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ABSTRACT. In the present paper, we defined two new subclasses of bi-starlike and bi-convex
function of complex order involving double zeta functions in the open unit disc and obtained
initial coefficients of functions in these classes related with crescent shaped region. Furthermore,
we determine the Fekete-Szego inequalities for function in these classes. Several consequences
of the results which are new are also pointed out as corollaries.

2010 Mathematics Subject Classification: 30C45.

Keywords: Analytic functions; Univalent functions; Bi-univalent functions; Bi-starlike and
bi-convex functions of complex order; Coefficient bounds; double-zeta functions.

1. INTRODUCTION AND DEFINITIONS

Let 2 represent the class of functions of the form
f(z) :z+Zanz” (1.1)
n=2

which are analytic in the open unit disc D = {z : |z| < 1} and normalized by the conditions
f(0) =0 and f'(0) = 1. Further, let & denote the class of all functions in 20 which are univalent
in D. Some of the significant and well-investigated subclasses of the univalent function class &
comprise (for example) the class &*(«) of starlike functions of order v in D and the class £&(«)
of convex functions of order o (0 < a < 1) in D.

It is well recognized that every function f € & has an inverse f~! defined by

7 (f(z) =% (z€D)
and  f(f7(w)) =w (lw] <ro(f);ro(f) = 1/4)

where
fHw) = g(w) = w — ayw? + (2a3 — az)w® — (5a3 — Sazas + ag)w? + - . (1.2)
A function f(z) € 2 is said to be bi-univalent in D if both f(z) and f~!(z) are univalent
in D. Let ¥ signify the class of bi-univalent functions in D given by (1.1). Formerly, Brannan
and Taha [5] presented certain subclasses of bi-univalent function class ¥, namely bi-starlike
functions of order a(0 < v < 1) denoted by &% («) and bi-convex function of order a denoted by
Rz (). For each of the function classes &% («) and Rx(«), non-sharp estimates on the first two

Taylor-Maclaurin coefficients |ay| and |a3| were established [5, 27]. But the coefficient problem
for each of the succeeding Taylor-Maclaurin coefficients:

|| (neN\{1,2}; N:={1,2,3,---})

is still an open problem (see [5, 4, 12, 15, 27]). Numerous researchers (see [11, 21, 23]) have
familiarized and inspected several interesting subclasses of the bi-univalent function class X
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and they have found non-sharp estimates on the first two Taylor-Maclaurin coefficients |as| and
|6L3|.

An analytic function f is subordinate to an analytic function g, written f(z) < g(z), provided
there is an analytic function w defined on I with w(0) = 0 and |w(z)| < 1 sustaining f(z) =

g(w(2)).

Definition 1.1. [19] Let f € 2 be normalized by f(0) = f'(0) — 1 =0 in the unit disc D. We
represent by S*(p) the class of analytic functions and satisfying the condition that

Zf/(Z) 2 __. >
e <24+ V1422 = ¢(2),

where the branch of the square root is chosen to be the principal one, that

is $(0) = 1.

The function ¢(z) := z++/1 + 22 maps the unit disc U onto a shell shaped region on the right
half plane, and it is analytic and univalent on D. The range ¢(ID) is symmetric respecting the
real axis and ¢(z) is a function with positive real part in I, with ¢(0) = ¢'(0) = 1. Moreover,
it is a starlike domain with respect to the point ¢(0) = 1(see Figl) also see([20])

Fig. 1. The boundary of the set ¢(ID).

Inspired by the aforementioned works, we define a subclass of bi-univalent functions namely X
as follows.

The study of operators plays an central role in the geometric function theory and its correlated
fields. In the recent years, there has been an collective importance in problems concerning
evaluations of various families of series linked with the Riemann zeta function and Hurwitz
zeta function and their extensions and generalities such as the Hurwitz-Lerch zeta function.
These functions ascend naturally in many branches of analytic function theory and their studies
have plentiful important applications in mathematics [1]. As a overview of both Riemann and
Hurwitz zeta functions, the so-called Hurwitz-Lerch zeta function is defined in [10]. Hurwitz-
Lerch Zeta function ®(z, s, a) defined in [22] given by

[e.e] n

O(z,s,a) = ©

n

(a € C\Zy ;s € C;R(s) > land |z| < 1 where, asusual, Z; := Z\N, (Z := {0, £1,£2, 43, ...}).
It is clear that ® is an analytic function in both variables s and z in a suitable region and it

Gy (1.3)
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eases to the ordinary Lerch zeta function when z = 27 i\. Besides, ® yields the following
known result [10]:

®(z,1,a) = a 9 F(a,1;a+ 1, 2),
where 5 F7 is the Gaussian hypergeometric function. Several interesting properties and charac-
teristics of the Hurwitz-Lerch Zeta function ®(z, s,a) can be found in the recent investigations
by Choi and Srivastava [6], and (also see [14]) the references stated therein . The double zeta
function of Barnes [2] is defined by

((x,a,T) ZZm+a+7‘ )

n=0 m=0
where @ # 0 and 7 is a non-zero complex number with |arg(7)| < w. Combining (1-3), Bin-
Saad [3] posed a generalized double zeta function of the form
(M (z,8,a) = Z(/{) O(z,8,a+ nt)—
n=0
where 7 € C\ {0};k € C\ Zg;a € C\{—=(m+71n)},n,m € Ny := NU{0}, [s| < 1;]z] < 1
and @ is the Hurwitz-Lerch zeta function distinct by (1.3) and (k),, is the Pochhammer symbol
defined by

n

n!

1, n =20
(”)n—{m(m+1)<ﬂ+2)...(n+n—1), neN. (1.4)
The convolution or Hadamard product of two functions f,h € 2 is denoted by f * h and is
defined as

(f*h)(z) =2+ Z anbp 2", (1.5)

where f(z) is given by (1.1) and h(z) = z + >_ b,2". In this work, by using the Hadamard

product or the convolution product of generalized Hurwitz- Lerch zeta function in[17] defined

a function as follows:
d(z,s,a+nT)

P(z,8,a)
It is clear that ©y(z, s,a) = 1. Now consider the function

On(z,8,a) = n € Np. (1.6)

Ti(z,8,a) = Z (’i)n@n(z, s,a)z", (1.7)

—~ n!
which implies
2Y (2, s, (z,8,a)2".
Thus,
-1 _ < _ S (5)71*1 n
2T (2, 8,a) % (2Y(z,8,a)" = A=ar z+z; (n— 1)!2 , 0> —1
poses a linear operator
(2, 8,a)f(2) = (2 x(z,8,0)) " * f(2) = 2+ Z a,z" (1.8)
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where 7 € C\ {0};k € C\Zy;a € C\{—=(m+7n)},n,m € Ny, |s|] < 1;|z] <1 and 6,(z,s,a)
is defined in (1.6). It is clear that I°(z,s,a)f(z) € 2.

W f(2) =3z, 8,a)f(2) = 2 + i U, a, 2", (1.9)

where

(5)n—1
(K)n-10n-1(z,s,a)’
7€ C\{0};r e C\Zj;a e C\{—(m+7n)},n,m € Ny, |s| < 1;]z] < 1and ©,(z,s,a) is
defined in (1.6) .

Inspired by the work of Silverman and Silvia [25](also see[26]) and recent study by Srivastava
et al [24],and by the earlier work of Deniz[9] and Huo Tang et al [11], in the present paper we
introduce two new subclasses of the function class 3 of complex order 9 € C\{0}, involving the
linear operator J2 and find estimates on the coefficients |as| and |as| for functions in the new
subclasses of the function class Y. Several related classes are also considered , and connection
to earlier known results are made.

Definition 1.2. A function f(z) € ¥ given by (1.1) is said to be in the class 6‘;;(19, A) if the
following conditions are satisfied:

L (2(30f(2) | (1+e™\ 2230/ (2))"
1+5( 30 f(2) +( 2 ) 30 F(z) _1) < ¢(z) (A€ (—m,7],z€D) (1.11)

1 <W(3iig(w)>’ N (1 +e“> w?(38 g(w))”

1 _
9\ T3 g(w) 2 3 g(w)

v, =

(1.10)

and

9 — 1) < ¢p(w) (A€ (—mn,weD), (1.12)
where ¥ € C\{0} and the function g is given by (1.2).

Definition 1.3. A function f(z) given by (1.1) is said to be in the class ﬁ%iﬁ(ﬁ, A) if the
following conditions are satisfied:

L) + (B2 2@ ()

1
tD 027 (2)

-1 <o(z) Ne(—mm],zeD) (1.13)

and

] [w(ﬁig(w))' + <1+2€i>\> w2(’3ig(w))”]’
(32g9(w))’
where 9 € C\{0} and the function g is given by (1.2).

Remark 1.1. A function f(z) € ¥ given by (1.1) and for A = 0, we note that 66“ 5(U,A) =
(‘5%2(19) and .ﬁ%iﬁ(ﬁ, ) = ﬁ%z(ﬂ) satisfies the following conditions respectively:

[1 ¥ % <—Z(§;J{((j))) - 1)} < ¢(z) and [1 —~ % <% - 1>} < ¢(w)

()] <0 [} ()] <o

where ¥ € C\{0} z,w € D and the function g is given by (1. )

—1| <o(w) (A€ (—m,7,weD), (1.14)

and
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Remark 1.2. A function f(z) € X given by (1.1) and for ¥ = 1, we note that 6%%(19, A) =
6%;)()\) and satisfies the following conditions respectively:

(A (42) 27) <

and

(o (45) ") <

Also ﬁgiﬁ(ﬁ, A\ = ﬁ%’fd)()\) and satisfies the following conditions
@) + (H52) 2O )T
(32.£(2))

< #(2)

and

w(3g(w)) + (L4 ) w?(3g(w))")
(359(w))

where \ € (—m, 7], z,w € D and the function g is given by (1.2).

< p(w),

2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS 6‘;’2)(19,)\) AND ﬁ%"d)(ﬂ, A)

For notational simplicity, in the sequel we let,

Tof(2) for Jy(z,s,a)f(2)

and
_ (9)2
2= (k)101(z,s,a)’ (2.1)
U, = (9): (2.2)

(/{)2@2(278760
where 7 € C\ {0};k € C\Zy;a € C\ {—(m+7n)},n,m € Ny, |s] < 1;|z| <1 and O,(z,s,a)
is defined in (1.6) .

1 1
gzﬁ(z)::z+v1+z2:1+z+522—§z4+~-~. (2.3)

For deriving our main results, we need the following lemma.

Lemma 2.1. [16] If h € B, then |ci| < 2 for each k, where B is the family of all functions h
analytic in D for which R(h(z)) > 0 and

h(z) =1+cz+cz>+--- forz €D.
Define the functions p(z) and ¢(z) by

1+ u(z) 2
p(z) )~ TP Eme
and
1+ov(z
q(z) == <):1—|—q12—|—q2z2—|—---.

1 —w(2)
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u(z) = j —1:%[@ (pz——>z2+---}

v(z):: %[q <q2__>22+...]

Then p(z) and ¢(z) are analytlc in ]D Wlth p(O =1=¢(0).

It follows that

and

Since u,v : D — D, the functions p(z) and ¢(z) have a positive real part in D, and |p;| < 2

and |g;| < 2 for each i.

Theorem 2.1. Let f(z) given by (1.1) be in the class 6%@(19, A), 0 € C\{0} and X € (—

Then
T V205 4 3eM) W3 — (2 + ) W3] + (2 + e2)2W3|

and

|02 Y]
12+ eA2W3 |5+ 3e Uy

las| <

Proof. Tt follows from (1.11) and (1.12) that
(200G (14 2O )" s
1+19< T F(2) +( 2 > 3 f(2) 1>_¢( )
and
1 (w@gw) (14 w(@g()” N\ _ oo
1+19( Fg(w) +( 2 ) J%g(w) 1) Plolw)),
where
p(z) —1\2  p(z) -1
su(z)) = \/H(p(z)H) Er
D1 P2 P\ 2 Ps _ P1P2\ 3
= 1+§z+(5—§)z +(5_T> +

bo(w) = 1+ B (L= Dyyr o (B D)1

2 2 8 2 4
Now, equating the coefficients in (2.6) and (2.7), we get
1 , 1
5(2 —+ 61)\>\I/2(1,2 = 5])1,
1 i i 1 P 1
S [(5+ 3e™)W3a3 — (2 + €M) Wiad] = 5 (P2~ 51) + gpf,
1 , 1
— 5(2 —+ 61)\)\1/2@2 = qu,
and
1 i IANT2] 2 i 1 q% 1,
9 ([2(5 +3e) W3 — (2 + ) W5la; — (5 + 3e )‘I’3a3) = 2(‘]2 - 3) + 8(11-

From (2.10) and (2.12), we get
P1=—q

m, 7.

(2.4)

(2.5)

(2.6)

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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and 4
8(2 + €)*Whaz = 9 (pi + qi)- (2.15)
Now from (2.11), (2.13) and (2.15), we obtain
(2{29[(5 + 3e™) W3 — (2 + €M) U3] + (2 + €?)*U3}) a3 = 9 (p2 + o). (2.16)
Applying Lemma (2.1) to the coefficients ps and go, we have
V2 J9)

|as|

< .
T V20005 + 3eP) W — (24 e?) T3] + (2 + )20

Next, in order to find the bound on |as|, by subtracting (2.11) from (2.13) and using (2.14),
we get

2 . 1
55+ 3¢™)Ws(a5 — a3) = 2 (p2 — g2).

v
Upon substituting the value of a3 from (2.15), we get
0y — p1 - ai) 0(p2 — g2)

8(2 + €1)2W2  4(5 + 3¢ Vs
Applying Lemma (2.1) once again to the coefficients py, ps, ¢1 and g2, we get
9| ]

< - - .
‘a3‘ = |2+61)\|2\I[% + |5 +3€z>\|\1/3
UJ
Theorem 2.2. Let f(z) given by (1.1) be in the class ﬁ%z(ﬁ,)\), v € C\{0} and X\ € (—m,7].
Then
]
lag| < , : : (2.17)
VIO[3(5 + 36 ) Wg — 4(2 + ) U3] + 2(2 + €i4)203]
" 9] 9
< . . . 2.1
|a’3| — 4|2 + 61)‘|2\I/% + 3|5 + 3€Z>‘|\I/3 ( 8)
Proof. We can write the argument inequalities in (1.13) and (1.14) equivalently as follows:
| (EFE)Y + (22 2@
14+ = -1 = 2.1
. R (u() 2.19)
and _
| ((w@gw) + (2) w(3g(w)y
1+ — — 1| = o(v(w)), (2.20)

v (F2g(w))

and proceeding as in the proof of Theorem 2.1, from (2.19) and (2.20),we can arrive the following
relations

2 - 1
5(2 + 61)\>\IJ2(1,2 = 5}?1, (221)
1 , ) 1 2 1
5[3(5 + 3™ Wsas — 4(2 + ™) W2a2] = 5(pg — %) + gpf, (2.22)
and
— 5(2 +e )\IJQCZQ = qu, (223)
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L1306+ 86) (203 — as) s — 4(2 + ) 3a3) = Lo — ) 4 Lg2 (221)
From (2.21) and (2.23), we get
Pr=—q (2.25)
and
32(2 + €)*W3a3 = 9*(p] + G). (2.26)
Now from (2.22), (2.24) and (2.26), we obtain
a2 = P (pa + 42) (2.27)

AVB3(5 4 3¢ Wy — 4(2 4 ) U2] 4 2(2 4 €2)203]

Applying Lemma (2.1) to the coefficients ps and ¢y, we have the desired inequality given in
(2.17).
Next, in order to find the bound on |as|, by subtracting (2.22) from (2.24), and using (2.25),
we get
1

6 .
S5+ 3¢"™)(as — a3) Vs = 52— a2).

Upon substituting the value of a3 given (2.26), the above equation leads to

_ V(p2 — ¢2) 9*(p +qf)
12(5 + 36Uy | 32(2 + €220l

as (2.28)

Applying the Lemma (2.1) once again to the coefficients p1, ps, ¢ and go, we get the desired
coeflicient given in (2.18). O

Putting A = 7 in Theorems (2.1) and (2.2) , we can state the coefficient estimates for the
functions in the subclasses 6%2(19) and R%;(z?) defined in Remark (1.1).

Corollary 2.1. Let f(z) given by (1.1) be in the class 6%2)(19). Then

la] < V2 |9
T V291205 - 03) + 3

2
2 20,

Corollary 2.2. Let f(z) given by (1.1) be in the class ﬁ%@(ﬁ). Then

2
|a2| S ‘79’ and |a3| S ’19_‘2 + ﬂ
V2[9](303 — 2W32) + 203 43 63

Taking ¥ = 1 in Theorems (2.1) and (2.2) , we can state the coeflicient estimates for the
functions in the subclasses 6‘;;5(/\) and ﬁ‘;%(k) defined in Remark (1.2).

Corollary 2.3. Let f(z) given by (1.1) be in the class 6%74)()\). Then

2
las| < . V2 . .
V2[(5+ 3eM) Wy — (2 + e )WZ| + |2 + ¢ |203

and

1 1

< - - .
sl < Greopes T s,
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Corollary 2.4. Let f(z) given by (1.1) be in the class ﬁg%()\). Then
1
V{BID + 3¢ Wy — 42 + e W3] + 2|2 + e [2W2}

las| <

and
1 1

: + R
424?02 3[5+ 3¢ Uy

las| <

3. FEKETE-SZEGO INEQUALITY FOR [ € G%fqﬁ(ﬁ, A)

In this section, we prove Fekete-Szego inequalities for functions in the class 6%2)(19, A). These
inequalities are given in the following theorem.

Theorem 3.1. Let f given by (1) be in the class 6%%(19, A) and o € R Then

9 9
| as — Qa% < 3[5+3eA T3 0<[o(or)|< 3135
=\ 2Wllete ). 6o )] > geras-

where
V(1 - o)
A[9[3(5 + 3eM)W3 — 4(2 + €M) W2] + 2(2 + €i1)2W2]

Proof. From (2.27) and (2.28)

P(o,7) =

05— pa? = (1= 0)9*(p2 + o) LU= go)
L AI[3(5 + 3Ty — 4(2 + eA)W2] + 2(2 + 2)2W2] T 12(5 4 3¢ ) U
¥ 0
- |:¢(Q> T) + 12(5 +3€i)‘)\113:| b2 + |:¢(Q7 ’I") - 12(5 + 3€i/\)q13 q2
where ,
97(1 —
¢(o,r) = 1-0

4[9[3(5 + 3 Wy — 4(2 + €M) W3] + 2(2 + )2 V3]
Thus by applying Lemma 2.1,we get

Y Y
—_— 0< ¢ r)l< —Y
3 = =
| ag — pa2 |< { 3P+3e7vs? | #le,7) | 3[5+3e W3
2|L( |‘¢(Q7 T)" ‘¢<Q7 7’)‘ Z 3|5+3ii>\‘\1;3-

In particular by taking o = 1, we get

| v

2
< —
as = a; |< 3|5 + 3¢ Wy

4. Concluding remarks

We defined two new subclasses of bi-starlike and bi-convex function of complex order involving
double zeta functions in the open unit disc and obtained initial coefficients of functions in
these classes related with shell shaped region. Furthermore, we determine the Fekete-Szego
inequalities for function in these classes. Several consequences of the results which are new are
also pointed out as corollaries.Also we note that lately various subclasses of starlike functions
were introduced see [7, 8, 13] by fixing some particular functions such as functions linked with
Bell numbers, shell-like curve connected with Fibonacci numbers, functions associated with
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conic domains and rational functions instead of ¢ in (2.3) one can determine new results for
the subclasses introduced in this paper.
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