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Abstract— This article discusses mathematical framework of
development of consensus algorithm for multi-agent systems
using switching topology. Consensus equation is derived in
discrete time domain using Perron Frobenius theory. Discrete
time consensus equation is depends upon underline topology of
multi-agents. For achieving consensus two cases are considered
1) Directed networks with fixed topology 2) Directed networks
with switching topology. Convergence analysis of consensus
algorithm for switching topology is compared with respect to
fixed topology. A distinctive feature of this article is to address
consensus problems for networks with directed information
flow. Simulations are provided that demonstrate the effective-
ness of our theoretical results

Keywords : Multi-agent system (MAS), Consensus algo-
rithm, Communication graph, Algebraic graph theory

I. INTRODUCTION

Control of multi-agent systems (MAS) is an active area of
research since two decades [1]. Control of MAS system is
generally solved by two approaches: a centralized approach
and a distributed approach. Distributed approach is more
widely used and more promising because of unavoidable
physical constraints such as short wireless communication
range, limited sensing region, narrow bandwidth, large
sizes of vehicles and complex dynamics of each agent [2].
These features are difficult to manage and control that’s
why distributed control of MAS becomes promising area
of research. Many survey papers [3], [4] and [5] explains
recent progress on development of coordination and control
of MAS.

Consensus is the fundamental and important problem in
MAS hence some consensus algorithms were studied under
various information flow constraints [6], [7], [8], [9] and
[10]. In addition, there are some recent reviews and progress
reports given in the monographs [11], [13]. This article
describes design of consensus algorithm in MAS for fixed as
well as switching topology using discrete Perron Frobenius
theory. It also provides convergence analysis of consensus
algorithm for switching topology with comparison to fixed
topology

Notations and Definitions: The notations used in this
paper are standard: Capital bold face letters are used for
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representing the matrix and the elements of a matrix are
represented by small case letters. Rn×n denote the set of
n×n real matrices. GN represents the communication graph
of dimension N. λ, 1 and w1 denotes the eigenvalues, right
eigen vectors and left eigen vectors of Frobenius matrix F
respectively. Matrices F, D and A denote Frobenius matrix,
diagonal matrix and connectivity matrix respectively

The organization of paper is as follows. Section II presents
preliminaries on algebraic graph theory and graph matrices.
Section III describes problem formulation. Simulation result
is explained in section IV and conclusion and future scope
is stated in section V

II. PRELIMINARIES

This section explains algebraic graph theory a
mathematical tool require for construction of communication
graph for the multi-agent system (MAS). The behaviors
and connections of the MAS are possible through edges
of a communication graph, hence covering graph theory
becomes essential. Information between agents is either
unidirectional or bidirectional. Graph matrices associated
with communication graph is introduced later in section
III where focus is shifted to connectivity and Laplacian
matrices which are commonly used in the MAS.

Communication graph is defined as a set of agents
and a edge set of unordered pair of nodes connected
over the graph. Mathematically a communication graph is
represented as GN = (V,E), where V = {v1, v2, . . . , vN}
represents set of agents, and E denoted as (vi, vj) signifies
the connection between the agents starting from i and
terminating at j [12]. The in-degree of a node denotes
the number of edges that have vi as their head, and the
out-degree of a node means how many edges has vi as
their tail. The in-degree of a agent in graph equals to the
number of neighbors of that node. Knowing the number of
neighbors of node i, i.e. Ni = vj : (vi, vj) ∈ E is crucial
in consensus algorithm. The information sharing between
the each agents for underlying communication graph is
distributed in the sense that each agent communicates with
its neighbors locally so as to achieve the global objective.
Total number of agents present in a communication graph
are N. Information exchange among agents is modeled
by directed and undirected graph. The edge weights in a
graph are strictly positive. For a graph if there are directed
path from vi to vj and from vj to vi then the graph is
bidirectional or undirected graph. Every Undirected graph
is balanced graph. For a graph if there is directed path from



vi to vj and not from vj to vi then the graph is directed
graph, if such graph does not maintain degree at each agent
is known as unbalanced graph. For various other types of
graph refer [12] and [13]

Communication graph has at least one directed spanning
tree in which all the agents of the graph and are reachable
from root agent by following the edge arrows. A graph may
have multiple spanning trees but existence of one spanning
tree is enough for achieving the consensus. If the graph is
strongly connected then all the nodes in the graph are root
nodes. More about algebraic graph theory is given in [12]
and [13]

Communication graph properties can be studied by
examining the properties of certain matrices associated with
the graph. For the given communication graph the degree
of each node is denoted by d(vi) and it equal to number
of incoming branches at node vi. Diagonal matrix denoted
by D with diagonal elements equal to the indegree of each
node [13]. Connectivity matrix A have special importance in
a graph since it consists of information regarding the agents
and their interconnections [13]. The adjacency matrix A of
a graph is square matrix defined as

A =

{
1 (vivj) ∈ E
0 otherwise

For balanced graph the matrix A is symmetric and for
unbalanced graph it is non symmetric. Graph Laplacian
matrix L play a important role for achieving consensus in
multi-agent system and is defined by L = D− A.

Many properties of a graph may be studied in terms of the
matrix L. Here it is vital to denote some of the important
characteristics of the matrix L for the given graph that are
applicable to the multi-agent system obtained from [?].
• L is symmetric (respectively non symmetric) if GN is

balanced (respectively if GN is unbalanced)
• L is positive semi-definite (respectively positive defi-

nite) if GN is balanced (repectively if GN is unbal-
anced)

• L consist of real eigen values (respectively complex
eigen values) if GN is balanced (repectively if GN is
unbalanced)

• Row sum of L for each row is equal to zero
Eigen structure of the matrix L plays the crucial role for
analyzing the convergence of the consensus algorithm at the
steady state. One of the eigen value of the matrix L is simple
and located at origin then system is said to be critically stable

III. PROBLEM FORMULATION

This section explains the mathematical formulation of
discrete time consensus algorithm. For deriving the discrete
time consensus equation each agent in multi-agent system is
associated with following discrete time state space equation

xi(k + 1) = xi(k) + µi(k) (1)

with k is present time instance and k + 1 is the future time
instance. xi is the state information of agent i and µi is
the control input of agent i and xi, µi ∈ R. The discrete
time consensus equation is derived using Perron discrete time
system in section III-A

A. Normalized Control Protocol For Discrete-Time Consen-
sus

Consider the following normalized control input for each
agent

µi(k) =
1

1 + di

∑
j∈Ni

aij [xj(k)− xi(k)] (2)

where aij are elements of matrix A and di is the in-degree
of agent i. Substituting equation (2) in equation (1), we get

xi(k + 1) = xi(k) +
1

1 + di

∑
j∈Ni

aij [xj(k)− xi(k)] (3)

xi(k + 1) = xi(k) +
1

1 + di

(
− xi(k)

∑
j∈Ni

aij

+
∑
j∈Ni

aijxj(k)

) (4)

But
∑

j∈Ni
aij = di and if j = 1....N then equation (4)

reduces to

xi(k + 1) = xi(k) +
1

1 + di

(
− xi(k)di

+
[
ai1 . . . aiN

] x1...
xN

) (5)

Matrix form representation of equation (5) is given by

x(k + 1) = Ix(k) +
I

I + D

(
− x(k)D + Ax(k)

)
(6)

Here matrix I is identity matrix equivalent to 1 in scalar,
taking x(k) common equation (6) reduced to

x(k + 1) =

[
I +

I
I + D

[
−
(
D− A

)]]
x(k) (7)

simplifying equation (7) finally we get discrete time consen-
sus equation as

x(k + 1) = (I + D)−1(I + A)x(k) ≡ Fx(k) (8)

In case of switching toplogy equation (8) is modified as

x(k + 1) = (I + D)−1(I + A)x(k) ≡ F(k)x(k) (9)

with x = [x1......xN ]
T ∈ RN . The matrix F is referred

as the Frobenius matrix. Laplacian matrix L =D-A has one
eigenvalue at origin of complex s-plane and the remaining



eigenvalues in the right half of the complex s-plane, makes
system unstable. To make it stable poles of the system
brought to the left of complex s-plane by assigning negative
sign to matrix L= D-A refer equation (7) and according
to Gershgorin circle criterion in the normalized Laplacian
matrix (I+D)−1(D-A) all eigen values are found on the right-
hand side of the complex z-plane within a disk centered at
dmax

1+dmax
with the same size radius [13]. The shaded region

of the z-plane is shown in Fig. 1 where all eigenvalue reside.
If dmax

1+dmax
< 1 then this shaded region is always inside the

unit circle. Thus F has a simple eigenvalue of λ1 = 1 and
the remaining eigen values are strictly inside the unit circle.
This result make equation (8) is marginally stable and of
Type 1, and state approaches a steady-state value is reached
[13]

Fig. 1: Region of eigenvalues of Frobenius matrix F

Since Laplacian matrix L has row sums of zero, then matrix
F has row sums of 1, and so is a row stochastic matrix. That
is

F1 = 1 (10)

and 1 is the right eigenvector for the eigen value λ1 = 1.
Let w1 be a left eigenvector of matrix L for λ1 = 0. Then
w1 is also the left eigenvector of matrix F for λ1 = 1

B. STEADY STATE ANALYSIS

This section explains the convergence of discrete time
consensus algorithm at steady state. If the system (8) reaches
to steady state, then

xss = Fxss (11)

If the given network topology has a directed spanning tree
then only possible solution is xss = c1 for some c > 0.
Then the consensus achieved such that xi = xj = c ∀ i, j.
Let w1 = [p1, ..., pN ]

T be a left eigenvector of F for λ1 = 1,
then

wT
1 x(k + 1) = wT

1 Fx(k) = wT
1 x(k) (12)

So that the quantity

x̄ = wT
1 x = [p1, ..., pN ]

T


x1
x2
.
.
.
xN

 =
∑
i

pixi (13)

is invariant. This quantity x̄ =
∑

i pixi is the constant of
motion. So

∑
i pixi(0) =

∑
i pixi(k) ∀ k. Therefore if the

network topology has a spanning tree, at steady state one
can reached the consensus so that xi = xj = c ∀ i, j where
the consensus value is given by

c =

∑
i pixi(0)∑

i pi
(14)

IV. SIMULATION RESULT

Consider a fixed topology shown in Fig. 2 and consider all

Fig. 2: Fixed Topology

edge weight aij is equal to 1 for mathematical sophistication.
The Frobenius matrix F for fixed topology shown in Fig. 2
is given by

F =

 1 0 0
0.5 0.5 0
0 0.5 0.5

 (15)

Consider Switching topology is as shown in Fig. 3, and there
are 3 Frobenius matrices associated with switching topology
and same are determined using equation (9) which are given
by F(0), F(1) and F(2) and which are given below

F(0) =


1 0 0 0

0.5 0.5 0 0
0 0.5 0.5 0
0 0.5 0.5 0

 (16)

F(1) =


1 0 0 0
0 0.5 0.5 0
0 0 1 0
0 0.5 0 0.5

 (17)



F(2) =


0.5 0 0 0.5
0.5 0.5 0 0
0 0 1 0
0 0 0 1

 (18)

(a) G1 (b) G2

(c) G3

Fig. 3: Switching Topology

Eigen values for Frobenius matrix F are λ1 = 1, λ2,3 =
0.5 and corresponding left eigenvectors for Frobenius matrix
F are p1 = 1, p2 = 0 and p3 = 0. Here initial state
information for agent 1, agent 2 and agent 3 are x1(0) =
−0.02, x2(0) = −0.1 and x3(0) = −0.3 respectively. using
equation (14) consensus value determined as −0.02 refer
Fig. 4a However for switching topology Frobenius matrices
are F(0), F(1) and F(2). For F(0) the eigen values are
λ1 = 1, λ2,3 = 0.5 and λ4 = 0 and corresponding eigen
vectors are pi = 1, 0, 0, 0. For F(1) the eigen values are
λ1,4 = 1, λ2,3 = 0.5 and corresponding eigen vectors are
pi = 0, 0, 1, 0. For F(2) the eigen values are λ1,2 = 0.5,
λ3,4 = 1 and corresponding eigen vectors are pi = 0, 0, 1, 1.
This structure G1, G2, G3 repeates 21 times then using
equation (14) consensus value determined as −0.9 refer Fig.
4b.

V. CONCLUSION

From simulation result shown in Figure 4a state informa-
tion of all agents converges to consensus value of −0.02 at
5 seconds and simulation result shown in Figure 4b state
information of all agents converges to consensus value at
20 seconds. Consensus value of switching topology reaches
later as compare to consensus value reached by using fixed
topology because there are link failure in graph G1, graph
G2 and graph G3 refer Figure 3. The Frobenius matrix for
switching topology is given by F(0), F(1) and F(2). Initial
state information for fixed and switching topology is selected
randomly and lies in between the range of +1 to −1

(a) Fixed Topology Plot

(b) Switching Topology Plot

Fig. 4: Consensus Convergence
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