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THE DISPERSIONLESS INTEGRABLE SYSTEMS AND
RELATED CONFORMAL STRUCTURE GENERATING
EQUATIONS OF MATHEMATICAL PHYSICS

OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE,
AND ANATOLIJ K. PRYKARPATSKI

ABSTRACT. Based on the vector fields on the complexified torus and the
related Lie-algebraic structures, we devise an approach to constructing
multidimensional dispersionless integrable systems, describing conformal
structure generating equations of mathematical physics. As examples,
we have analyzed Einstein—Weyl metric equation, the modified Einstein—
Weyl metric equation, the Dunajski heavenly equations, first and second
conformal structure generating equations, inverse first Shabat reduction
heavenly equation, first Plebanski heavenly equation, modified Plebanski
equation and
Husain heavenly equation.

1. VECTOR FIELDS ON THE COMPLEXIFIED TORUS T¢ AND THE RELATED

LIE-ALGEBRAIC PROPERTIES

It is well known [13] that the loop Lie algebra G := m (T™), consisting
of the set of smooth mappings {C! > S! — G = dif f(T"}, extended, re-
spectively, holomorphically from the circle S' ¢ C! on the disc ]D)L of the
internal points A € D! and on the disc D! of the external points A\ € C\D!,
can be centrally extended as G := (%‘(T");Rl), where for elements (a; o)
and (b;3) € G the commutator

and the 2-cocycle ws : G X G — R! satisfies the condition
(1.2) wa([a, b], &) + wa([b, d, @) + wa([é a],b) =0

for any @,b and ¢ € G. For arbitrary n € Z the cocycle ws : GxG—R' can
be taken in the unique Cartan-Maurer form

(1.3) wa(a, B) = res/ (< a(z,y; A), Ob(z,y; A) > dady,
AEC Jrn «st

where have denoted by < -, > the standard scalar product in the Euclidean
space E™ and parametrized the Lie algebra G = gz_}/f (T™) by means of an
additional spatial parameter y € S!'. For the case n = 1 the cocycle (1.3)
above can be extended by means the Gelfand-Fuchs 2-cocycle [6]

_p0%a(x; X) Ob(x; \)

1.4 09(a, b) = A dzd
(14) ©2(,b) = res / TR Pl

for any vector fields @ = a(z, y; )\)%,I; = b(z,y; )\)% € G on T, parameterized
by means of the spatial parameter y € S* and a fixed integer p € Z.

Yet, the scheme, based on the central extension technique, does not allow
[7] to construct effectively commuting to each other spatially multidimensional
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linear differential expressions and, thereby, generate completely integrable non-
linear equations in partial derivatives. Taking into account this fact, we will
describe below a direct scheme of describing infinite hierarchies of commuting to
each other spatially multidimensional linear vector field equations, generating
completely integrable nonlinear Hamiltonian systems on functional manifolds,
many of which are important for applications in modern mathematical physics.

2. THE LIE-ALGEBRAIC STRUCTURES AND INTEGRABLE HAMILTONIAN
SYSTEMS

The integrable dynamical systems related to the central extension, men-
tioned above, were described in detail in [9]. Concerning a further gen-
eralization of the multi-dimensional case related to the loop group G for
n € Z4 one can proceed in the following [7] natural way: as the Lie alge-

bra G = cm (T™) consists of the elements, depending additionally on the
“spectral” variable A\ € C!, one can extend the basic Lie structure on G =
dif f(T™) to the generalized Lie algebra G = dif fro(TE) of vector fields
on the complexified torus T¢. This Lie algebra has elements representable
Pa n Pa e —_
as a(x;A) =< a(x;)\),% >= > aj(x;)\)a%i —|—a0(x;)\)a% € G for some
=1 '

holomorphic in A € DL vectors a(x;\) € E x E" for all z € T", where
% = (%, 8%1, 8%2, - %)T is the generalized Euclidean vector gradient with
respect to the vector variable x := (A, z) € Tg. B

It is now important to mention that the Lie algebra G also naturally splits

into the direct sum of two subalgebras:

(2.1) G=G, a6,
allowing to introduce on it the classical R-structure:
(2.2) [@, bl = [Ra,b] + [a, Rb]
for any a,b € G, where

(2.3) R = (Py - P.)/2,
and

(2.4) PuG:=G. CG.

The space G* ~ AY(TZ), adjoint to the Lie algebra G of vector fields on TE,
can be functionally identified with G subject to the metric

(2.5) (La) = % jq{ (L, ),
Sl

for arbitrary [ =< I(z;)),dx >:= Z Li(z;Ndx; € G*, a =<
j=0,n
a(x; A), 0/0x>=< Z aj(z;\), 52 € G, where (La)y = [do <
- 7 T’!L
7=0,n

Iz A),alx; N) > . B
Now for arbitrary f,g € D(G*), one can determine two Lie—Poisson type
brackets

(2.6) {f.9} = (LIVF(D), VD))
and
(2.7) {f,9}= = (L [VID), VgD)r) ,

where at any seed element [ € G* the gradient element V f(I) and Vg(l) € G
are calculated with respect to the metric (2.5).
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Now let us assume that a smooth function v € I(G*) is a Casimir invariant,

that is
(2.8) ad*vw)l =0
for a chosen seed element [ € G*. As the adjoint mapping adg, f(l)l for any

f € D(G*) can be rewritten in the reduced form as

(2.9) ady ) (1) = <a Vil >z+z<< —Vf )>,dx>,

where V f(l) :==< Vf(l), & > . For the Casimir function v € D(G*) the condi-
tion (2.8) is then equivalent to the equation

(2.10) l<;x,v~y(l)> + <V~y(l), 8ax> I+ <l, ((;Z(ny(l))> =0,

which should be solved analytically. In the case when an element [ € G* is
singular as |A| — oo, one can consider the general asymptotic expansion

(2.11) Vy = Va® w3 vy PN

JEL+
for some suitably chosen p € Z. , and upon substituting (2.11) into the equation
(2.10), one can proceed to solving it recurrently.

Now let ), h(Y) € 1(G*) be such Casimir functions for which the Hamil-
tonian vector field generators

212) VAV () = (VP 0)y,  VAP) = (VRPI(1))4

are, respectively, defined for special integers p,,p; € Z4. These invariants gen-
erate, owing to the Lie-Poisson bracket (2.7), the following commuting flows:

(2.13) aljot = — <£{,Vh$>(z)>1— <z,(§XVh$>(1))>
and
(2.14) oljoy = — <a‘1,w$ﬂ(;)>z— <z,(8axw@(z>)> >,

where y,t € R are the corresponding evolution parameters. Since the invari-
ants h() h®) € 1(G*) commute with respect to the Lie-Poisson bracket (2.7),
the flows (2.13) and (2.14) also commute, implying that the corresponding
Hamiltonian vector field generators

_ 0 . - 0
(2.15) Agy = <8X,Vh(+)(l)>, Agym = <3X7Vh5f)(l)>
satisfy the Lax compatibility condition
0 - 0 - _ _
(2.16) —A A [A AVhS;")]

i — o Ag,wm = )
8y Vh+ at Vhf Vh+ ’

for all y,t € R. On the other hand, the condition (2.16) is equivalent to the

compatibility condition of two linear equations

0 0
A t = O7 ~

ot * Vh(+>)w (8y

for a function ¢ € C?(T%;C) for all y,t € R and any A € C.
The above can be formulated as the following key result:

Proposition 2.1. Let a seed vector field be | € G* and 2N Gil(gf*) be
Casimir functions subject to the metric (-,-) on the loop Lie algebra G and the
natural coadjoint action on the loop co-algebra G*. Then the following dynamical
systems

(2.18) ol/dy =

(2.17) (= + AW>)¢ =0
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are commuting Hamiltonian flows for all y,t € R. Moreover, the compatibility
condition of these flows is equivalent to the vector fields representation

(2.19) (0/0t + AvmpW =0, (9/oy+ Aw@)w =0,

where 1 € C?(R? x T%; C) and the vector fields Ath,f_l
+
by the expressions (2.15) and (2.12).

op® € G are given
N

Remark 2.2. As mentioned above, the expansion (2.11) is effective if a chosen
seed element [ € G* is singular as |A\| — oo. In the case when it is singular as
|A| — 0, the expression (2.11) should be replaced by the expansion

(2.20) VY@ @) ~ 27 3T vy P N

JEL+
for suitably chosen integers p € Z,, and the reduced Casimir function
gradients then are given by the Hamiltonian vector field generators

(2.21) VAV (1) =AM @) @) VAP (1) = AN TPV (1))

for suitably chosen positive integers p,,p; € Z; and the corresponding Hamil-
tonian flows are, respectively, written as 90l/0t = adéhm(l_)l, oljoy =

ad

vh(j“(l‘)l'

It is also worth of mentioning that, following Ovsienko’s scheme [10, 11],
one can consider a wider class of integrable heavenly equations, realized as
compatible Hamiltonian flows on the semidirect product of the holomorphic

loop Lie algebra G of vector fields on the torus T¢ and its regular co-adjoint
space G*, supplemented with naturally related cocycles.

3. THE LAX-SATO TYPE INTEGRABLE SYSTEMS AND RELATED CONFORMAL
STRUCTURE GENERATING EQUATIONS

3.1. Example: Einstein—Weyl metric equation. Define G* = dif f1,01(TL)
and take the seed element

[ = (UgA — 2ugvy — uy) dx + ()\2 — U A+ vy + vg) dX,
which generates with respect to the metric (2.5) the gradient of the Casimir
invariants A1), h(Pv) € 1(G*) in the form

(3.1) VAP ~ N0, D)7 + (—ua, v2)TA + (uy,u —0,)T + O,

VAP (1) ~ X0, 1)T 4 (—tig, v)T + (uy, —v,)TA +O(A7?)

as |A\| — oo at p, = 2, p, = 1. For the gradients of the Casimir functions
R, h¥) € 1(G*), determined by (2.12) one can easily obtain the corresponding
Hamiltonian vector field generators

~ B W O\ 2 0 3}
Athp = <Vh+ (1), 8X> = (A" + A vy +u— Uy)% + (= Ay +uy)ﬁ,

i om0\ o 9
(32) Agyw = <Vh+ ), ax> = (A va) 5 — s

satisfying the compatibility condition (2.16), which is equivalent to the set of
equations

Ut + Uyy + (WUs )z + Vollay — VyUazs = 0,
(3.3)
Vgt + Vyy + UUzy + Vg Vgy — UyVUgy = 0,

describing general integrable Einstein—Weyl metric equations [4].
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As is well known [8], the invariant reduction of (3.3) at v = 0 gives rise to
the famous dispersionless Kadomtsev—Petviashvili equation

(3.4) (Ut + vtg)g + uyy =0,

for which the reduced vector field representation (2.17) follows from (3.2) and
is given by the vector fields

_ 0 0
2
(3.5) AVh(j) = (A +u) 5 + (—Auy —|—uy)a)\7
A )\—6 —uz—a

VR T e TN

satisfying the compatibility condition (2.16), equivalent to the equation (3.4).
In particular, one derives from (2.17) and (3.5) the vector field compatibility
relationships

o 2] o
Lt (N +u)8e + (—Mug +uy) 38 =0
(3.6)
oY oY oY _
satisfied for ¢ € C?(R? x T{;C) and any y,t € R, (z,\) € T¢.
3.2. The modified Einstein—Weyl metric equation. This equation system
is

2
(3.7) Uzt = Uyy + Ugly + UZWe + Ulgy + Upy Wy + Uzed,

Wyt = UWgy + UyWy + WrWsy + AQWay — Ay,

where a; 1= u,Ww; — Wyy, and was recently derived in [14]. In this case we take
also G* = dif froi(TL), yet for a seed element [ € G we choose the form

(3.8) [ = [)\zug; + Qugwy + uy + uug) A + 20,0, P ugwy + 2u 0t Uy +
+ 3umwm2 + 2uyw, + 6uuyw, + 2un, + 3u2um — 2au,|dx+

—l—[/\2 + (wg + 3u) A + 20, tugw, + 20, Uy + w,? + 3uw, + 3u® — ald),

which with respect to the metric (2.5) generates two Casimir invariants ) ¢
1(G*),7 = 1,2, whose gradients are

(3.9) VAD (1) ~ N[ (ty —1)T + (utty + 1y, —u +wg)TAT +
+ (0, uw, — a)T)fQ] + O()\fl) ,

VD (1) ~ M(tg, —1)T + (0,wz)T A1+ 07,

as |A\| — oo at p, = 1,p, = 2. The corresponding gradients of the Casimir
functions KM, ) € 1(G*), determined by (2.12), generate the Hamiltonian
vector field expressions

(3.10)
VhY = VD ()4 = (uph, =X +w,)T,

thlr = VB D)]y = (ueh® + (wug +uy)A, =2 + (wy — wA + vw, — a)T.

Now one easily obtains from (3.10) the compatible Lax system of linear equa-
tions
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(3.11)
w % 81/1
o B e o
n + (N 4+ (wy —u)A+uw, —a) o + (ugA” + (uug + uy)A )8)\ 0,

satisfied for ¢ € C?(R? x T{;C) and any y,t € R, (z,)) € T¢.

3.3. Example: The Dunajski heavenly equations. This equation, sug-
gested in [3], generalizes the corresponding anti-self-dual vacuum Einstein equa-
tion, which is related to the Plebanski metric and the celebrated Plebanski
[12, 5] second heavenly equation. To study the integrability of the Dunajski
equations

2
(3.12) Uyt + Uyzy + Usyzy Uzgzy = Uyyzy — ¥ =0,

Vgt + Veoy + Uz xq Vaoas — Quzlznglwg = 07

where (u, v) € C®(R? x T%R?), (y,t;71,72) € R? x T2, we define G* :=
dif f;,,( TZ) and take the following as a seed element [ € g*

(3.13)

[ = (A0, —Ug 2, + Uz zy)dT1+ (A + Vs, 4 Unggzy — Ua, 2, )d2s + (A — 21 — 22)dA.

With respect to the metric (2.5), the gradients of two functionally independent
Casimir invariants h(P») h(Pv) € 1(G*) can be obtained as |A\| — oo in the
asymptotic form as

(314) Vh(,’l?y) (l) ~ )‘(07 170)T + (71)-113 7u$1$27u$1?£1)1’ + O()‘_l)v

Vh(pt) (l) ~ A(O’Ov _1)T + (vl’z’ Ugozss _ur1I2)T + O()‘_l)
at p =1 =p,. Upon calculating the Hamiltonian vector field generators

(315) Vhsg) = Vh(py) (l)|+ = (71}.’1617)\ - u.’cleaum1m1)T7

thf) = Vh(pf) (l)|+ = (Ulzaul’zl’27 —A— 11'351952)1-7

following from the Casimir functions gradients (3.14), one easily obtains the
following vector fields

- 0 0 0 0

Nl A t © A - Uxoxs 7 — T1x2) T2 Ay
3 6) Vhs_) Vh’ " Ox >= Uy, o ()‘+u 1 2)a$2+028)\7
T o 9y 9 o _, 9
AVh(f) =< Vh—i- ’aX >= ()‘ ufﬂlfm)axl + Uz 2y 8.%‘2 Vzq 8)\’

satisfying the Lax compatibility condition (2.16), which is equivalent to the
vector field compatibility relationships

N Y N oY
Bt T lem g~ At ey 5 - v 50 =0,

(3.17)

o oY oy
A= Ugioo) 7 w1 — Vo 3y = 0,
ay ( u12)8$1+u118$2 Ul@)\
satisfied for ¢ € C*°(R? x T2;C), any (y,t) € R? and all (v1,22;\) € TZ. As
was mentioned in [1], the Dunajski equations (3.12) generalize both the dis-
persionless Kadomtsev—Petviashvili and Plebanski second heavenly equations,

and is also a Lax integrable Hamiltonian system.
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3.4. First conformal structure generating equation: wuy, + Uz, —
UgUgy = 0.. The seed element ! € G* in the form
(3.18) I=[u2(1 = M)A +u 2 (A — 1) Ydz
. - t Yy 3

where u € C?(T! x R%R), z € T, A € C\{0,1} and ”d” denotes the full
differential, generates two independent Casimir functionals 71 and 4® €
I1(G*), whose gradients have the following asymptotic expansions:

VY () =~ uy, + O(?),
as |p| — 0, p:=XA—1, and
V(1) = w + O(N),

as |A| — 0. The commutability condition

(3.19) (X®, x®] =0
of the vector fields
(3.20) XW .=9/ay+VhW (1), X =a/0t+ VhH(1),
where
. . d
21 R (D) = —(u vy (D)) = ——2 &
(3:21) VA1) (n= V()] 15
O (T — _(-lo~@ )y - w9
VRHI(1) i= (A7 V2 ()] - 3 52

leads to the heavenly type equation
Uyt + UgtUy — UgyUy = 0.

Its Lax-Sato representation is the compatibility condition for the first order
partial differential equations

oY u, 0P
(3.22) 3 Tos ="

W wdy

ot Aoz

where ¢ € C?(T! x R%;R).

3.5. Second conformal structure generating equation: u.; + Uytyy —
UyUzy = 0.. For a seed element [ € G* in the form

(3.23) I = [u? +2u(uy + o)A\ + w2 (3u; + 4oy, + BN ?]dz,

where u € C?(T! x R%;R), » € T, A € C\ {0},and «,3 € R, there a one

independent Casimir functional 'y(l) el (C;*) with the following asymptotic as
|[A\| — 0 expansion of its functional gradient:
V’y(l)(l) ~ couy ' + (—couy + c1)uy A + (—cruy + co)uy A2+ 0(0N?),

where ¢, € R, r = 1, 2. If one assumes that cg = 1, ¢; = 0 and ¢, = 0, then we
obtain two functionally independent gradient elements
1 0
Ay Oz’
VhO@) = A 2VAO@) = (e~ )
/\2Uz Au, ) Ox
The corresponding commutability condition (3.35) of the vector fields (?7?) givse
rise to the following heavenly type equation:

(3.24) V() := —(A' VD 0)) =

(3.25) Ust + Ugllyy — UylUey = 0,
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whose linearized Lax-Sato representation is given given by the first order system
oY L oy 0
oy  Augy 0x

oY 1 uy \ 0y
o+ (ﬁum )\uw> oz "

(3.26)

of linear vector field equations on a function 1 € C?(T! x R?;R).

3.6. Inverse first Shabat reduction heavenly equation. A seed element
[ € G* in the form

(3.27) I= (aougzui()\ + 1)+ agu? + aguN)de,

where u € C?(T! x R%:R), z € T!, A € C\ {—1}, and ag, a; € R, generates two
independent Casimir functionals (') and (2 € I(G*), whose gradients have
the following asymptotic expansions:

(3.28) VW (1) ~ uyut — uyuy p+ O(u?),
as |u| — 0, p:=A+1, and
(3.29) VA1) ~u;t + 0172,
as |A| — oo. If wu put, by definition,
~ = A uy 0
(7 -— (,~ 1w~ - _ 2y 2
(3.30) VE(1) = (n= VA ()] - N1 w0
= - A0
RO(1) == A2 ()| = ==
VAO() = AP )]s = 2

the commutability condition (3.35) of the vector fields (??) leads to the heav-
enly equation

(3.31) Uzy + UyUtz — UyUy = 0,

which can be obtained as a result of the simultaneous changing of independent
variables R 5z =2t € R, R 3y 2 2 € R and R 3¢ = y € R in the first Shabat
reduction heavenly equation. The corersponding Lax-Sato representation is
given by the compatibility condition for the first order vector field equations
equations

o A w0

(3.32) 5 T ="
W AW _,
ot wu, Ox

where ¢ € C?(T! x R%; R).

3.7. First Plebanski heavenly equation. The seed element [ € G* in the
form

(3.33) I = A" Yy, do1 + uyeydrs) = A" duy,

where u € C%(T? x R%R), (z1,22) € T2, A € C\{0} and "d” designates a
full differential, generates two independent Casimir functionals 41 and 42 €
I(G*), whose gradients have the following asymptotic expansions:

v'y(l)(l) ~ (_uyﬂﬂm Uy, )T + O()‘)7
(334) V’Y(Q) (l) ~ (7utfcz7utrl)—r + O(A)a

as |A| = 0. The commutability condition

(3.35) 0/9y +VaY (1),0/0t + VA ()] = 0
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of the vector fields 9/9y + Vh(,y)(l) and X® =9/0t + Vh(f)(l), where

W (7Y .— (1o~ 1) (] _ _ Uyas i Uy, i
(3.36) VR (1) := A"V ()= N oz, + N Oy
0 Utz 0

() .— (A —loa@ Ty — Utz O 9
VRO @) = (VO] = - S

leads to the first Plebanski heavenly equation [2]
(337) Uy Utry — Uypy Utey = L.

Its Lax-Sato representation (3.35) entails the compatibility condition for the
first order partial differential equations

N Uy, OY
dy A Oz A Oxo
00wy 00wy 00

ot A 8.’1)1 A 8.%‘2 a

where 1 € C>°(T? x R?;C).

Remark 1. Taking into account that the condition for Casimir invariants is
equivalent to the system of nonhomogeneous linear first order partial differential
equations for the vector-function | = (I3,12)7, the corresponding seed-element
can be chosen in another forms. The asymptotic expansions (3.34) are also
true for such seed-elements as

Uy, OV —0

= \"du,,

and
[ = \"Y(duy + duy).

The above described scheme can be easily generalized for all m = 2n, where
m € N and n > 2. In this case one has 2n independent Casimir functionals
7)€ I(g~*)7 where j = 1,2n, with the following asymptotic expansions for
their gradients:

VAW (1) ~ (—tyy, Uyey, 0, .., 0) T +O(N),
N——

2n—2
V’Y(2)(Z) ~ (_utr2a utwmoa vy O)T + O(A)7
N——
2n—2
VA1) ~ (0,0, —Uya, s yesy, 0, - ..,0) T + O(N),
N——
2n—4
VA1) ~ (0,0, —tisg,  Utzy, 0, ..,0) T +O(N),
2n—4

M

V")/(2k71)(l) ~ (0, ey 0, —Uyarrgwuyﬂwnfl)T + O()\)’
~——

2n—2
v7(2k) (l) ~ (0’ o0, “Utagy ) Wtwop 1 )T + O(A)
——
2n—2
If we put
VAW (D) := AHVAO D) + ...+ VD (@) =
— 7uy$2 i Uya, i 4 o Uyzop 0 Uyzop_1 0
o A 65[;1 A 85(52 o A 8%2]@,1 A 8$2k’
VA1) = AHVAA D) + ..+ V)| =
_ _U’th a ut$1 8 _ utizk a utw2k,71 8

N Ozi TN Ozg T A Dmany N Oz
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the commutability condition (3.35) of the vector fields (3.35) leads to the cor-
responding multi-dimensional analogs of the first Plebanski heavenly equation:

n

E (uyIQj—lutZzy‘ - uyz2jut12j—1) =1
Jj=1

3.8. Modified Plebanski equation. For the seed element le Q* in the form

I = (A_lumly + Ugyzy — Ugyzy + A)dxy +
(3.38) N gy Uy — Vg + N)dao =
= d()\_luy + Uy — Uy, + AT + AZ2).

where u € C*(T? x R*R), (z1,22) € T* A € C\ {0}, there exist two inde-
pendent Casimir functionals 4(") and (?) € I(G*) with the following gradient
asymptotic expansions:

VA0 ~ (tyes, —tys,) T + O,
as [A] — 0, and
VA1) ~ (0, 1) T 4 (—tpyag: tayay) A+ ONT?),
as |A\| — oo. In the case, when

Uyry O Uy, O
A 83)1 A 83?2’

VRO (@) i= AT D)) = —tiyey o + (s — V)
8331

VAW (1) = (A VAW (D)) =
K
aZCQ ’
the commutability condition of the vector fields 9/dy + Vh(_y)(i) and 0/0t +
A (I) leads to the modified Plebanski heavenly equation [2]:

Uyt = Uya, Uzywy T Uyzy Uzy oy = 0,

with the Lax-Sato representation given by the first order partial differential
equations

oY Uy, OY Uyz, OY _

By A B A Bm O
o o oy
gr ey ttne = N =0

for functions ¢ € C%(T? x R?%;C).

3.9. Husain heavenly equation. The seed element [ € G* in the form

(3.39) - d(uy + zut) n d(uy — zut) _ Q(Adzéy - dut), 2
A—i A+ A +1

)

where u € C?(T? x R%R), (z1,72) € T?, X € C\{—4;i}, generates two inde-
pendent Casimir functionals v(!) and 7(?) € I(G*), with the following gradient
asymptotic expansions:
1 , . )
V’y(l)(l) ~ 5(7’U,yz2 — Wty Uy, + Zutml)—r + O(NJ), o= A — 1,

as |u| — 0, and

1 . . .
V7(2)(l) ~ 5(_uyx2 + Wiy s Uy, — Zutxl)T + O(§), §i=A+1,
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as €| — 0. In the case, when

VA (1) i= (u VAW (1) + €y (D)]- =
1

. 0 . 0
= 2% <(ny2 - wt“)aTcl + (Uya, + lutxl)ax2> +
1 . 0 . 0
"’i ((_uywz + 7'utz2)87x1 + (uym - Zuml)@:@) =

Utgy — Myzy, O Nuyg, — Uz, O
N+l 0n N +1 Oz’

VA (D) = (—p vy (D) + €1V D) =
1 . 0 ) 0
= o ((—um2 + zuywz)a—x1 + (Ut — zuygjl)axz> +
1 ) 0 ) 0
—|—i (—(ut$2 + wy“)aizl + (uge, + zuyxl)am) =
Uyay + AUpz, O Uya, + AUz, O

N4+1  On A +1 Oy’

the commutability condition (3.35) of the vector fields 9/0y + Vh(_y)(lN) and
0/ot + Vh(f)(i) leads to the Husain heavenly equation [2]:

Uy + Uy + Uyz) Utgy — Uyr, Utz = 07

with the Lax-Sato representation given by the first order partial differential
equations

671/) 4 Utzy — /\ny2 871/) + Auy"cl — Utay 671/) =0

oy M1 0n M4l dzy
O uye, + A, OV Uy, + Augg, OY 0
ot )\2+1 ory )\2+1 Oxo o

where 1 € C?(T? x R?;C).

4. CONCLUSION

We succeeded in applying the Lie-algebraic approach to studying vector
fields on the complexified n-dimensional torus and the related Lie-algebraic
structures, which made it possible to construct a wide class of multidimen-
sional dispersionless integrable systems, describing conformal structure gener-
ating equations of modern mathematical physics.
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