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Abstract:

Projection-based reduced-order models (ROMs) provide efficient surrogates for repeated high-
fidelity simulations, but their accuracy can deteriorate in domain-decomposed reduced-order mod-
els (DDROMs) when local reduced coefficients are affected by unresolved modes and interfa-
cial interactions with neighboring subdomains. This work studies a closure-enhanced DDROM
(Closure-DDROM) framework for coupled physical systems. For each subdomain, a local proper
orthogonal decomposition (POD) basis is constructed, and Galerkin projection is used to obtain
the Markovian reduced dynamics. The discrepancy between the projected high-fidelity reduced
dynamics and the Markovian local model is then formulated as a finite-memory closure term in-
spired by the Mori—Zwanzig formalism and learned from reduced-order histories using recurrent
neural networks (RNNs). The learned closure is incorporated into the online reduced-order rollout
to compensate for the missing reduced dynamics. The framework is assessed using an advection-
diffusion-reaction problem and a two-dimensional vorticity-streamfunction flow problem. In both
cases, the Closure-DDROM framework improves the accuracy of the baseline local POD-Galerkin
DDROM and better preserves the high-fidelity dynamics. These results indicate that residual-based
finite-memory closures offer a promising mechanism for improving local POD-Galerkin DDROMs,
while further investigation is needed to assess parameter generalization, long-time stability, and
interface consistency.

Keywords: Reduced Order Model, Domain Decomposition, Neural Closure, Proper Orthogonal
Decomposition.

1. Introduction

High-fidelity simulations of time-dependent partial differential equations (PDEs) remain computationally
demanding, especially when repeated simulations are required for design exploration, parametric studies,
uncertainty quantification, or optimization. Projection-based reduced-order models (ROMs) reduce this
cost by approximating the full-order state in a low-dimensional trial space and evolving a smaller set
of generalized coordinates. Proper orthogonal decomposition (POD) is one of the standard data-driven
tools for constructing such spaces from high-fidelity snapshot data [1, 2, 3].

For large-scale coupled systems and geometrically complex domains, a single global reduced basis may
be inefficient or difficult to interpret. Domain-decomposed reduced-order models (DDROMs) address
this issue by constructing local reduced spaces on subdomains or components and coupling the resulting
reduced systems through interface conditions or reduced transmission models [4, 5, 6, 7]. Recent work has
considered several strategies for coupling local reduced models, including flux-based coupling, composite
reduced bases, Schur-complement formulations, and boundary response maps [8, 9, 10].

Despite these developments, local POD-Galerkin ROMs may still exhibit accuracy loss during online
prediction. In particular, aggressive modal truncation removes dynamically relevant information, while
the coupling of independently reduced subdomains can introduce additional residual effects at interfaces.
These unresolved contributions appear in the reduced equations as a discrepancy between the projected
full-order dynamics and the Markovian reduced-order dynamics obtained by local Galerkin projection.
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For long or nonlinear rollouts, this discrepancy can accumulate and degrade the predicted reduced
trajectory [7].

The Mori—Zwanzig (MZ) formalism provides a useful interpretation of such unresolved effects by decom-
posing the evolution of resolved variables into Markovian, memory, and noise contributions [11, 12, 13].
In reduced-order modeling, this viewpoint motivates closure terms that compensate for the influence of
truncated or unresolved modes. Data-driven closure models, including recurrent neural network clo-
sures and latent-space closure models, have therefore been investigated as practical approximations of
history-dependent reduced dynamics [14, 15, 16, 17].

In this work, we develop a closure-enhanced DDROM (Closure-DDROM) framework based on local
POD-Galerkin projection. The baseline model is obtained by constructing local POD bases on each
subdomain and applying Galerkin projection to the corresponding local full-order operators. The closure
model is trained to approximate the right-hand-side residual discrepancy between the projected full-order
dynamics and the unclosed DDROM dynamics. Motivated by the finite-memory interpretation of the
MZ formalism, this residual closure is represented by a gated recurrent unit (GRU) network that takes
recent reduced-coordinate histories as input [18]. The trained closure is then inserted into the online
reduced-order rollout, while the intrusive Galerkin structure of the baseline DDROMsS is retained.

The main contributions of this study are threefold. First, we formulate a residual-based neural closure
for local POD-Galerkin DDROMs in which the learned term corrects the reduced dynamics rather than
replacing the full reduced dynamics. Second, we clarify the offline and online roles of the closure
model, including the construction of the residual training target and its use during time integration.
Third, we assess the resulting Closure-DDROM framework on two decomposed test problems: an
advection-diffusion-reaction equation with Robin-type transmission conditions and a two-dimensional
multi-injector flow with strong injector-injector coupling. The numerical results compare the proposed
closure-enhanced model with the standard unclosed DDROM baseline.

2. Methodology

2.1 Reduced basis method

We consider a semi-discrete full-order model (FOM) of the form

duy, (1) _ .
dr = f(uh(t),(t)), (1)
un(0) = upo,

where u;,(t) € RY is the full-order state vector and w denotes the physical or geometrical parameters.
In projection-based model order reduction, the FOM state is approximated in an affine low-dimensional
trial space,

up(t) ~ i+ Val(t), 2)

where i € RV is a reference state, V € RV*" is a reduced basis matrix, and a(f) € R” is the vector of

reduced coefficients, with » << N. The basis V is obtained by POD and is assumed to be orthonormal:
ViV =1, 3

Substituting the reduced approximation into the FOM and applying Galerkin projection gives

Vv

Tvd‘;—y) =V f(Va(t) + it; w). 4
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Since VTV = I,, the standard POD-Galerkin reduced-order model is

O v f(Vat) + i) )

2.2 Domain-decomposed local reduced-order model

To handle complex geometries and localized phenomena, the global computational domain € is parti-
tioned into Ny subdomains, = Uf\isl Q;. Instead of extracting a global basis, the high-fidelity snapshot
data is decomposed accordingly, and local POD bases V; are extracted independently for each subdomain.
By treating each subdomain as an independent system, the local full-order state uj, ; evolves as

duh,i
dr

= Fi (upi» {un,j}jen;: ) i=1,...,Ns, (6)
where N; is the set of neighboring subdomains. The operator F; includes both the interior discretized
dynamics on €; and the coupling terms induced by the interface conditions.

The subdomain coupling is enforced through transmission conditions on the shared interfaces. Let I';;
denote the interface between ; and Q;, and let k be the Schwarz iteration index. A Robin-type interface
condition can be written in the abstract form

Bij (M](l];)) = Bji (u;l]fj_l)) . on Fij, (7)

where 8B;; denotes a Robin trace operator combining Dirichlet and Neumann information. Upon conver-
gence of the Schwarz iterations, the neighboring states are incorporated into the local operator F;. For
each subdomain, we construct a local POD basis V; € RV*"i and approximate

un,i(t) = it; + V;a;(t), ®)

where «;(t) € R"". Applying Galerkin projection locally gives the baseline domain-decomposed ROM
(DDROM),

do;
d_tl = Ri(ai. {a;}jen;; w), 9
with
Ri (@i {a;}jen;w) = VI Fi(i; + Viap, {i; + Vi) jen; w). (10)

2.3 Mori-Zwanzig formalism

The Mori-Zwanzig (MZ) formalism provides a rigorous theoretical framework for understanding the
effect of unresolved variables on the resolved dynamics. By treating each subdomain as an independent
system with exact interface conditions, the closure exclusively accounts for the unresolved scales lost
during the local POD truncation.

Using projection operators P (onto the resolved subspace) and Q = I — %P (onto the unresolved subspace),
the MZ identity rewrites the exact evolution of a resolved observable (such as the POD coefficients) into
three distinct components:

da(t)
dr

t
e'LPLa(0) + ' LQLa(0) + / e "Lp £e52LQ L (0) ds, (1)
0

Markov term Noise term
Memory term

where L is the Liouville operator of the underlying system.

In the limiting case where the full-order trajectory remains on the resolved POD manifold, the MZ Marko-
vian contribution reduces to the standard POD-Galerkin right-hand side. However, the projected FOM
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dynamics generally contains contributions that are not represented by the local Galerkin dynamics R;.
These contributions may arise from unresolved POD modes, projection residuals, and coupling effects
introduced by the independent reduction of neighboring subdomains. The MZ formalism provides a the-
oretical interpretation of such unresolved effects by decomposing the resolved dynamics into Markovian,
noise, and memory terms [11, 12, 13]. In the present work, we use this viewpoint as motivation for a
finite-memory residual closure rather than as an exact evaluation of the MZ memory kernel. We augment

the baseline DDROM as
da; (1)

dr
where M, denotes the closure correction for subdomain Q;.

= Ri(ai, {a;}jen;) + Mi(t; w). (12)

2.4 Artificial neural network memory model

Guided by the Mori-Zwanzig formalism, we approximate the time-dependent closure term using a
recurrent neural network (RNN) [19]. Specifically, a Gated Recurrent Unit (GRU) is employed to capture
finite-memory effects [20, 18], offering an efficient alternative to Long Short-Term Memory (LSTM) [21]
networks with fewer trainable parameters.

For a memory length of ¢, the input at time ¢, is the local reduced-coeffients history
n-g+l:n _ n—qg+1 n
% —(a/l. a/) (13)
The learned closure is then written as

Mi(tw; ) ~ Mig (a'?“f”’";w) , (14)

1

where 6 denotes the trainable network parameters.

Fundamentally, the neural network is trained to learn the missing right-hand side dynamics. Thus, the
exact training target is formulated as the residual discrepancy between the projection of the full-order
dynamics and the unclosed Markovian evaluation,

M (tp; ) = Vi Fi(ups w) — Ri(ai(tn), {a;(tn) } jen;; ). 15)

The internal hidden state of the GRU is updated recursively. For an input vector x, (drawn from the
sequence «;) at time #, and the preceding hidden state h,_;, the gating operations are computed as
follows:

Zn=0Wuxy, +Ushy_1 +by), (16)
rn=0W.x, +U hy_1 +b,), (17)
By = tanh(Wpxy + Up(rn © hp_1) + bp), (18)
By =(1=2,) ©hy 1 +2, O hy. (19)

Here, z, and r, are the update and reset gates, respectively, ;1-” is the candidate hidden state, o(-) is the
sigmoid activation, and © denotes element-wise multiplication. The closure output is obtained from the
final hidden state through an affine map,

Mg = Wohy + bo. (20)

The network parameters are trained by minimizing the mean-squared error between the predicted closure
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and the residual target over the training snapshots,

1
No:
train n

F0) = = 3 Mo (@M ) - M) an
€T

train

In the numerical experiments, the optimization is initialized with Adam [22] for the first 90% of training,
performing fast mini-batch exploration, and then refined using full-batch L-BFGS [23] for the final 10%
of epochs to drive the gradient residuals to a strict local minimum.

After training, the online closed DDROM is advanced as

da’i(tn)
dt

= R; (af’, {a;’}jeNi;w) + Mg (a?_qul:";w) ) (22)

3. Numerical results

This section evaluates the proposed Closure-DDROM against the standard local POD-Galerkin DDROM.
The comparison focuses on reconstruction accuracy at the final simulation time and on the spatial
distribution of the absolute error. For a reconstructed field u#, and the corresponding FOM reference u;,,
the final-time error is evaluated using

ool
rel — .
[GIE

The mean absolute error and maximum absolute error are also reported over the spatial degrees of
freedom. Unless otherwise stated, both the standard DDROM and the Closure-DDROM use the same
local POD dimensions, time integrator, and domain-decomposition interface treatment.

e =up(T) —ur(T),

3.1 Advection-diffusion-reaction equation

The first test case is a decomposed linear advection-diffusion-reaction (ADR) problem on the unit square.
This example is used to assess whether the learned closure can reduce the final-time error of a local POD-
Galerkin DDROM in a setting where the subdomains have different transport behavior. The governing
equation on each subdomain s € {A, B} is

aa”: — usAus + By - Vis + oug =0, X € Q. (23)
10° F 10°
10" a
10 | w0 b
10°F 10° F
€ 107} & 10°r
107 F w07k
10° F 10°
0" O
' ' ' ' ' L 10" ' ' ' ' .
1 10 20 30 40 50 1 10 20 30 40 50
k k
(a) Subdomain A (b) Subdomain B

Figure 1: Decay of POD singular values for the local bases in the ADR test case.

The global domain is partitioned into two subdomains sharing the interface I' = {0.6} x [0, 1]. The
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physical parameters dictate distinct transport behaviors: Subdomain A is advection-dominated (14 = 1/3,
Ba=(3,2)T, 04 = 1), whereas Subdomain B is purely diffusive (ug = 1, Bg = (0,0)7, o = 0).

The FOM is discretized on a uniform Cartesian mesh with 4, = h, = 0.01. Time integration is performed
using a fully implicit Euler method with Az = 2.5 x 10™* up to 7 = 0.05. The subdomain coupling is
enforced by a Schwarz alternating procedure with Robin-type transmission conditions, using a maximum
of 100 iterations per time level and a convergence tolerance of 107% [24, 25]. The Robin parameter is
set to 4 = 10 on both sides of the interface. At cross-points where the interface intersects the global

boundary, overlapping nodal contributions are averaged with weight 0.5 during assembly.
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Figure 2: Training loss histories for the local reduced-order models in the ADR test case.
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Figure 3: Comparison of reconstructed spatial fields and absolute error distributions for the ADR system

atT = 0.05.

There are 201 snapshots in total. Figure 1 shows the singular value decay of the local POD snapshot
matrices. For the reduced representations, the POD latent dimension is truncated at » = 5 for both
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subdomains. The GRU closure model uses a hidden dimension of 32 and a memory length of ¢ = 5.
All 201 snapshots are used for training, with a batch size of 64, a single layer, and 1000 epochs. The
convergence of the neural network training process is confirmed by the loss histories depicted in Figure 2.

Figure 3 compares the final-time reconstructed fields and absolute error maps. The corresponding
quantitative errors are summarized in Table 1. The standard DDROM gives a relative L, error of
4.96 x 1072, while the Closure-DDROM reduces this value to 1.74 x 1072, The maximum absolute error
is also reduced from 5.73 x 1072 to 1.84 x 10~2. These results indicate that, for this ADR test case, the
learned residual closure improves the final-time reconstruction accuracy relative to the unclosed DDROM
baseline.

Table 1: Quantitative error metrics for the ADR.

Model Mean Abs. Error Max Abs. Error L, Error Relative L,
Standard DDROM 2.60x 1073 5.73 x 1072 711 x 107" 4.96 x 1072
Closure-DDROM 9.29x 1074 1.84 x 1072 249 %1071 1.74x 1072

3.2 Coupled Multi-Injector Flows

The second numerical application focuses on the more complex three-injector flow configuration shown
in Figure 4a. A plane Poiseuille flow profile with an average velocity of u,y,s = 1.0 is prescribed at the
inlet boundary, defined as uiyer = 65(1 — ¥), where § is the vertical coordinate normalized by the single
injector height hjpjector. No-slip conditions (uy,; = 0) are imposed along all solid boundaries, while
a standard zero-gradient outflow condition (d,u = 0) is applied at the outlet. The high-fidelity model
employs the vorticity-streamfunction formulation solved by second-order finite differences and explicit
Runge-Kutta time integration. Consistent boundary conditions for the vorticity w and streamfunction ¢
are enforced through the physical velocity constraints w = V X u and u = (d,¢, —0x¢) . Additionally, a
multigrid solver is utilized for the Poisson equation to accelerate convergence.

Uyan = 0
60 1.0
injector 3 ﬂljmm - 50— 0.8
0.6
40 0.4
—> 0.2
~ e 0.0
injector 2 § Uinlet = 69(1 = 9) —> 0, =0 30 02
Y 20 -0.4
-0.6
y 10 RS- -0.8
injector 1 1.0
00 1‘0 2‘0 3‘0 4‘0 5‘0 Gb 7‘0 80
X X
Uy = 0
(a) Three-injector flow configuration. (b) High-fidelity vorticity field at r = 275.0s.
Figure 4

For the reduced-order modeling procedure, POD snapshots are collected from the developed flow regime
over the time interval ¢t € [275.0,375.0] s. The initial snapshot time, shown in Figure 4b, is selected after
the injector-induced vortical structures and their mutual interactions have become sufficiently developed.
A total of 401 snapshots were extracted to construct the basis. The reduced-order approximation for
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vorticity w and streamfunction ¥ is given by:

wn(%,1) ~ 0 (%,1) = B(X) + Y (D (x), (24)
i=1

(%0 = U (%.0) = () + ) ai(09] (%), (25)
i=1

Streamfunction using the same time-dependent coefficient as vorticity, since the vorticity and streamfunc-
tion are related by the Poisson equation. To construct the local reduced-order bases, the POD singular
value decay for each of the three independent subdomains is analyzed (see Figure 5).

102 b 10% - 102 |
100 | 10° 100 |
102 F 1072 | 1072 |-

104 |k 1074 1074}

(a) Subdomain A (b) Subdomain B (c) Subdomain C

Figure 5: Decay of POD singular values for the three subdomains in the multi-injector flow.

Based on this decay, the latent dimension is truncated at » = 5 across all subdomains. To robustly capture
the non-Markovian interfacial dynamics, the GRU closure networks utilize a hidden dimension of 64
and a memory sequence length of ¢ = 8. Figure 5 shows the POD singular value decay for the three
local subdomains. The models are trained for 1000 epochs, and the training loss histories are shown in
Figure 6.

100 F 100 F 100 -
1071+ 10-1F 10-1 F
1072 1072 1072
@ 1073 - @ 1073 F @ 1073 -
G 10t S 10t S 101}
10- 107° 107° -
10-6 1076 - \\ 10-6

1077 ceeee L-BFGS start \5 1077 F eeev L-BFGS start 1077 | ===-- L-BFGS start L

0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Epoch Epoch Epoch
(a) Subdomain A (b) Subdomain B (¢) Subdomain C

Figure 6: Training loss histories for the multi-injector sub-models.

The necessity of the proposed closure formulation becomes particularly evident in the multi-injector
configuration. The final-time reconstructed fields and absolute error maps in Figure 7 show that the
standard DDROM suffers from rapid error accumulation, with unphysical oscillations primarily localized
around the vortical structures.

This behavior is further quantified in Table 2. The unclosed DDROM yields a relative L, error of
4.24 x 10! and a maximum absolute error of 1.40, whereas the Closure-DDROM reduces these errors
to 3.16 x 1072 and 1.22 x 10~!, respectively. This corresponds to an error reduction of approximately
one order of magnitude in both metrics. These results demonstrate that, for the multi-injector case, the
learned closure term significantly improves the final-time reconstruction accuracy and preserves the main
physical structures of the high-fidelity trajectory. A trajectory-level error analysis will be useful in future
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Figure 7: Reconstructed flow fields and absolute error maps for the multi-injector configuration.

work to further assess whether this improvement is maintained throughout the full online rollout.

Table 2: Quantitative error metrics for the multi-injector flow.

Model Mean Abs. Error Max Abs. Error L, Error  Relative L,
Standard DDROM 3.71 x 1072 1.40 x 10° 2.85%x10% 4.24x 107!
Closure-DDROM 3.02x 1073 1.22x 1071 2.13x 10! 3.16 x 1072

4. Conclusion

This work investigated a closure-enhanced domain-decomposed reduced-order modeling framework for
local POD-Galerkin ROMs. The baseline DDROM was constructed by applying Galerkin projection
independently on local POD spaces, while the closure term was trained to approximate the residual
discrepancy between the projected full-order dynamics and the unclosed reduced dynamics. Motivated
by the Mori—Zwanzig interpretation of unresolved effects, the closure was represented by a GRU model
that uses finite histories of reduced coordinates during online prediction.

The approach was assessed on two decomposed numerical examples. For the advection-diffusion-reaction
problem, the Closure-DDROM reduced the final-time relative L, error from 4.96 x 1072 t0 1.74 x 1072
compared with the standard DDROM. For the multi-injector vorticity-streamfunction flow, the relative
L, error decreased from 4.24 x 10™! to 3.16 x 1072, The corresponding error maps show that the closure
correction reduces the spatial error levels in the tested online rollouts.

The predictive capability and algorithmic robustness of the framework were validated through both
linear and non-linear transport systems. In the ADR case, the closure-augmented model achieved a
substantial enhancement in reconstruction accuracy over the baseline. More importantly, in the highly
non-linear multi-injector flow problem, where the standard unclosed DDROM suffered from rapid error
accumulation and noticeable perturbations within the vortex structures, the proposed Closure-DDROM
successfully suppressed these unphysical oscillations. By stabilizing the interfacial state exchanges, the
closed system accurately tracked the high-fidelity trajectory and preserved the essential vortex dynamics.
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These results suggest that residual-based neural closures provide a practical way to improve the accuracy
of local POD-Galerkin DDROMSs without replacing the intrusive reduced operator. At the same time,
the present study is limited to the reported test configurations. Future work will focus on the theoretical
and numerical characterization of the proposed closure formulation. Key issues include the long-
time stability of the closure-enhanced reduced system, parameter generalization to unseen physical or
geometrical configurations, and the sensitivity of the method to the memory length, POD dimension, and
neural-network architecture. A stricter treatment of interface consistency is also needed to better control
inter-subdomain information exchange. Finally, extensions to three-dimensional flow configurations
and broader comparisons with alternative closure, stabilization, and interface-coupling strategies will
be important steps toward a more general and reliable domain-decomposed reduced-order modeling
framework.
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