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Super Edge-magic Total Labeling of Combination
Graphs

Jingwen Li* Bimei Wang,

Abstract—A (p,q) graph G has edge-magic total la-
beling if there exists a bijective function f: V(G)U
E(G) — {1,2,...,p + q}, such that f(u) + f(v) + f(uv) =k
is a constant for any edge uv of G. Moreover, G is
said to be super edge-magic total labeling graph if
FV(@)) = {1,2,...,p}. In this paper, we introduce a
new operation A called generalized coalescence, then
we investigate super edge-magic total labeling of com-
posite graph F,, A F,, A C; A S; which has four com-
ponents. Finally, by giving some specific labels, we
prove that for any i and j with 3 < i <7 and j > 2
both Fs AF> AC; AS; and F3 A F3 A C; A S; are super
edge-magic total labeling graphs.

Keywords: super edge-magic total labeling; generalized
coalescence; composite graph

1 Introduction

The graph labelling has attracted wide attention because
its rich practical application background. Labeled graph-
s serve as useful models for a broad range of applica-
tions such as: circuit design[l], communication network
addressing!? and so on. In recent years, many scholars
have done a lot of researches on super edge-magic total
labeling, and also received lots of results on it.

H. Enomoto, A. S. Llado proved in 1998: every cater-
pillars has a super edge-magic total labeling(see also
[3],[4],[5]). In [6], it has proved that the linear forest
F = P; UnP; is super edge-magic total labeling for ev-
ery integer n, F =2 P, U P, is super edge-magic total
labeling for every integer n > 3; In [7] Figueroa-Centeno,
Ichishima, Muntaner-Batle and Oshima investigated su-
per edge-magic total labeling of graphs with two compo-
nents. Among their results, we can see C3 U C,, is super
edge-magic total if and only if n > 6 and n is even; C4,UC,,
is super edge-magic total if and only if n > 5 and n is
odd; C5 U (), is super edge-magic total labeling if and
only if n > 4 and n is even; if m is even with m > 4
and n is odd with n > m/2 + 2, then C,, U C,, is super
edge-magic total labeling; for m = 6,8, or 10, C,, UC), is
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super edge-magic total labeling graph if and only if n > 3
and n is odd. J. Gallian sumed up the current research
results in [8].

Inspired by above, we introduce a new operation general-
ized coalescence based on vertices merging. The number
of edges and vertices of new graphs connected by this op-
eration is invariable and decreased, respectively. In this
paper, we investigate several families of graphs are super
edge-magic total labeling graphs. Formulating the labels
of vertices and edges is a fundamental and meaningful
way to prove some theorems in graph theory. So by giv-
en a characteristic labels of vertices and edges, theorems
about super edge-magic total labeling are proved.

All graphs considered in this paper are undirected simple
connected graphs. We denote by |V(G)| and |E(G)| the
number of vertices and edges of graph G. Let F,,, C,
and S, denote the fan graph, circle graph, star graph,
respectively. The star graph S, is made up with n — 1
leaf nodes and one centre node. We give some useful
definitions which are required in the proof of the main
results.

Definition 1% Let G(p,q) be a finite simple con-
nected graph, a bijection f from V(G) U E(G) to
{1,2,...,p + ¢} is called an edge-magic total labeling of
G if there exists a constant k (called the magic num-
ber of f) such that f(u) + f(v) + f(uv) = k for any
edge of G. An edge-magic total labeling f is called super
edge-magic total labeling if f(V(G)) = {1,2,...,p} and
fEG)={p+1p+2,...p+4q}

Magic number k always belongs to [p + ¢ + 3,2(p + ¢q)]-

Definition 2 Suppose that V(F,) = {uo, u1, ..., un },
V(En) = {vo,v1,.vm}, V(C) = {z1,22,..., 7},
V(S;) = {y1,¥2,.., ¥}, wo, vo, 1 and y; are centre
vertices. let ug, vg, £1 and y; conduct generalized coales-
cence operation and forming a new vertex ug/vo/x1/y1,
then called this composite graph F,, A F,, A C; A S;.

It easy to see that V(F, A F,, AC; A S;) = V(F,) U
V(Fy) U (Ci) U (S;)\3v, [V(F, A Fry AC; ASj)| =
V()| + |V (Fn)| +|V(CH)|+|V(S;)| =3, E(F, AF,, A
C; A S;) = E(F,)UE(F,,)UE(C;)UE(S;). Also we see
that F, A F,,, AC; A S is F,, A Fy,(see[12]) if C; and S,



are null graph and G , H are F,, and F,,, respectively.

Figure 1: F, A F,, AC; A S;.

In section 2, we give main results about super edge-magic
total labeling.

2 Main Results

Theorem 1 Composite graphs F3 A\ Fy A Cp, NS, have
super edge-magic total labeling if 3 <m <7, n > 2.

Proof In order to complete the proof of graph
G(p,q) has super edge-magic total labeling, we only
need to prove f(V(Q@)) = {1,2,...,p} and f(E(G)) =
{p+1,p+2,...,p+ q}. We now prove the theorem by
considering five cases according the value of index m.
Case 1 when m = 3, n > 2, graph Fs AF, AC3A S,
is shown in figure 2(1). Super edge-magic total labeling
of F3 A Fy A C3 A Sy is shown in figure 2(2).

Figure 2: (1) F3AF2A03AS»,L (2) F3AF2AO3ASQ.

If n > 3, magic number k € [2n + 20,4n + 34], when
k = 2n + 20, we have

V(FsAF, ACsAS,)|=4+34+34+n—3=n+7
|E(Fs AF, AC3 AS,)|=5+34+3+(n—1)=n+10

Vertex labels of F3 A Fo A C3 A S, are

1, =0
2, i=1

1=2
3, 1=3

1, 1 =0

f(Ui)— 5, L=
n+6, 1=2

1, 1=

f(xl)— 7, =2
n+5 1=3

1, =1

4, =2

f(yi)_ 6, i=23
i+4, 4<1<n

Let S be a set of the sum of labels of two adjacent
vertices. S = {3,4,5,6,7,8}U{9,10,--- ,n+12}. Vertex
labels are f(V) ={1,2,3,4,5,6,7}U{8,9,--- ;n+4,n+
5,n+6,n+7}. By definition 1, f(uv) = k—(f(u)+ f(v)).
So the edge labels are f(E) = {2n+17,2n+16,--- ,2n+
12} U {2n + 11,2n + 10,--- ,n + 8}. We can see
fV)y = [L,n+ 7, f(E) = [n+8,2n + 17] and
fV)N f(E) = ¢, so composite graphs F3 A F, AC3A S,
have super edge-magic total labeling if n > 2.

Case 2 when m =4, n > 2, graph Fs AF, ACy A S,
is shown in figure 3(1). Super edge-magic total labeling
of F3 A FQ A 04 JAN SQ and F3 AFQ A 04 A Sg are shown
in figure 3(2) and 3(3).

Figure 3: (1) FsAF AC4s A Sy
(3) Fs AFy ACy A Ss.

2) BsAF, ACLAS,,

If n > 4, magic number k € [2n + 22,4n + 38|, when
k = 2n + 22, we have

[V(Fs AF, ACy A S,)|=44+3+4+n—-3=n+38
IE(Fs ARy ACyAS,)| =5+3+4+(n—1)=n+11
\V(F3sAF, ACLAS,) |+ |E(Fs AF, ACLAS,)| = 2n+19

Vertex labels of F3 A Fo A Cy A S,, are

1, i=0
4, =1
fw) =9 o =2
n+8 1=3
1, i=0
f(’l)i): 8, =1
n+5, 1=2



L, =1

) nt6, i=2
J@)=9 "5 iz3
n+7 1=4

1, i=1

3, i=2

7, i=4
i+4, 5<i<n

In this case, S = {3,4,5,6,7,8} U {9,10,--- ,n + 13},
F(V)=1{1,2,3,4,5,6,7,8} U{9,10,--- ,n+ 4,1+ 5,n +
6,n+7,n+8}, f(F)={2n+19,2n+18,--- ,2n+ 14} U
{2n+13,2n+12,--- ,n+9}. We can see f(V) — [1,n+8],
f(E) = [n+9,2n+19] and f(V) N f(E) = ¢, so com-
posite graphs F3 A Fo A Cy A\ S, have super edge-magic
total labeling if n > 2.

Case 3 when m = 5, n > 2, graph Fs AFb, AC5 A S,
is shown in figure 4.

Figure 4: Fs A Fs ACs A S,.

Magic number k € [2n 4 24, 4n + 42], when k = 2n + 24,
we have

V(FsAF, AC5AS,)|=4+34+5+n—3=n+9

Vertex labels of F3 A Fo A C5 A S, are

1, 1 =20

3, =1

f(ul)_ 2’ =2
n+6, 1=3

1, 1t =0

f(UZ‘): 57 =1
n+9, 1=2

1, =1

6, =2

flz)) =< n+7, i=3
4, it =4

n+8 1=5

In this case, S = {3,4,5,6,7}U{8,9,--- ,n+13}, f(V) =
{1,2,3,4,5,6}U{7,8,--- ,n+5n+6,n+7,n+8 n+9},
f(E) = {2n + 21,2n + 20,---,2n + 17} U {2n +
16,2n + 15,--- ,n 4+ 10}. We can see f(V) — [1,n+ 9],
f(E) = [n+10,2n+ 21] and f(V) N f(E) = ¢, so com-
posite graphs F3 A Fy A Cy5 A S, have super edge-magic
total labeling if n > 2.

Case 4 when m = 6, n > 2, graph F3AFo, ACg A S,
is shown in figure 5(1). Super edge-magic total labeling
of F3 AFy ACg A S, are shown from figure 5(2) to figure
5(6) when n is 2,3,4,5 or 6.

(5)

Figure 5: F3 A F» A Cs A S, and super edge-magic total
labeling when n is 2,3,4,5 or 6.

If n > 7, magic number k € [2n + 26,4n + 46|, when
k = 2n + 26, we have

V(Fs ARy ACg AS,)| =4+34+6+n—3=n+10
E(Fs APy ACg AS,)|=5+3+6+(n—1)=n+13

Vertex labels of F3 A Fy A Cg A S, are

1, 1=0

4, i=1

UCD R T
n+9, 1=3

1, i=0

f(’l)i)— 67 1=1
n+2, 1=



1, i=1
3, i=2
) n410, i=3
fla:) = 5, =4
n+7 1=5
7, i=6
1, i=1
. n—+ 8, 1 =2
Fly) = n+9—i, 3<i<6
n+8—14, 7<i<n

In this case, S = {3,4,5,6,7,8} U {9,10,--- ,n + 15},
F(V) = {1,2,3,4,5,6,7Y U {8,9,--- ,n + T,n + 8,n +
9,n+10}, f(E) ={2n+23,2n+22,--- ,2n+18}U{2n+
17,2n +16,--- ,n+ 11}. We can see f(V) — [1,n + 10],
f(E) = [n+11,2n+ 23] and f(V) N f(E) = ¢, so com-
posite graphs F3 A Fy A Cg A S,, have super edge-magic
total labeling if n > 2.

Case 5 whenm =7, n > 2, graph Fs AF, AC7 A S,
is shown in figure 6.

Figure 6: Fs AFo AC7 NS, .

Magic number k € [2n 4 28, 4n + 50], when k = 2n + 29,
we have

[V(Fs AF, AC7 AS,)|=44+3+T7T+n—-3=n+11
|E(Fs AFa AC7ANS,)| =5+3+T+(n—1)=n+14

Vertex labels of F3 A Fo A C; A S, are

1=0
i=1
1=2
i1=3
i=0
i=1
1=2
i=1
i=2
i=3
, i=4
n+1l, i=5

2, i=26
n+10, +=7

—_

flui) =

3

=

flvi) =

3
Fotm 0 4w

oo

S
©

(=)

f(xi) =

1, i=1

fy)=9 7 i=2
i+6, 3<i<n

In this case, S = {4,5,6,7,8,9} U {10,11,--- ,n + 17},
F(V)=1{1,2,3,4,5,6,7,84 U{9,10,--- ,n+6,n+7,n+
8,n+9,n+10,n+11}, f(E) = {2n+25,2n+24,--- ,2n+
20tU{2n+19,2n+18,--- ,n+12}. We can see f(V) —
[1,n+11], f(E) — [n+12,2n+25] and f(V)N f(E) = ¢,
so composite graphs F3 A Fo A C7 A S, have super edge-
magic total labeling if n > 2.

Thus, all cases imply that 3 <m < 7, n > 2 and so the
proof of the theorem 1 is complete.

Theorem 2 Composite graphs F3 A\ F3 A\ C,, A S, have
super edge-magic total labeling if 3 <m <7, n > 2.

Proof The proof way of theorem 2 is as same as
the first one. We now prove the theorem by considering
five cases according the value of index m.

case 1 when m = 3, n > 2, graph F5AF3/AC3A S,
is shown in figure 7(1). Super edge-magic total labeling
of F3 A F3 A C3 A S5 is shown in figure 7(2).

Vi1 Yi

Figure 72 (1) FgAFgAC;gASn (2) F3AF3A03AS2.

If n > 3, magic number k € [2n + 23,4n + 40|, when
k = 2n + 23, we have
[V(Fs AF3s AC5AS,)|=44+4+3+n—3=n+38

\V(F3s AFsAC3AS,) |+ |E(Fs AFs AC3AS,)| = 2n+20

Vertex labels of F3 A F3 A C3 A S, are

1, =0
5, i=1
fw) =9 w7 i=2
6, i=3
1, =0
2, =1
f('Ui)— n+8, i=2
3, i=3




1, i=1

n+6, i=3

1, =1

4, i=2

f(yi)_ 77 i =23
i+5, 4<i<n

In this case, S = {3,4,5,6,7,8,9} U{10,11--- ,n + 14},
FV) = {1,2,3,4,5,6,7,8} U {9,10,---,n + 5,n +
6,n + 7,n + 8}, f(E) = {2n + 20,2n + 19,--- ,2n +
14} U {2n + 13,2n + 12,--- ,;n + 9}. We can see
fvV)y = [IL,n+ 8f(E) — [n+ 9,2n + 20] and
FfV)Nf(E) = ¢, so composite graphs F3 A F3 AC3 A S,
have super edge-magic total labeling if n > 2.

case 2 when m = 4, n > 2graph Fs A F3 ACy A S,
is shown in figure 8(1). Super edge-magic total labeling
of F3 A F3 A Cy /A Ss is shown in figure 8(2).

Figure 82 (1) FgAF3AC4ASn (2) F3 AF3 AC4ASQ

If n > 3magic number k € [2n + 25,4n + 44], when k =
2n + 25, we have

V(Fs AF3 ACLASy) | =4+4+4+n—3=n+9
|[E(Fs AFs ACs AS,)|=5+5+4+(n—1)=n+13
[V(FsAFsACYAS,)|+|E(FsAFsACLAS,)| = 2n+22

Vertex labels of F3 A F3 A Cy A S, are

1, 1=0

7, =1

Jw) =9 o =2
n+9, =3

1, 1=0

4, i=1

f('Ui)— n+8, i=2
9, 1=3

1, i=1

) n+6, i=2
f(xl)_ 8, i=3
n+7 1=4

1, i=1
3, i=2
i1+5, 4<i<n

In this case, S = {3,4,5,6,7,8,9} U{10,11--- ,n 4+ 15},
F(V)={1,2,3,4,5,6,7,8,9YU{10,11,- - ,n+5,n+6, n+
Ton+8,n+9}, f(E) = {2n+22,2n+21,-- ,2n+16} U
{2n+15,2n+14,--- ,n+10}. We canseef (V) — [1,n+9)],
f(E) = [n+10,2n+ 22] and f(V)N f(E) = ¢, so com-
posite graphs F3 A F3 A Cy A S, have super edge-magic
total labeling if n > 2.

case 3 when m = 5n > 2, graph Fs A Fs AC5 A S,
is shown in figure 9(1). Super edge-magic total labeling
of F3 A F3 ACs /A Sy and F3 A F3 A Cs A S3 are shown
in figure 9(2) and 9(3).

Figure 9: (1) F5AF5ACs A S,
(3) Fs A Fs ACs A Ss.

(2) Fs AFs AC5 A S,

If n > 4, magic number k € [2n + 27,4n + 48], when
k = 2n + 27, we have

V(Fs AFsACs A S,)|=4+4+5+n—-3=n+10
E(Fs AFs ACs AS,)| =5+5+5+(n—1)=n+14

\V(F3s AFsAC5 AS,)|+|E(Fs AFs AC5 AS,)| = 2n+24

Vertex labels of F3 A F3 A Cs A S,, are

1, i=0
6, 1=
n+6, 1=3
1, 1=0
n+9, 1=
f(vl)* 37 i=2
n+10, i=3
1, i=1
9, =2
fl)=< n+7 i=3
7, 1=
n+8, 1=05



1 i=1
4, i=2

flys) = 5, i=3
8, i=4
i+5 b5<i<n

In this case, S = {3,4,5,6,7,8,9,10} U {11,12--- ;n +
16}, f(V) = {1,2,3,4,5,6,7,8,9} U {10,11,--- ;n +
5,n+6,n+7,n+8n+9,n+10}, f(E) ={2n+24,2n+
23,--+,2n+ 17} U {2n 4+ 16,2n + 15,--- ,n + 11}. We
can see f(V) — [1,n+10], f(F) — [n+11,2n + 24] and
fOV)N f(E) = ¢, so composite graphs F3 AF3 AC5 A S,
have super edge-magic total labeling if n > 2.

case 4 when m = 6, n > 2, graph F3 AF3 ACg A S,
is shown in figure 10.

Figure 10: F53 A F5 A Cs A Sh.
Magic number k € [2n 4 29,4n + 52], when k = 2n + 29,
we have
V(Fs AFs ACgAS,)| =4+4+6+n—3=n+11
E(Fs AF3 ACs ASy)|=5+5+6+(n—1)=n+15

Vertex labels of F3 A F3 A Cg A S, are

1, =0
4, i=1
GO TN
n+7 1=3
1, =0
6, i=1
floi) = 3, i=2
n+11, i=3
1, Q=1
n+9, 1=2
8, i=3
J@) =\ nis =4
5 i=5
n+10, =206
1, i=1
fyi) = 7, i =
i+6, 3<i<n

In this case, S = {3,4,5,6,7,8,9} U{10,11--- ,n+ 17},
F(V) = {1,2,3,4,5,6,7,8} U {9,10,--- ,n + 6,n -+
7,n+8n+9,n+10,n+ 11}, f(E) = {2n + 26,2n +
25,-+-,2n + 20} U {2n + 19,2n 4+ 18,--- ;n + 12}. We
can see f(V) — [1,n+11], f(E) = [n+12,2n + 26] and
fV)N f(E) = ¢, so composite graphs Fs A F3 ACg A S,
have super edge-magic total labeling if n > 2.

case 5 when m =7, n > 2 graph FsAF3AC; A S,
is shown in figure 11(1). Super edge-magic total labeling
of Fs AF3AC7; A S, are shown from figure 11(2) to 11(7)
when n is 2,3,4,5,6 or 7.

12
13

14
U]

Figure 11: F3 A F3 A C7 A S, and super edge-magic total
labeling when n is 2,3,4,5,6 or 7.

If n > 8, magic number k € [2n + 31,4n + 56], when
k = 2n + 31, we have

V(FsAF ACrAS) =4+4+T+n—3=n+12
|[E(Fs AFs ACr ASy)|=5+5+T7T+(n—1)=n+16

Vertex labels of F3 A F3 A C; A S, are

1, i=0
4,  i=1

flu) = 2, =2
n+10, =3

1, =0

6, i=1

fw) = 3, i=2
n+12, i=3

1, =1

7, i=2

n+11, i=3

fla) = 5, i=4
n+9 1=5

8, =6

n+2, 1=7




1 i=1
flyi) =< n+10—i, 2<i<7

In this case, S = {3,4,5,6,7,8,9} U{10,11--- ,n + 18},
F(V)=1{1,2,3,4,5,6,7,8 U{9,10, - ,n+9,n+10,n-+
11,n + 12}, f(E) = {2n + 28,2n + 27,--- ,2n + 22} U
{2n+21,2n+20,--- ,n+13}. We can see f(V) — [1,n+
12], f(E) — [n+13,2n + 28] and f(V) N f(E) = ¢, so
composite graphs F3 A F3 A C7 A S, have super edge-
magic total labeling if n > 2.

Thus, all cases imply that 3 < m < 7, n > 2 and so the
proof of the theorem 2 is complete.

3 Conclusions and Future Work

We define the new operation A and F,, A F,,, AC; A S;.
In the section two,we prove that F3 A Fo AC,, A S, and
F3 A\ F3 A C,, A S, are super edge-magic if 3 <m < 7,
n > 2. Maybe when m > 8, n > 2 have the same results.
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