

4.1 Validation in the perpendicular shock 

The result of the Roe scheme when 𝑀𝐹 = 1.5 and 2 at 𝛽 =100 for the perpendicular shock is shown in 

Fig.7(a) and (b) as a representative example. Figure 7 indicates that Roe scheme is stable when 𝑀𝐹 = 

1.5, while it is unstable when 𝑀𝐹 = 2 at 𝛽 = 100, which is consistent with Fig.5. On the other hand, in 

the HLLD scheme, the carbuncle phenomenon does not occur even under one of the severe conditions 

that 𝑀𝐹  = 6 and 𝛽  =1 as shown in Fig.7(c). This seems to occur because nonlinear effects become 

significant after some time from the start of the computation, leading to behavior that deviates from the 

linear analysis. In Fig.8, we show the evolutions of the maximum values of the transvers velocity for 

each 𝑀𝐹 at 𝛽 = 0.1 in Roe and 𝛽 = 1 in HLLD, which represents the numerical error since the exact 

value should remain zero throughout the computation. Figure 8 indicates that the transverse velocity 

progresses through an initial transition region, a linear phase and finally a nonlinear saturation stage. 

Here, the schemes are regarded as unstable when the transverse velocity grows exponentially in the 

linear phase because the (positive) slope of the exponential growth in a semi-logarithmic plot 

corresponds to (the maximum value of) the real parts of the eigenvalues in the linear analysis. Based on 

this criterion, Roe scheme is unstable for all 𝑀𝐹 at 𝛽 = 0.1, and HLLD scheme becomes unstable for 

𝑀𝐹 ≥ 4 at 𝛽 = 1, which is consistent with the results shown in Fig.5.We chose this condition because 

the agreement with the analytical results can be illustrated more clearly, but under some other conditions, 

slight deviations from the results of the matrix stability analysis are observed with respect to the fast 

magnetosonic Mach number separating the stable and unstable regimes. This discrepancy can be 

attributed to the use of centered approximation to evaluate the numerical flux Jacobian when 

constructing the stability matrix. Nevertheless, the matrix stability analysis is proved to be useful in 

ideal MHD equations for evaluating the relative stability of numerical schemes. 

 

 

 

Figure 7: Density contours with Roe and HLLD schemes in perpendicular shocks: (a) stable, (b) unstable, (c) 

stable. 
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4.2 Validation in the parallel shock 

The result of the Roe scheme and the HLLD scheme when 𝑀0 = 20 and 𝛽 = 1 for the parallel shock is 

shown in Fig.9 as an example. In this condition, both schemes are unstable, which is consistent with 

Fig.6. However, we found that when 𝛽 is lower than thresholds for each  𝑀0, both schemes are stable 

despite the unstable results of the matrix stability analysis. Figure 10 shows the stability maps with 

HLLD scheme for 𝑀0 versus 𝛽, where the stability is determined by whether the transverse velocity 

increases or decreases in the linear regime. HLLD scheme is always unstable in parallel shocks, which 

is consistent with the results of the matrix stability analysis. 

Figure 11 shows the density contours for the different 𝛽  with HLLD scheme in parallel shocks. 

When 𝛽  is low, the shock thickness becomes broad. The threshold values of 𝛽  at which the shock 

thickness becomes broad correspond to the following boundary where the fast magnetosonic Mach 

number becomes less than unity and the discontinuity ceases to be a fast MHD shock: 

𝛽 <
2

𝛾𝑀0
2 , (12) 

which is derived from 𝑀𝐹 = 𝑢/𝑐𝑓 < 1 and Eq. (28). Figure 11(a) and (b) correspond to 𝑀𝐹 > 1 and 

𝑀𝐹 < 1, respectively. For 𝑀𝐹 < 1 , the following relation holds among the fast magnetosonic speed 𝑐𝑓, 

normal Alfvén speed 𝑐𝑎𝑥, sound speed 𝑎 and flow velocity 𝑢 in the upstream region of a parallel shock. 

𝑎 < 𝑢 < 𝑐𝑓 = 𝑐𝑎𝑥. 

Then, the left and right signal velocity 𝑆𝐿 and 𝑆𝑅 are 

𝑆𝐿 ≈ 𝑢 − 𝑐𝑓 < 0, 𝑆𝑅 ≈ 𝑢 + 𝑐𝑓 > 0. 

Thus, the Riemann fan extends to both positive and negative side: 

𝑆𝐿 < 0 < 𝑆𝑅 . 
The numerical viscosity 𝜈𝐻𝐿𝐿 of the HLL-type scheme is proportional to the width of the Riemann fan: 

𝜈𝐻𝐿𝐿 ∝ 𝑆𝑅 − 𝑆𝐿 , 
which is large due to the wide Riemann fan compared with that of a super-fast magnetosonic parallel 

shock when 𝑀𝐹 > 1, where the sign of the left and right signal velocity is equivalent and the width of 

the Riemann fan is modest. As a result, the excessive diffusion of HLLD in a sub-fast magnetosonic 

parallel shock when 𝑀𝐹 < 1 leads to a thick shock [27]. 

Figure 12 shows that the density contour at 2,500 time steps and the time evolution of the maximum 

transverse velocity. The transverse velocity passes through the initial transition region and increases in 

the linear regime. The slope of the linear regime (≈ 0.005), which can be easily obtained from Fig.12  

 

Figure 8: Time evolutions of the maximum transverse velocities for different values of 𝑀𝐹 obtained by the 

numerical simulations. 
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is smaller than the maximum value of the real parts of the eigenvalues in the linear analysis (=
0.008954)  under the same condition. This discrepancy can be attributed to the use of centered 

approximation to evaluate the numerical flux Jacobian when constructing the stability matrix as 

mentioned above. 

5. Development of the improved HLLD scheme 

In the previous sections, we applied the matrix stability analysis originally developed for Euler equations 

to ideal MHD equations and investigated the carbuncle phenomenon by comparing the linear analysis 

with numerical simulations. As a result, we found that even widely used HLLD scheme can exhibit the 

carbuncle instability under certain conditions in MHD simulations. In this section, we propose an 

improved HLLD scheme that is more robust against the carbuncle instability, and further evaluate the 

stability of the proposed scheme using the matrix stability analysis. 

 

Figure 9: Density contours with Roe and HLLD schemes in parallel shocks: (a) unstable, (b) unstable. 

 
Figure 10: Stability maps with HLLD scheme for 𝑀0 versus 𝛽 in numerical simulations. Blue crosses indicate 

unstable thin shock and orange crosses indicate unstable thick shock. The curve of 𝑀𝐹 = 1 represents Eq. 

(12), which is the boundary where the shock becomes thick. 
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5.1 AUSM-like expression of HLLD scheme 

 In order to develop the robust HLLD scheme, we try to express HLLD scheme in an AUSM-like form. 

AUSM-family schemes [28] are numerical flux functions known to be simple and robust. In Euler 

equations, the numerical flux of AUSM-family schemes is split into two parts, advection and pressure  

parts. In MHD equations, it has been proposed that the numerical flux is split into three parts, namely 

advection, pressure and magnetic tension parts by Minoshima et al.[22] as follows: 

𝑭̅𝑨𝑼𝑺𝑴 =
𝑚̇ + |𝑚̇|

2
𝚽𝑳 +

𝑚̇ − |𝑚̇|

2
𝚽𝑹 + 𝑝̃𝑇𝑵− 𝑻, (13) 

𝚽 = (1, 𝑢, 𝑣, 𝑤, 𝐵𝑦/𝜌, 𝐵𝑧/𝜌, ℎ )
𝑇
, 

𝑵 = (0,1,0,0,0,0,0 )𝑇 , 

𝑻 = 𝐵𝑥(0, 𝐵𝑥/2, 𝐵𝑦, 𝐵𝑧, 𝑣, 𝑤, 𝒖𝒕 ∙ 𝑩𝒕 )
𝑇
, 

𝒖𝒕 = (0, 𝑣, 𝑤)
𝑇 , 𝑩𝒕 = (0,𝐵𝑦, 𝐵𝑧)

𝑇 , 

ℎ =
𝛾𝑝

(𝛾 − 1)𝜌
+ |𝒖|2 +

|𝑩𝒕|
2

𝜌
, 

 

Figure 11: Density contours with HLLD scheme in parallel shocks for (a) 𝑀𝐹 > 1, (b) 𝑀𝐹 < 1. When 𝑀𝐹 <
1, the shock becomes thick due to the excessive diffusion. 

 

Figure 12: Density contour at 2,500 time steps and the time evolution of the maximum transverse velocity 

with HLLD scheme in parallel shocks 
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where 𝑚̇, 𝑝̃𝑇  and 𝑻  denote the mass, pressure and magnetic tension fluxes, respectively, at the cell 

interface in x-direction, and subscripts “L” and “R” signify the left and right states depending on 

reconstruction methods. Due to this flux splitting, AUSM-family schemes are easily extensible to all-

speed and shock-stable scheme. 

In order to incorporate this extensibility to HLLD scheme, we propose its AUSM-like expression. 

First, as for the advection and pressure parts, we employ the AUSM-like expression of HLLC scheme 

for hydrodynamics proposed by Kitamura et al [21]. Figure 13 shows the Riemann fan of HLLC and 

HLLD schemes. The Riemann fan of HLLC has two intermediate states separated by two acoustic waves 

𝑆𝐿 , 𝑆𝑅 and an entropy wave 𝑆𝑀, while the Riemann fan of HLLD has four intermediate states separated 

by two fast waves 𝑆𝐿 , 𝑆𝑅, two Alfvén waves 𝑆𝐿
∗, 𝑆𝑅

∗  and an entropy wave 𝑆𝑀. Although HLLC and HLLD 

have the different intermediate states, density, pressure and normal velocity associated with the 

advection and pressure fluxes are constant across Alfvén waves. Therefore, the advection and pressure 

fluxes of HLLD are written as the same formulation as HLLC by replacing the sound speed and gas 

pressure into the fast magnetosonic speed and total pressure as follows: 

𝑭̅𝐻𝐿𝐿𝐷
𝐴𝐷𝑉−𝑃𝑅𝐸𝑆 =

𝑚̇ + |𝑚̇|

2
𝚽′

𝑳 +
𝑚̇ − |𝑚̇|

2
𝚽′

𝑹 + 𝑝̃𝑇𝑵, (14) 

𝚽′
𝑳/𝑹 = 𝚽𝑳/𝑹 + (0,0,0,0,0,0,

𝑆̃𝐿/𝑅(𝑝𝑇∗ − 𝑝𝑇𝐿/𝑅)

𝜌𝐿/𝑅(𝑆𝐿/𝑅 − 𝑢𝐿/𝑅)
)

𝑇

, 

𝑚̇ = {
𝜌𝐿𝑢𝐿 + 𝑆̃𝐿(𝜌𝐿∗ − 𝜌𝐿),    if 𝑆∗ > 0,

𝜌𝑅𝑢𝑅 + 𝑆̃𝑅(𝜌𝑅∗ − 𝜌𝑅),   if 𝑆∗ ≤ 0,
 

𝑝̃𝑇 = 𝑝𝑇∗ +

{
 
 

 
 𝑆∗

𝑆∗ − 𝑆̃𝐿
(𝑝𝑇𝐿 − 𝑝𝑇∗),    if 𝑆∗ > 0,

𝑆∗

𝑆∗ − 𝑆̃𝑅
(𝑝𝑇𝑅 − 𝑝𝑇∗),   if 𝑆∗ ≤ 0,

 

𝜌𝐿/𝑅∗
=
𝑆𝐿/𝑅 − 𝑢𝐿/𝑅

𝑆𝐿/𝑅 − 𝑆∗
𝜌𝐿/𝑅 , 

𝑆̃𝐿 = min(0, 𝑆𝐿) , 𝑆̃𝑅 = max(0, 𝑆𝑅), 

𝑆∗ =
𝛼𝐿𝑢𝐿 + 𝛼𝑅𝑢𝑅 − (𝑝𝑇𝑅 − 𝑝𝑇𝐿)

𝛼𝐿 + 𝛼𝑅
, 

𝑝𝑇∗ =
1

2
{𝑝𝑇𝐿 + 𝑝𝑇𝑅 + 𝛼𝐿(𝑢𝐿 − 𝑆∗) − 𝛼𝑅(𝑢𝑅 − 𝑆∗)}, 

𝑝𝑇𝐿/𝑅 = 𝑝𝐿/𝑅 +
|𝑩𝑡𝐿/𝑅|

2

2
, 

𝛼𝐿 = 𝜌𝐿(𝑢𝐿 − 𝑆𝐿) > 0, 𝛼𝑅 = 𝜌𝑅(𝑆𝑅 − 𝑢𝑅) > 0, 

 

Figure 13: Intermediate states in the Riemann fan of HLLC and HLLD schemes. 
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where * is referred to as “star region”, located between the left and right states as seen in Fig.13. As 

mentioned above, in HLLD scheme, density, total pressure and normal velocity in “star region” and 

“double star region” are equivalent. 𝑆𝐿 and 𝑆𝑅 are the minimum and maximum signal speeds and are 

written as 

𝑆𝐿 = min(𝑢𝐿 , 𝑢𝑅) − max (𝑐𝑓𝐿
, 𝑐𝑓𝑅

) , 𝑆𝑅 = max(𝑢𝐿, 𝑢𝑅) + max (𝑐𝑓𝐿
, 𝑐𝑓𝑅

) , (15) 

𝑐𝑓
2 =

1

2
[(𝑐𝑎

2 + 𝑎2) + √(𝑐𝑎
2 + 𝑎2)2 − 4𝑎2𝑐𝑎𝑥

2], 

𝑐𝑎
2 =

|𝑩|2

𝜌
, 𝑐𝑎𝑥

2 =
𝐵𝑥

2

𝜌
, 𝑎2 = 𝛾

𝑝

𝜌
, 

where 𝑐𝑓 , 𝑐𝑎 , 𝑐𝑎𝑥 , 𝑎  are the fast magnetosonic speed, Alfvén speed, normal Alfvén speed and sound 

speed, respectively. 

Second, as for the magnetic tension part, we employ the magnetic tension flux of a multistate low-

dissipation AUSM (MLAU) [22] because it is derived from HLLD and directly applicable to the 

magnetic tension flux of HLLD. The magnetic tension flux of the tangential momentum is given by 

(𝐵𝑥𝑩𝑡)𝐻𝐿𝐿𝐷 = −𝑚̇{𝑑𝐿(𝒖𝑡𝐿
∗ − 𝒖𝑡𝐿) + 𝑑𝑅(𝒖𝑡𝑅

∗ − 𝒖𝑡𝑅)} + (𝐴𝐿
𝑢𝑩𝑡𝐿

∗ + 𝐴𝑅
𝑢𝑩𝑡𝑅

∗ ) + 𝐷𝑢(𝒖𝑡𝑅
∗ − 𝒖𝑡𝐿

∗ ), (16) 

𝐴𝐿/𝑅
𝑢 = 𝑠𝑖𝑔𝑛(𝐵𝑥)min

[
 
 
 

|𝐵𝑥|, max

{
 

 

0,
√𝜌𝑅/𝐿

∗ (|𝐵𝑥| ± 𝑚̇/√𝜌𝑅/𝐿
∗ )

√𝜌𝐿
∗ +√𝜌𝑅

∗

}
 

 

]
 
 
 

, 

𝐷𝑢 = max [0,
√𝜌𝐿

∗√𝜌𝑅
∗

√𝜌𝐿
∗ +√𝜌𝑅

∗
{|𝐵𝑥| − (

𝑑𝐿

√𝜌𝐿
∗
+
𝑑𝑅

√𝜌𝑅
∗
) |𝑚̇|}], 

𝑑𝐿 =
1 + 𝑠𝑖𝑔𝑛(𝑚̇)

2
, 𝑑𝑅 =

1 − 𝑠𝑖𝑔𝑛(𝑚̇)

2
. 

Similarly, the magnetic tension flux of the tangential magnetic field is given by 

(𝐵𝑥𝒖𝑡)𝐻𝐿𝐿𝐷 = −𝑆𝑀{𝑑𝐿(𝑩𝑡𝐿
∗ − 𝑩̃𝑡𝐿) + 𝑑𝑅(𝑩𝑡𝑅

∗ − 𝑩̃𝑡𝑅)} + (𝐴𝐿
𝐵𝒖𝑡𝐿

∗ + 𝐴𝑅
𝐵𝒖𝑡𝑅

∗ ) + 𝐷𝐵(𝑩𝑡𝑅
∗ −𝑩𝑡𝐿

∗ ), (17) 

𝐴𝐿/𝑅
𝐵 = 𝑠𝑖𝑔𝑛(𝐵𝑥)min

[
 
 
 

|𝐵𝑥|,max

{
 

 

0,
√𝜌𝐿/𝑅

∗ (|𝐵𝑥| ± 𝑆𝑀√𝜌𝑅/𝐿
∗ )

√𝜌𝐿
∗ +√𝜌𝑅

∗

}
 

 

]
 
 
 

, 

𝐷𝐵 =
𝐷𝑢

√𝜌𝐿
∗√𝜌𝑅

∗
, 

where the tangential components in “star region” are written as 

𝒖𝑡𝐿/𝑅
∗ = 𝒖𝑡𝐿/𝑅 − 𝐵𝑥

𝑆𝑀 − 𝑢𝐿/𝑅

𝑋𝐿/𝑅
𝑩𝑡𝐿/𝑅 , (18𝑎) 

𝑩𝑡𝐿/𝑅
∗ = 𝑩̃𝑡𝐿/𝑅 + 𝐵𝑥

2
𝑆𝑀 − 𝑢𝐿/𝑅

𝑋𝐿/𝑅(𝑆𝐿/𝑅 − 𝑆𝑀)
𝑩𝑡𝐿/𝑅 , (18𝑏) 

𝑩̃𝑡𝐿/𝑅 = 𝑩𝑡𝐿/𝑅
𝑆𝐿/𝑅 − 𝑢𝐿/𝑅

𝑆𝐿/𝑅 − 𝑆𝑀
, (18𝑐) 

𝑋𝐿/𝑅 = 𝜌𝐿/𝑅(𝑆𝐿/𝑅 − 𝑢𝐿/𝑅)(𝑆𝐿/𝑅 − 𝑆𝑀) − 𝐵𝑥
2. (18𝑑) 

Finally, the magnetic tension flux of the total energy is given by 

(𝐵𝑥𝒖𝒕 ∙ 𝑩𝒕)𝐻𝐿𝐿𝐷 =
(𝐵𝑥𝒖𝑡)𝐻𝐿𝐿𝐷 ∙ (𝐵𝑥𝑩𝑡)𝐻𝐿𝐿𝐷

𝐵𝑥
. (19) 

Although Eq. (19) is not an exact form identical to HLLD but a simplified form proposed by Minoshima 

et al. [22], this approximation is sufficiently accurate for practical use. 

To summarize Eq. (16)-(19), the magnetic tension flux is expressed as 

𝑭̅𝐻𝐿𝐿𝐷
𝑀𝑇 = −(0,𝐵𝑥

2/2, (𝐵𝑥𝐵𝑦)𝐻𝐿𝐿𝐷,
(𝐵𝑥𝐵𝑧)𝐻𝐿𝐿𝐷, (𝐵𝑥𝑣)𝐻𝐿𝐿𝐷, (𝐵𝑥𝑤)𝐻𝐿𝐿𝐷, (𝐵𝑥𝒖𝒕 ∙ 𝑩𝒕)𝐻𝐿𝐿𝐷 )

𝑇
. (20) 

Consequently, AUSM-like expression of HLLD scheme is as follows: 

𝑭̅𝑯𝑳𝑳𝑫 = 𝑭̅𝐻𝐿𝐿𝐷
𝐴𝐷𝑉−𝑃𝑅𝐸𝑆 + 𝑭̅𝐻𝐿𝐿𝐷

𝑀𝑇 . (21) 
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5.2 Improvement of AUSM-like HLLD scheme 

In section 5.1, we proposed AUSM-like expression of HLLD scheme by splitting the numerical flux into 

advection, pressure and magnetic tension parts. As a result of this formulation, we can now apply many 

ideas that have been proposed so far to improve AUSM-family schemes into HLLD scheme. In the 

present study, velocity diffusion terms of AUSM+M proposed by Chen et al. [16] are introduced into 

the pressure flux of AUSM-like HLLD to suppress the carbuncle instability. The velocity diffusion terms 

of AUSM+M modified for MHD equations are given as 

𝑝𝑢𝑥 = −𝑔
𝛾(𝑝𝑇𝐿 + 𝑝𝑇𝑅)

2𝑐𝑓1/2
𝜓𝐿
+𝜓𝑅

−(𝑢𝑅 − 𝑢𝐿), 𝑝𝑢𝑦 = −𝑔
𝛾(𝑝𝑇𝐿 + 𝑝𝑇𝑅)

2𝑐𝑓1/2
𝜓𝐿
+𝜓𝑅

−(𝑣𝑅 − 𝑣𝐿), (22) 

where 𝜓𝐿
+ and 𝜓𝑅

− are pressure splitting functions as follows: 

𝜓𝐿/𝑅
± = {

1

4
(𝑀𝐹𝐿/𝑅 ± 1)

2
(2 ∓𝑀𝐹𝐿/𝑅) ±

3

16
𝑀𝐹𝐿/𝑅 (𝑀𝐹𝐿/𝑅

2 − 1)
2
,   |𝑀𝐹𝐿/𝑅| < 1

1

2
(1 ± 𝑠𝑖𝑔𝑛 (𝑀𝐹𝐿/𝑅)),                                                                  |𝑀𝐹𝐿/𝑅| ≥ 1

, (23) 

and 𝑔 is the pressure-based shock sensing function, which is defined as 

𝑔 =
1 + cos(𝜋ℎ)

2
, ℎ = min

𝑘
(ℎ𝑘), ℎ𝑘 = min(

𝑝𝐿𝑘
𝑝𝑅𝑘

,
𝑝𝑅𝑘
𝑝𝐿𝑘

) , (24) 

where the subscript k is the index for all adjacent interfaces of both cells in evaluating numerical flux. 

Here we use gas pressure rather than total pressure because in situations where transverse magnetic field 

is continuous, for example, when evaluating the y-direction flux in a x-direction parallel shock, the gas 

pressure difference is absorbed by the continuous magnetic field, reducing the sensitivity of the shock 

sensor. 

Note that, in Eq. (22), the velocity diffusion terms are introduced into the pressure flux not only in 

the normal direction but also in the transverse direction because it is generally considered that 

multidimensional effect plays a key role in the carbuncle phenomenon [29, 30]. 

In [16], the average pressure value is approximated by the combination of the average density value 

and numerical sound speed as follows: 

𝛾(𝑝𝐿 + 𝑝𝑅)

2𝑎1/2
=
(𝜌𝐿 + 𝜌𝑅)𝑎1/2

2
. (25) 

Even though the above relation does not generally hold in MHD, it is still applied approximately to the 

present scheme for better robustness. 

In addition, in [14, 16], to enhance the resolution of oblique shock and remove the unphysical 

expansion shock, the numerical sound speed at the interface is given so as to satisfy the Prandtl relation 

via an oblique shock, while in the present scheme, for simplicity, the numerical fast magnetosonic speed 

at the interface is given as 

𝑐𝑓1/2 = {
𝑐𝑓𝐿 , 𝑆𝑀 > 0

𝑐𝑓𝑅 , 𝑆𝑀 ≤ 0
. (26) 

However, as will be shown in the matrix stability analysis later, this formulation suffers from an 

instability in low-𝛽 parallel shocks. In parallel shocks, the fast magnetosonic speed can be rewritten as 

the following form from its definition depending on the value of 𝛽: 

𝑐𝑓 = {
𝑎,             𝛽 > 2/𝛾
𝑐𝑎𝑥 , 𝛽 ≤ 2/𝛾

. (27) 

When 𝛽 ≤ 2/𝛾, 𝑐𝑓 can be rewritten in the following form:  

𝑐𝑓 = 𝑐𝑎𝑥 =
𝐵𝑥

√𝜌
= √

2𝑝

𝜌𝛽
= 𝑎√

2

𝛾𝛽
. (28) 

Therefore, from Eq. (22) and (28), the velocity diffusion terms are proportional to the square root of 𝛽. 

On the other hand, as shown in section 4.2, when 𝛽 becomes even smaller, that is, when Eq. (12) is 

satisfied, the scheme becomes stable due to the shock thickness. Taking these discussions into account, 

we modify the fast magnetosonic speed as follows: 
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𝑐𝑓𝐿/𝑅
= (1 − 𝑠) ∙ 𝑐𝑓𝐿/𝑅

+ 𝑠 ∙ 𝑎𝐿/𝑅 , (29) 

where 𝑠 is a senser detecting low-𝛽 parallel shocks, which is defined as 

𝑠 = 𝐻(𝑟1 − 1) 𝑒𝑥𝑝 [−
(𝑟2 − 1)

2

𝜎
] , (30) 

𝑟1 = max(𝛽𝐿 , 𝛽𝑅) /min(
2

𝛾𝑀0𝐿
2 ,

2

𝛾𝑀0𝑅
2 ) , 

𝑟2 = max(
𝑐𝑎𝑥𝐿

2 + 𝜀

𝑐𝑓𝑥𝐿
2 + 𝜀

,
𝑐𝑎𝑥𝑅

2 + 𝜀

𝑐𝑓𝑥𝑅
2 + 𝜀

,
𝑐𝑎𝑦𝐿

2 + 𝜀

𝑐𝑓𝑦𝐿
2 + 𝜀

,
𝑐𝑎𝑦𝑅

2 + 𝜀

𝑐𝑓𝑦𝑅
2 + 𝜀

), 

𝑐𝑎𝑥/𝑦 =
𝐵𝑥/𝑦

√𝜌
, 

𝑐𝑓𝑥/𝑦
2 =

1

2
[(𝑐𝑎

2 + 𝑎2) + √(𝑐𝑎
2 + 𝑎2)2 − 4𝑎2𝑐𝑎𝑥/𝑦

2], 

where 𝐻(𝑥) denotes a Heaviside step function. The exponential term of senser 𝑠 is activated when 𝑐𝑓 =

𝑐𝑎𝑥  𝑜𝑟 𝑐𝑎𝑦 (i.e., 𝛽 ≤ 2/𝛾). The Heaviside step function is introduced to switch off the senser for 𝛽 <

2/𝛾𝑀0
2, since activation when 𝛽 < 2/𝛾𝑀0

2 causes the numerical breakdown. This is because when 

𝛽 > 2/𝛾𝑀0
2, in which case 𝑢 > 𝑐𝑓, the correction of 𝑐𝑓 has little influence on the wave speeds 𝑆𝐿 and 

𝑆𝑅 . However, when 𝛽 < 2/𝛾𝑀0
2 , in which case 𝑢 < 𝑐𝑓 , the correction of 𝑐𝑓  results in an 

underestimation of the wave speeds. Here, defining the numerator as the maximum value and the 

denominator as the minimum value in 𝑟1, and activating the switch when 𝑟1 > 1 introduces a relaxation 

in the switching criterion. This allows the wave speeds to be adjusted to a level that prevents numerical 

breakdown even when the fast magnetosonic Mach number slightly falls below unity, thereby reducing 

shock thickness. The value of 𝜎 is chosen as 10−6 through numerical experiments. 

Finally, the improved HLLD flux can be accomplished by adding Eq. (22) into Eq. (21) and 

modifying the fast magnetosonic speed as shown in Eq. (29) as follows: 

𝑭̅𝐻𝐿𝐿𝐷_𝑝𝑟𝑒𝑠𝑒𝑛𝑡 = 𝑭̅𝐻𝐿𝐿𝐷
𝐴𝐷𝑉−𝑃𝑅𝐸𝑆 + 𝑭̅𝐻𝐿𝐿𝐷

𝑀𝑇 + (0, 𝑝𝑢𝑥 , 𝑝𝑢𝑦, 0,0,0,0 )
𝑇
. (31) 

We call the proposed scheme HLLD+M and the stability of this scheme will be analyzed in the next 

section. 

5.3 Matrix stability analysis of the proposed scheme 

We investigate the stability of the proposed scheme HLLD+M by the matrix stability analysis. First, the 

stability for the perpendicular shock is shown in Fig.14, where the results of MLAU [22] and Low-

dissipation HLLD (LHLLD) [23], proposed as robust MHD schemes, are also presented for comparison. 

Figure 14 indicates that HLLD+M is stable for a wide range of 𝑀𝐹, while MLAU and LHLLD are only 

slightly more stable compared with HLLD, as shown in Fig.5(b). 

Second, the stability for the parallel shock is shown in Fig.15, where the results with and without 

the modification of the numerical fast magnetosonic speed at the interface (Eq. (29)) are presented to 

examine the effect of the modification. Indeed, without the modification, in the high-𝛽 regime (𝛽 >
2/𝛾), the stability is improved compared with HLLD, while in the moderate- and low-𝛽 regime (𝛽 <
2/𝛾 ), the scheme remains unstable. On the other hand, with the modification, the stability in the 

moderate-𝛽  regime (2/𝛾𝑀0
2 < 𝛽 < 2/𝛾 ) is improved without degrading the stability in the high-𝛽 

regime. Although in the low-𝛽 regime (𝛽 < 2/𝛾𝑀0
2) the stability is not improved, this is the effect of 

the Heaviside step function in Eq. (30), which is necessary to prevent the numerical breakdown.  

These results demonstrate that HLLD+M significantly improves the stability compared with the 

original HLLD and other schemes known as robust for MHD equations. 
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6. Numerical tests 

This section presents the numerical simulation results of MHD test problems to assess the capability of 

HLLD+M scheme through comparison with the HLLD, MLAU and LHLLD schemes. We employ the 

second order MUSCL reconstruction with a minmod limiter for spatial reconstruction, the third order 

TVD Runge–Kutta method [31] for time integration, and hyperbolic divergence cleaning method [26] 

to constrain the divergence error. The specific heat ratio 𝛾 is 5/3 and CFL number is 0.4, unless otherwise 

stated.  

6.1 Parallel shock 

This test is the same situation as that of section 4.2, where Roe and HLLD scheme are unstable for 𝑀𝐹 >
1.  The results of HLLD+M scheme when 𝛽 is high, moderate and low at 𝑀0 = 20 at 1,000 time steps 

are shown in Fig.16. There are no signs of carbuncle or other shock anomalies observed in Fig.9. These 

results agree well with the matrix stability analysis in Fig.15. Moreover, it is observed that for 𝛽 =
0.001, the shock thickness is slightly reduced by the correction of 𝑐𝑓 as mentioned in section 5.2. As 

shown in Fig.16(d), when  𝑟1 in Eq. (30) is altered to 𝑟1 = min(𝛽𝐿 , 𝛽𝑅) /max(2/𝛾𝑀0𝐿
2 , 2/𝛾𝑀0𝑅

2 ), the 

shock becomes thicker than that in Fig.16(c). However, for 𝛽 = 0.001, as mentioned in section 4.2, the 

transverse velocity slowly grows, leading to the instability after a large number of time steps more than 

2,000 time steps like HLLD. An improvement of the stability for the low-𝛽 parallel shocks is left for 

future work.  

 

Figure 14:  Stability maps for 𝑀0 versus 𝛽 on the curves where 𝑀𝐹 is constant for (a) HLLD+M, (b) MLAU 

and (c) LHLLD. 

 

Figure 15: Maximum values of the real parts of the eigenvalues against 𝛽 for each 𝑀0 for HLLD+M (a) with 

and (b) without modification of the numerical fast magnetosonic speed (Eq. (29)) in parallel shocks. 
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6.2 Orszag-Tang vortex 

The Orszag–Tang vortex is a standard two-dimensional MHD test problem to verify the capability of 

capturing multiple interactions of shock waves and vortices [32]. The initial condition is 

(𝜌, 𝑢, 𝑣, 𝑤, 𝐵𝑥 , 𝐵𝑦, 𝐵𝑧, 𝑝) = (𝛾
2, − sin(𝑦) , sin(𝑥) , 0,− sin(𝑦) , sin(2𝑥) , 𝛾). 

The computational domain of 0 < 𝑥 < 2𝜋  and 0 < 𝑦 < 2𝜋  is resolved by 100×100 cells. The 

computations are conducted until 𝑡 = 𝜋. The periodic boundary condition is applied to all the boundaries. 

In Fig.17, the density contours are shown for HLLD and HLLD+M. They overall look similar, 

capturing important physics such as shock interactions. The density profiles along 𝑦 = 1 line are shown 

in Fig.18. This result also indicates that HLLD and HLLD+M have almost the same profile. From this 

example, it is demonstrated that HLLD+M successfully handle complex shock interactions as well as 

HLLD despite the additional diffusion term. 

Figure 16: Density contours of HLLD+M scheme in parallel shocks for (a) high-𝛽 ( 2/𝛾 < 𝛽), (b) moderate-𝛽 

( 2/𝛾𝑀0
2 < 𝛽 < 2/𝛾), (c) low-𝛽 ( 𝛽 < 2/𝛾𝑀0

2) and (d) low-𝛽 ( 𝛽 < 2/𝛾𝑀0
2) with altered 𝑟1. 

Figure 17: Density contours in the Orszag–Tang vortex with (a) HLLD and (b)HLLD+M. 
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6.3 MHD blast wave 

In this test problem, we simulate the propagation of MHD shock in a strongly magnetized medium. 

There are several variants for this problem, but we set the initial condition as follows [33]: 

(𝜌, 𝑢, 𝑣, 𝑤, 𝐵𝑥 , 𝐵𝑦, 𝐵𝑧, 𝑝) = (1,0,0,0,10/√2, 10/√2, 0,100), inside a circle centered at the origin with 

0.125 radius, 

(𝜌, 𝑢, 𝑣, 𝑤, 𝐵𝑥 , 𝐵𝑦, 𝐵𝑧, 𝑝) = (1,0,0,0,10/√2, 10/√2, 0,1)    , elsewhere. 

The computational domain of −0.5 < 𝑥 < 0.5 and −0.5 < 𝑦 < 0.5 is resolved by 256×256 cells. The 

computations are conducted until 𝑡 = 0.02. 

The density contours and profiles along 𝑥 + 𝑦 = 0 line are shown in Fig.19 and Fig.20, respectively, 

for HLLD and HLLD+M. From these figures, almost no noticeable difference can be observed. This 

indicates that although 𝛽 is low (= computationally severe setup) in the low-pressure region (𝛽 = 0.02) 
in this test problem, the senser in Eq. (30) is not activated unless the shock is a parallel shock and an 

appropriate amount of dissipation is provided. 

 

Figure 18: Density profiles along 𝑦 = 1 line in the Orszag–Tang vortex with HLLD and HLLD+M. 

Figure 19: Density contours in the MHD Blast Wave with (a) HLLD and (b)HLLD+M. 
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6.4 MHD rotor 

In this test problem, we simulate the strong torsional Alfvén waves, which are generated by the rapid 

rotation of the dense fluid and launched into the surrounding medium. We set the initial condition as 

follows [34]: 

𝑩 = (
2.5

√4𝜋
, 0,0) , 𝑝 = 1,𝑤 = 0, 

(𝜌, 𝑢, 𝑣) = {

(10, 𝑢𝑟 , 𝑣𝑟), 𝑟 ≤ 0.1
(1 + 9𝑓𝑟, 𝑢𝑟𝑓𝑟, 𝑣𝑟𝑓𝑟), 0.1 < 𝑟 ≤ 0.115

              (1,0,0), 0.115 < 𝑟

, 

with 𝑢𝑟 = 5 − 10𝑦, 𝑣𝑟 = 10𝑥 − 5, 𝑓𝑟 = (23 − 200𝑟)/3  and 𝑟 = √(𝑥 − 0.5)2 + (𝑦 − 0.5)2 . The 

computational domain of 0 < 𝑥 < 1  and 0 < 𝑦 < 1  is composed of 400×400 cells. The periodic 

boundary condition is applied to all the boundaries. The computations are conducted until 𝑡 = 0.25. 

The pressure contours and profiles along 𝑦 = 𝑥 line are shown in Fig.21 and Fig.22, respectively, 

for HLLD and HLLD+M. From these figures, almost no noticeable difference can be observed. This 

indicates that the additional diffusion term of the pressure flux does not affect the resolution of the 

Alfvén waves. 

 

Figure 20: Density profiles along 𝑥 + 𝑦 = 0 line in the MHD Blast Wave with HLLD and HLLD+M. 

Figure 21: Pressure contours in the MHD Rotor with (a) HLLD and (b) HLLD+M. 
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6.5 Richtmyer-Meshkov instability 

We simulate the Richtmyer-Meshkov instability induced when a shock collides with a corrugated contact 

discontinuity. The initial condition is as follows [22, 23]: 

(𝜌, 𝑢, 𝑣, 𝑤, 𝐵𝑥 , 𝐵𝑦, 𝐵𝑧, 𝑝) = (1,0, −1,0,0.000034641,0,0,0.00006),                             𝑦 > 0, 

(𝜌, 𝑢, 𝑣, 𝑤, 𝐵𝑥 , 𝐵𝑦, 𝐵𝑧, 𝑝) = (3.9988,0,−0.250075,0,0.000138523,0,0,0.75), 𝑦 < 0, 

which satisfies the Rankine-Hugoniot condition for perpendicular shocks. The upstream Mach number 

is 𝑀0 = 100  and the plasma beta is 𝛽 = 105 . A corrugated contact discontinuity is located in the 

upstream region, 𝑦𝑐𝑑 = 𝑌0 + 𝜓0cos (2𝜋𝑥/𝜆 ) , where 𝑌0 = 1 , 𝜓0 = 0.1  is the corrugation amplitude, 

Figure 22: Pressure profiles along 𝑦 = 𝑥 line in the MHD Rotor with HLLD and HLLD+M. 

Figure 23: Density contours in the Richtmyer-Meshkov instability with (a) HLLD, (b) LHLLD, (c) MLAU and 

(d) HLLD+M. 
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and 𝜆 = 1.0 is the wavelength. The density behind the contact discontinuity 𝑦 > 𝑦𝑐𝑑 is given by 𝜌 =
10. We shift a frame moving with 𝑣 = −0.625, which is the interface velocity after the collision with 

the incident shock so that the structure of the RMI stays around 𝑦 = 0 during the simulation, leading to 

minimization of the numerical dissipation for capturing the contact discontinuity. The computational 

domain of −𝜆/2 < 𝑥 < 𝜆/2 and −20𝜆 < 𝑦 < 20𝜆 is composed of 𝑁 × 40𝑁 cells (∆𝑦/∆𝑥 = 1), where  

𝑁 = 64. The boundary condition is periodic in the x-direction and is fixed to the initial state in the y-

direction. CFL number is set to 0.4.  

Figure 23 shows the density contours at 𝑡 = 15 obtained with (a) HLLD, (b) LHLLD, (c) MLAU 

and (d) HLLD+M scheme. HLLD scheme exhibits the grid-scale oscillation at the shock front, while 

the other schemes successfully eliminate this unphysical oscillation as shown in Fig.24. Figure 25 

indicates that the profiles of HLLD and HLLD+M are similar and the additional diffusion term of the 

pressure flux does not degrade the accuracy of the spike, while the profiles of LHLLD and MLAU are 

smeared.  

Figure 24: Density profiles along 𝑦 = 2.5 line in the Richtmyer-Meshkov instability with HLLD, LHLLD, 

MLAU and HLLD+M. 

Figure 25: Density profiles along 𝑦 = 0.3 line in the Richtmyer-Meshkov instability with HLLD, LHLLD, 

MLAU and HLLD+M. 
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Under a more stringent condition, where the grid aspect ratio is set to ∆𝑦/∆𝑥 = 4  with a  

2𝑁 × 40𝑁/2 grid resolution, the density contours at 𝑡 = 15  obtained with (a) LHLLD, (b) MLAU, (c) 

HLLD+M and (d) HLLD+M without 𝑝𝑢𝑦 in Eq. (22) are presented in Fig.26. It is observed that only 

HLLD+M suppresses the unphysical oscillation for this severe test, and the transverse diffusion term 

𝑝𝑢𝑦 is found effective for stabilizing shocks aligned with high-aspect-ratio grids. It is thought that the 

transverse dissipation suppresses the transverse perturbations that are believed to trigger the carbuncle 

phenomenon. It is confirmed that HLLD+M is more robust against shock anomalies than the other 

existing schemes within the scope of the present tests.  

7. Conclusions 

In this study, we applied the matrix stability analysis of the carbuncle phenomenon, which has been 

validated in Euler equations, to ideal MHD equations for the first time. First, the results of the matrix 

stability analysis for perpendicular shocks showed that HLL scheme is stable for any 𝑀0 and 𝛽, while 

the stability of Roe and HLLD schemes depends on the relationship between 𝑀0 and 𝛽. Moreover, the 

results suggested the existence of a critical fast magnetosonic Mach number at which the shock becomes  

unstable. This insight was validated through the numerical simulations by focusing on the evolution of 

the transverse velocity.  

Second, the results of the matrix stability analysis for parallel shocks showed that HLL scheme is 

stable for any 𝑀0 and 𝛽, while the stability of Roe and HLLD schemes are unstable for any upstream 

Mach number 𝑀0 and plasma-beta 𝛽, which is consistent with the results of the matrix stability analysis. 

We expressed HLLD scheme in an AUSM-like form and improved the shock robustness by adding 

the velocity diffusion term into the pressure flux, as inspired from AUSM+M for hydrodynamics, 

leading to HLLD+M scheme. In particular, the numerical fast magnetosonic speed varying with 𝛽 was 

introduced for the robustness against the parallel shocks. The results of the matrix stability analysis 

indicated that the present scheme is stable for a wide range of the fast magnetosonic Mach number in 

Figure 26: Density contours in the Richtmyer-Meshkov instability with (a) LHLLD, (b) MLAU, (c) HLLD+M 

and (d) HLLD+M without 𝑃𝑢𝑦. 
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perpendicular shocks in MHD. Also, in parallel shocks, the stability is improved except for the low-𝛽 

regime. 

The numerical tests demonstrated that the proposed scheme produced almost identical results to 

HLLD for basic MHD test problems. This showed that the additional diffusion term has no adverse 

effect on the accuracy of the solution. In the Richtmyer-Meshkov instability, the shock robustness of the 

present scheme was compared with the HLLD, LHLLD and MLAU schemes. These results indicated 

that the present scheme is more robust than the other schemes even in the high-aspect-ratio grids. 

This study provides insights into the mechanisms underlying numerical shock instabilities in 

magnetohydrodynamics and lays the foundation for further investigations of this phenomenon. In 

particular, parallel shocks under low- 𝛽  conditions require further investigation. The remaining 

challenges are the all-speed extension of the present scheme and the enhancement of stability in low-𝛽 

plasmas. The AUSM-like expression of HLLD will contribute to improving the extensibility for these 

challenges. 
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