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THE DISPERSIONLESS INTEGRABLE SYSTEMS AND
RELATED CONFORMAL STRUCTURE GENERATING
EQUATIONS OF MATHEMATICAL PHYSICS

OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE,
AND ANATOLIJ K. PRYKARPATSKI

ABSTRACT. Based on the vector fields on the complexified torus and the
related Lie-algebraic structures, we devise an approach to constructing
multidimensional dispersionless integrable systems, describing conformal
structure generating equations of mathematical physics. As examples,
we have analyzed Einstein—Weyl metric equation, the modified Einstein—
Weyl metric equation, the Dunajski heavenly equations, first and second
conformal structure generating equations, inverse first Shabat reduction
heavenly equation, first Plebariski heavenly equation, modified Plebanski
equation and
Husain heavenly equation.

1. VECTOR FIELDS ON THE COMPLEXIFIED TORUS T{CL AND THE RELATED

LIE-ALGEBRAIC PROPERTIES

It is well known [13] that the loop Lie algebra G := m (T™), consisting
of the set of smooth mappings {C! D S! — G = diff(T"}, extended, re-
spectively, holomorphically from the circle S' ¢ C! on the disc ]D)l+ of the
internal points A € D! and on the disc D! of the external points A € C\D!,
can be centrally extended as G := (M(T");Rl), where for elements (a; «)
and (b; 8) € G the commutator

(1.1) (@ ), (b; B)] = ([a, b;wa(@, b)) € G
and the 2-cocycle ws : G x G — R! satisfies the condition
(12) WQ([676}>E)+W2([576]7&)+w2([6vé]35) =0

for any d,l; and ¢ € G. For arbitrary n € Z the cocycle ws : GxG—R! can
be taken in the unique Cartan-Maurer form

(1.3) wo(a,b) = res/ (< alx,y; X), 0b(x, y; X) /Oy > dady,
xeC Tn xSt

where have denoted by < -, > the standard scalar /Er_gduct in the Euclidean
space E" and parametrized the Lie algebra G = dif f(T™) by means of an
additional spatial parameter y € S'. For the case n = 1 the cocycle (1.3)
above can be extended by means the Gelfand-Fuchs 2-cocycle [6]

. _,0%a(z; \) Ob(x; \)
— P Y Y
(1.4) wWa(a,b) = res /[rlx51 A 92 o dxdy

AeC

for any vector fields @ = a(x, y; )\)%,E =b(z,y; )\)a% € G on T, parameterized
by means of the spatial parameter y € S! and a fixed integer p € Z.

Yet, the scheme, based on the central extension technique, does not allow
[7] to construct effectively commuting to each other spatially multidimensional
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linear differential expressions and, thereby, generate completely integrable non-
linear equations in partial derivatives. Taking into account this fact, we will
describe below a direct scheme of describing infinite hierarchies of commuting to
each other spatially multidimensional linear vector field equations, generating
completely integrable nonlinear Hamiltonian systems on functional manifolds,
many of which are important for applications in modern mathematical physics.

2. THE LIE-ALGEBRAIC STRUCTURES AND INTEGRABLE HAMILTONIAN
SYSTEMS

The integrable dynamical systems related to the central extension, men-
tioned above, were described in detail in [9]. Concerning a further gen-
eralization of the multi-dimensional case related to the loop group G for
n € Z,, one can proceed in the following [7] natural way: as the Lie alge-
bra G = cﬁ?} (T™) consists of the elements, depending additionally on the
“/‘S\@Ctral” variable A € C!, one can extend the basic Lie structure on G =
dif f(T™) to the generalized Lie algebra G = dif fro(TR) of vector fields
on the complexified torus T¢. This Lie algebra has elements representable

n
,% >= jzlaj(x;/\)a%j + ao(x; /\)8% € G for some
holomorphic in A € DL vectors a(x;\) € E x E" for all z € T", where
2 .—(o 0 0 0
ox ON? Ox1? Oz’ """ Oxpy
respect to the vector variable x := (A, z) € Tg.
It is now important to mention that the Lie algebra G also naturally splits

into the direct sum of two subalgebras:

as a(z;A) =< a(x; \)

)T is the generalized Euclidean vector gradient with

(2.1) G=G+®G_,
allowing to introduce on it the classical R-structure:
(2.2) [@,b]r = [Ra,b] + [a, Rb]
for any a,b € G, where

(2.3) R:=(Py —P_)/2,
and

(2.4) P.G:=G.CQg.

The space G* ~ AY(TE), adjoint to the Lie algebra G of vector fields on TE,
can be functionally identified with G subject to the metric

- 1
2. l,a) = — ¢ d\(
( 5) (70') omi (7a)H7
S1
for arbitrary | :=< I(z;)\),dx >:= Y Li(x;Ndx; € G, a :=<
j=0,n
a(z;1),0/0z >=< Y aj(z;\), 5> € G, where (l,a)g = [dz <
j=0,n 7 Tn

Iz A),alx; A) > . B
Now for arbitrary f,g € D(G*), one can determine two Lie—Poisson type
brackets

(2.6) {f,9} = [VF(D), Vg()])
and
(2.7) {f,9}= = (L, [VI1), VgD)Ir) ,

where at any seed element | € G* the gradient element Vf(I) and Vg(I) € G
are calculated with respect to the metric (2.5). -

Now let us assume that a smooth function v € I(G*) is a Casimir invariant,
that is

(2.8) ady, 1 =0
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W(DZ for any

for a chosen seed element [ € G*. As the adjoint mapping ad

f € D(G*) can be rewritten in the reduced form as

(2.9) adg (1) = <£{,Vf(l)>l_+§j:l<<l, % V£(l) >,dx>,

where V f(l) :=< V (1), & > . For the Casimir function v € D(G*) the condi-
tion (2.8) is then equivalent to the equation

(2.10) z<§x,vv(1)> + <vw>, ai> I+ <z, (;{V'y(l))> =0,

which should be solved analytically. In the case when an element [ € G* is
singular as |A| = 0o, one can consider the general asymptotic expansion

(2.11) Vyi=VA® o N v PN
JEL+
for some suitably chosen p € Z, and upon substituting (2.11) into the equation
(2.10), one can proceed to solving it recurrently.
Now let h¥), h®) € 1(G*) be such Casimir functions for which the Hamil-
tonian vector field generators
(2.12) VAP (1) = (VAP (D)4, VAP () = (VAP (1)4

are, respectively, defined for special integers p,,p; € Z4. These invariants gen-
erate, owing to the Lie-Poisson bracket (2.7), the following commuting flows:

(2.13) aljot = — <88X,Vh5f)(l)>l— <L(£{Vh$)(l)>>
and
(2.14) o)y = — <§X,Vh$’)(l)>l <l,(£<w$’)(1))> >,

where y,t € R are the corresponding evolution parameters. Since the invari-
ants W (") € 1(G*) commute with respect to the Lie-Poisson bracket (2.7),
the flows (2.13) and (2.14) also commute, implying that the corresponding
Hamiltonian vector field generators

i 9 op® 7 9 o
(215) AVhS:) = <6X’Vh+ (l) 5 Avnf) = &,Vh_,’_ (l)
satisfy the Lax compatibility condition
0 - J - _ _
(216) @AVhﬁ:) - &Avhf) = [Avth)?AVhf)]

for all y,¢ € R. On the other hand, the condition (2.16) is equivalent to the
compatibility condition of two linear equations

o - o -
21 - A t = —_— A y =
(2.17) (5 T Agn)¥ =0, (8y +Ag,w)Y =0
for a function ¢ € C?(T%;C) for all y,t € R and any A € C.

The above can be formulated as the following key result:

Proposition 2.1. Let a seed vector field be | € G* and h'¥), A € 1(G*) be
Casimir functions subject to the metric (-,-) on the loop Lie algebra G and the
natural coadjoint action on the loop co-algebra G*. Then the following dynamical
systems

(2.18) ol/dy = —ad:

b 010t = —adg, o o

VA (1)

are commuting Hamiltonian flows for all y,t € R. Moreover, the compatibility
condition of these flows is equivalent to the vector fields representation

(2.19) (0/0t + Aw@)w =0, (9/0y+ Av,@)w =0,
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where P € C’Z(]R2 x T%; C) and the vector fields AVh(y)’Ath eqG are given
+ +
by the expressions (2.15) and (2.12).

Remark 2.2. As mentioned above, the expansion (2.11) is effective if a chosen
seed element [ € G* is singular as |A| — oo. In the case when it is singular as
|A| = 0, the expression (2.11) should be replaced by the expansion

(2.20) VY@ ) ~ 27 3T vy ()N
JEL+

for suitably chosen integers p € Z,, and the reduced Casimir function
gradients then are given by the Hamiltonian vector field generators
(2.21) VA (1) := AN P vy PO (1)

VA (1) := XA P vy PO (1))
for suitably chosen positive integers p,,p; € Z; and the corresponding Hamil-
tonian flows are, respectively, written as O0l/0t = ad;h(”(i)l’ oljoy =

advh@(i)l'

It is also worth of mentioning that, following Ovsienko’s scheme [10, 11],
one can consider a wider class of integrable heavenly equations, realized as
compatible Hamiltonian flows on the semidirect product of the holomorphic
loop Lie algebra G of vector fields on the torus T¢ and its regular co-adjoint
space G*, supplemented with naturally related cocycles.

3. THE LAX-SATO TYPE INTEGRABLE SYSTEMS AND RELATED CONFORMAL
STRUCTURE GENERATING EQUATIONS

3.1. Example: Einstein—Weyl metric equation. Define G* = di f f1,01(T¢)
and take the seed element

[ = (ugA — 2ugvy — uy) do + ()\2 — Vg A+ vy + vi) dX,
which generates with respect to the metric (2.5) the gradient of the Casimir
invariants A", h(Pv) € 1(G*) in the form

(81)  VAPI(D) ~ N2(0,1)7 + (—uy,0,)TA + (0 —v,)T + O(AY),

VAP (1) ~ X0, 1)T 4 (—tig, v2)T + (uy, —v,)TA +O(A72)

as |A\| - oo at p, = 2, p, = 1. For the gradients of the Casimir functions
r®, h¥) € 1(G*), determined by (2.12) one can easily obtain the corresponding
Hamiltonian vector field generators

N B () o\ 2 0 0
AV}LS:) = <Vh+ 1), 8X> = (A* 4+ Ay —|—u—vy)% + (—Auy —|—uy)a,

~ 0 0 0
3.2) Ag,w = (VAP (1), == ) = A4 02) = — g o
32) gy = (0.5 ) = Ot 03— o
satisfying the compatibility condition (2.16), which is equivalent to the set of
equations
Uzt + Uyy + (Ulz) g + Vallzy — VyUgy =0,
(3.3)
Vgt + Vyy + UWgg + VgV — VyUgg = 0,
describing general integrable Einstein—Weyl metric equations [4].

As is well known [8], the invariant reduction of (3.3) at v = 0 gives rise to
the famous dispersionless Kadomtsev—Petviashvili equation

(3.4) (Ut + Uy )z + Uyy = 0,
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for which the reduced vector field representation (2.17) follows from (3.2) and
is given by the vector fields

(3.5) A (N2 + u)g + (—Augp + uy) 0

VA = Ox N’

- 0 0
Ao ) = Ao — Uz =,
v = Mg T oA
satisfying the compatibility condition (2.16), equivalent to the equation (3.4).
In particular, one derives from (2.17) and (3.5) the vector field compatibility

relationships
) ) )
2+ (N +u) %+ (g +uy )3 =0
(3.6)
oY oY oY _
oy T AGr —Uagy =0,

satisfied for ¢ € C?(R? x T};C) and any y,t € R, (z,\) € T¢.

3.2. The modified Einstein—Weyl metric equation. This equation system
is

2
(3.7 Ugt = Uyy + Ugly + UpWa + Ulgy + Ugy Wy + Uzg @,

Wyt = UWgy T UyWy + WaWzy + QWaq — Gy,

where a, 1= u,w; — wyy, and was recently derived in [14]. In this case we take
also G* = dif fro1(TE), yet for a seed element [ € G we choose the form

(3.8) [ = Nuy + (2upw, + Uy + 3uug) A+ 20,0, ugwy + 2ug 0 Uy +
+ 3umwz2 + 2uyw, + 6uuyw, + 2un, + 3u2um — 2au,|dx+

+N + (wy + 3u) A+ 20, ugw, + 20, P uy +w,? + 3uw, + 3u? — ald),

which with respect to the metric (2.5) generates two Casimir invariants (/) €

1(G*),j = 1,2, whose gradients are

(3.9) VAD (1) ~ N[ (g, —1)T + (utty + g, —u + w,)TATE +
+ (0,uw, — a)TATA ]+ O\,

VV(l)(l) ~ M[(tz, =1)T + (0, wy)T >‘_1] + O(A_l)v

as |[A| = oo at p, = 1,ps = 2. The corresponding gradients of the Casimir
functions M, A € 1(G*), determined by (2.12), generate the Hamiltonian
vector field expressions
(3.10)

VhY = VA ()] = (ueh, —A + w,)T,

thtlr = VD)4 = (ue® + (wg + uy)\, =22 + (wz — uA + vw, — a)T.

Now one easily obtains from (3.10) the compatible Lax system of linear equa-
tions
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(3.11)
oy oy o _
Biy + (*)\ + wx)a + Ux)\a = 0,
9% e _ o 2 0% _
5t + (=X 4+ (wy —u)A 4+ vw, —a) e + (ugA® + (uug + uy)A) X 0,

satisfied for ¢ € C?(R? x T{;C) and any y,t € R, (z,)\) € T¢.

3.3. Example: The Dunajski heavenly equations. This equation, sug-
gested in [3], generalizes the corresponding anti-self-dual vacuum Einstein equa-
tion, which is related to the Plebanski metric and the celebrated Plebanski
[12, 5] second heavenly equation. To study the integrability of the Dunajski
equations

2 _
(3.12) Ugyt + Uyzy + Uz 2y Uzpzy — U gy, — UV =0,

Vgt + Vzay + Uy 2y Vagy — 2U$1$2v$1$2 = Oa

where (u,v) € C®(R? x T?%R?), (y,t;21,22) € R? X Ti we define G* =
dif fir,;( TZ) and take the following as a seed element [ € G*
(3.13)

= (A +0p —Ugyz; FUsyzy)dT1 + (AN Vgy FUgpzy — Uy 2y )dTa+ (A — 21 — 22)dA.

With respect to the metric (2.5), the gradients of two functionally independent
Casimir invariants h(Pv) h(Pv) € 1(G*) can be obtained as |A\| — oo in the
asymptotic form as

(3.14) VAP (1) ~ A(0,1,0)T + (v, , —Ug, s Uz 2, )T + O,

Vh(pt) (l) ~ )‘(0707 _l)T + (szauw2w27 _uwﬂcz)T + O(/\_l)
at p, = 1 =p,. Upon calculating the Hamiltonian vector field generators

(3.15) VA = VAP ()] = (=041, A = Uy Uy T,

th:) = VAPt D+ = (Vg Uzpzyy —A — Ugya,)T,

following from the Casimir functions gradients (3.14), one easily obtains the
following vector fields

- 0 0 0 0
(3 6) Vh(ﬁ <v+7ax> u2281‘1 ( +u12)6332+1)28/\’
. 0 0 0 0
A y) — W = = — Ugyay ) 5 121 o . Y1y
Vhs_) <Vh+ 78X> (/\ Uz, 2)8$1+u1 18$2 U1a)\>

satisfying the Lax compatibility condition (2.16), which is equivalent to the
vector field compatibility relationships

o O oY Y _

9 9 Y
or T e gy ~ At a5 -+ v 50 =0,
(3.17)

N oY o
+ (>‘ uﬂclﬂcz)axl + u$1$1 85(}2 le a)\ -

satisfied for ¢ € C°°(R? x T2;C), any (y,t) € R? and all (x1,22; ) € TZ. As
was mentioned in [1], the Dunajski equations (3.12) generalize both the dis-

persionless Kadomtsev—Petviashvili and Plebanski second heavenly equations,
and is also a Lax integrable Hamiltonian system.

0,
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3.4. First conformal structure generating equation: wy,, + uzu, —
Uttgy = 0. The seed element [ € G* in the form

(3.18) I=[u; 2 (1= M)A+, 2 A(A — 1) Hda,

where u € C?*(T' x R%R), z € T!, A € C\{0,1} and "d” denotes the full
differential, generates two independent Casimir functionals v(!) and v €

I1(G*), whose gradients have the following asymptotic expansions:
VA (D) = u, + O)

as |p| = 0, p:=X—1, and
VA (1) ~ uy + O(N2),

as |[A| = 0. The commutability condition

(3.19) (X® x®] =0
of the vector fields
(3.20) XW .= 9/0y + VAW (1), XU =8/dt+ VhD (1),
where
- ~ 0
21 W) = — (v~ I
(321) VAO(D) = (T VD)) = -
- ~ 0
RO = — (A IvA@ () = 9
VA (D) = — (VAP ()] = -5

leads to the heavenly type equation
Uyt + Ugp Uy — Ugyy = 0.

Its Lax-Sato representation is the compatibility condition for the first order
partial differential equations

81/1_ uy O

(3.22) e iU
W _ woy
ot oz

where 1 € C?(T! x R%;R).

3.5. Second conformal structure generating equation: wug: + uzuy, —
UyUzy = 0. For a seed element [ € G* in the form

(3.23) [ = [u? +2u2(uy + )X~ + ui(3u§ + dauy, + B)A"?dz,

where u € C?(T! x R%;R), » € T, A € C\ {0},and «,3 € R, there a one
independent Casimir functional 7(1) € I(G*) with the following asymptotic as

|[A| = 0 expansion of its functional gradient:
VAW (1) = couy ' + (—couy + c1)uy "N+ (—cruy + c2)uy 'A%+ O3,

where ¢, € R, r = 1, 2. If one assumes that cp = 1, ¢; = 0 and ¢; = 0, then we
obtain two functionally independent gradient elements

1 0

Mg, Ox’

) (7 —29. (1) (T 1 Uy 9

VEO) = (VD)) =

Ny,  Aug ) Oz

(3.24) VAW (1) := — (A vAD ()| =

The corresponding commutability condition (3.19) of the vector fields (3.20)
give rise to the following heavenly type equation:

(3.25) Uzt + UgUyy — UyUzy = 0,
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whose linearized Lax-Sato representation is given given by the first order system

o 1 oy
(3.26) 87; EE e 0,

09 1 uy \ O _
ot * (/\QUI )\uz) or 0

of linear vector field equations on a function ¢ € C*(T! x R% R).

3.6. Inverse first Shabat reduction heavenly equation. A seed element
l € G* in the form

3.27 [ = aou, 22N+ D)7+ agu? + ajudN)dz,
Y T x x

where u € C*(T* xR*%R), z € T', A € C\ {—1}, and ap, a1 € R, generates two
independent Casimir functionals v(!) and (2 € I(G*), whose gradients have
the following asymptotic expansions:

(3.28) V() = wyug ' — uyug i+ O(4?),
as |p| = 0, p:=X+1, and
(3.29) VA (1) ~u;t + O(A72),
as |A\| = oco. If wu put, by definition,
- - A uy, 0
) R = (v = - 2 Y
(330) VEO (@) = (D) = - o
~ ~ A0
RO (1) .= @] - =
VAO@) i= (T D) = 2

the commutability condition (3.19) of the vector fields (3.20) leads to the heav-
enly equation

(3.31) Ugy + Uyl — Uty = 0,

which can be obtained as a result of the simultaneous changing of independent
variables Rox @t € R, R3y @ z € R and R 3¢ & y € R in the first Shabat
reduction heavenly equation. The corersponding Lax-Sato representation is
given by the compatibility condition for the first order vector field equations
equations

W AW _,
At uy Ox

where 1) € C%(T! x R%;R).

3.7. First Plebanski heavenly equation. The seed element [ € G* in the
form

(3.33) [ = A" YNy, doy + uygydas) = N~ duy,

where u € C%(T? x R%R), (z1,22) € T2, A € C\{0} and "d” designates a

full differential, generates two independent Casimir functionals 4" and v(?) €

I(G*), whose gradients have the following asymptotic expansions:
V’Y(l)(l) ~ (7uy127 Uyzq )T + O()‘)v
(3.34) V(1) ~ (it thay) T+ O(N),

as |A| = 0. The commutability condition

(3.35) 0/0y + VRY (1),0/0t + VR (1)] = 0
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of the vector fields 9/dy + VA (1) and X® = /0t + VA" (1), where

W) (] i (AT D ()| = w0 Ve O
(3.36) VRO (D) = (A0 D)) =~ M
_’U/tx2 0 Utz 0

VA (1) = (AT (1) =

X 9o A Omy
leads to the first Plebanski heavenly equation [2]
(337) 'U/ya:l uth - uyﬂ:zutl1 =1

Its Lax-Sato representation (3.35) entails the compatibility condition for the
first order partial differential equations

I uyw, OY “wai_o
By A axl A 8%2 -
O iz, OV | m, OV _
ot A &rl A 8.’£2

where ¢ € C°(T? x R?;C).

Remark 1. Taking into account that the condition for Casimir invariants is
equivalent to the system of nonhomogeneous linear first order partial differential
equations for the vector-function I = (I1,12)T, the corresponding seed-element
can be chosen in another forms. The asymptotic expansions (3.34) are also
true for such seed-elements as

[ = \"‘duy,

and
[ = A"Y(duy + duy).
The above described scheme can be easily generalized for all m = 2n, where
m € N and n > 2. In this case one has 2n independent Casimir functionals
7)€ 1(G*), where j = T1,2n, with the following asymptotic expansions for
their gradients:
VA (1) ~ (—Uyays Uyzy, 0, ., 0) T +O(N),
—
2n—2
VAR (1) ~ (—tigey, Utz, ,0,...,0) T +O(N),
——
2n—2
VV(B)(Z) ~ (Oa 07 7uy147 uyzgv 0, sy O)T + O(A)v
——
2n—4
VA D) ~ (0,0, ~tuse,, tttay, 0, .., 0)T + O(N),
——

2n—4
)

vfy(Qk_l)(l) ~ (07 ttt 07 _uy$2k7uy12n71)—r + O()‘)7
N——
2n—2
VAP (1) ~ (0, ..., 0, —Utay,  Utas, ) + O(N).
2n—2

If we put

VAP () = AT VYO D) + .+ VDD =

_ Uyay 0 n Uyz, O o Uygy, O Uyzop , O
A 8$1 A 8%2 o A 8x2k_1 A &sz’
VA (D) = AN VAP D) + ...+ VPP (I)]- =
_ _utfw 0 Utz i + . Ut oy, 0 Utzop_1 0

A 871‘1 A 8x2 A 8$2k_1 A 6x2k’



OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE, AND ANATOLIJ K. PRYKARPATSKI

the commutability condition (3.35) of the vector fields (3.35) leads to the cor-
responding multi-dimensional analogs of the first Plebanski heavenly equation:

n

E (uyiEQj—lutl?j - uyx2jut12j—1) =1L
Jj=1

3.8. Modified Plebariski equation. For the seed element | € G* in the form

I = (AN gy + Uiy — Uayzy + Ny +
(3.38) (A Mgy + Ugyzy — Uggzy + A)dzy =
= d()\_luy + Uy, — Uy, + AT + AZ2).

where u € C%(T? x R%R), (z1,22) € T?, X € C\ {0}, there exist two inde-
pendent Casimir functionals 4(") and (®) € I(G*) with the following gradient
asymptotic expansions:

VA1) ~ (tyass —tiyz,) "+ O(N),
as |A| = 0, and
VAP (1) ~ (0, 1) T 4 (—tayag: Uayay) A1+ ONT?),
as |A| = oco. In the case, when

Uyz, O Uyg, O

A Ox, A Oy’
VO @) = AV D)y = sy —o + (trrss — N)
61‘1

VAR (D) = (AT (D)- =

0

Oy’
the commutability condition of the vector fields 9/dy + v (I) and 0/t +
v (I) leads to the modified Plebariski heavenly equation [2]:

Uyt — Uyay Ugoxy + Uygo Uy zy = 07

with the Lax-Sato representation given by the first order partial differential
equations

o uya, OY 4 My oy

871] A 8£E1 A 81’2 - 0’
o) o) oy
or Y gy, + (e — N5 - =0

for functions ¢ € C%(T? x R?%;C).

3.9. Husain heavenly equation. The seed element [ € G* in the form

d(uy + tuy) N d(uy —iug)  2(Aduy — duy) 2

3.39 [ = _
( ) A—1 A+ A2 +1 ’

-1

)

where u € C%(T? x R%R), (z1,22) € T2, A € C\{—4;i}, generates two inde-
pendent Casimir functionals v(*) and v(?) e I(G*), with the following gradient
asymptotic expansions:

1 . . .
V’Y(l)(l) ~ 5(_uyl’2 = Wtgy, Uyz, + Z’u’tfrl)—r + O(u)a pi= A=,
as |pu| — 0, and

1 ) . .
VPY(Q)(Z) ~ 5(_“%2 + Wigy, Uyz, — Zutwl)—r + O(&)’ f = A+ Z,
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as €] — 0. In the case, when

VA (1) == (= VA D (@) + € VD (D)) =
1

) 0 . 0
= oM ((—“yxz - Wtza)afxl + (Uyz, + me@) +
1 . 0 . 0
JFE ((Uyu + Wtrz)aiml + (Uya, — Zutml)am) =

Uty — Myz, O AMyg, — Uz, O

AN +1  Or, N +1  Oxy

VA (1) = (—p~ vy (D) + €71V (1)) =
. 0 ) 0
=2 ((utr2 + Zuym)aTCl + (Utay — Zuyml)am> +

b (s + ) 2 + (i + i) ) =
26 Utzy T WUyz, 021 Uty T Wyz, Ozy )

| Uyay £ Ay, ﬂ Uy, + Mgz, ﬂ
A +1 0n A2 4+1  Oxy’

the commutability condition (3.35) of the vector fields 9/9y + vhY (1) and
0/0t+ Vh(f)(z) leads to the Husain heavenly equation [2]:

Uyy + Uy + Uyg) Utgy — Uyz, Utz = Oa

with the Lax-Sato representation given by the first order partial differential

equations
571/1 Utzy — Myz, % Ayg, — Utz 871/1 —0
Oy N +1 O X2+1  Oxy
O uye, + A, OV Uy, + Augg, OY _
ot )\2 +1 3£L‘1 )\2 +1 8:52 ’

where ¢ € C%(T? x R%;C).
4. CONCLUSION

We succeeded in applying the Lie-algebraic approach to studying vector
fields on the complexified n-dimensional torus and the related Lie-algebraic
structures, which made it possible to construct a wide class of multidimen-
sional dispersionless integrable systems, describing conformal structure gener-
ating equations of modern mathematical physics.

5. ACKNOWLEDGEMENTS

The authors are cordially indebted to Prof. Maxim Pavlov, Prof. Alexander
Balinsky and Prof. Orest D. Artemovych for useful comments and remarks,
especially for elucidating references, which were very instrumental when prepar-
ing a manuscript. He also is indebted to Prof. Anatol Odziewicz for fruitful
and instructive discussions of the separation problem for associativity equa-
tions during the XXXVII Workshop on Geometric Methods in Physics held
on July 01-07, 2018 in Bialowieza, Poland. The aknowledgements be-
long to the Department of Physics, Mathematics and Computer Science of the
Cracov University of Technology for a local research grant F-2/370/2018/DS.



OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE, AND ANATOLIJ K. PRYKARPATSKI

REFERENCES

[1] L.V. Bogdanov, V.S. Dryuma, S.V. Manakov, Dunajski generalization of the second
heavenly equation: dressing method and the hierarchy, J. Phys. A: Math. Theor. 40
(2007), 14383-14393

[2] B. Doubrov, E.V. Ferapontov, On the integrability of symplectic Monge-Ampere equa-
tions, J. Geom. Phys., 60 (2010), 10, 1604-1616

[3] M. Dunajski, Anti-self-dual four-manifolds with a parallel real spinor, Proc. Roy. Soc.
A, 458 (2002), 1205

[4] M. Dunajski, L.J. Mason, P. Tod, Einstein—-Weyl geometry, the dKP equation and
twistor theory, J. Geom. Phys. 37 (2001), no.1-2, 63-93

[5] E. V. Ferapontov & B. S. Kruglikov, Dispersionless integrable systems in 3D and
Einstein-Wewyl geometry, J. Differential Geometry, 97 (2014) 215-254

[6] I.M. Gelfand, D.B. Fuchs, Cohomology of the Lie algebra of vector fields on the circle,
Funct. Anal. Appl. 2 (1968), 4, 342-343

[7] Oksana E. Hentosh, Yarema A. Prykarpatsky, Denis Blackmore and Anatolij K.
Prykarpatski, Lie-algebraic structure of Laz—ato integrable heavenly equations and the
Lagrange-d’Alembert principle, Journal of Geometry and Physics 120 (2017) 208-227

[8] S.V. Manakov, P.M. Santini, On the solutions of the second heavenly and Pavlov equa-
tions, J. Phys. A: Math. Theor. 42 (2009), 404013 (11pp)

[9] G. Misiolek, A shallow water equation as a geodesic flow on the Bott—Virasoro group,
J. Geom. Phys., 24 (1998), 3, 203-208.

[10] V. Opvsienko, Bi-Hamilton nature of the equation wuy = Ugyly — Uyylg,
arXiv:0802.1818v1 [math-ph] 13 Feb 2008

[11] V. Ovsienko, C. Roger, Looped Cotangent Virasoro Algebra and Non-Linear Integrable
Systems in Dimension 2 + 1, Commun. Math. Phys. 273 (2007), 357-378

[12] J.F. Plebariski, Some solutions of complex Einstein equations, J. Math. Phys. 16 (1975),
Issue 12, 2395-2402

[13] A. Pressley and G. Segal, Loop groups, Clarendon Press, London, 1986

[14] B. Szablikowski, Hierarchies of Manakov—Santini Type by Means of Rota-Baxter and
Other Identities, SIGMA 12 (2016), 022, 14 pages

THE INSTITUTE FOR APPLIED PROBLEMS OF MECHANICS AND MATHEMATICS AT THE NAS,
Lviv, 79060 UKRAINE
Email address: ohen@ukr.net

THE DEPARTMENT OF APPLIED MATHEMATICS AT THE UNIVERSITY OF AGRICULTURE IN
Krakow, 30059, POLAND
Email address: yarpry@gmail.com

DEPARTMENT OF MATHEMATICAL SCIENCES AT NJIT, UNIVERSITY HEIGHTS, NEWARK, NJ
07102 USA
Email address: denblac@gmail.com

THE DEPARTMENT OF APPLIED MATHEMATICS AT AGH UNIVERSITY OF SCIENCE AND
TECHNOLOGY, KrRAKOW 30059, POLAND
Email address: pryk.anat@cybergal.com



