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THE DISPERSIONLESS MULTI-DIMENSIONAL INTEGRABLE
SYSTEMS AND RELATED CONFORMAL STRUCTURE
GENERATING EQUATIONS OF MATHEMATICAL PHYSICS

OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE,
AND ANATOLIJ K. PRYKARPATSKI

ABSTRACT. Based on the diffeomorphism group vector fields on the complexi-
fied torus and the related Lie-algebraic structures, we study multi-dimensional
dispersionless integrable systems, describing conformal structure generating equa-
tions of mathematical physics. An interesting modification of the devised Lie-
algebraic approach subject to the spatial dimensional invariance and meromor-
phicity of the related differential-geometric structures is described and applied
to proving complete integrability of some conformal structure generating equa-
tions. As examples, we analyzed the Einstein—Weyl metric equation, the modified
Einstein—Weyl metric equation, the Dunajski heavenly equation system, the first
and second conformal structure generating equations, the inverse first Shabat
reduction heavenly equation, the first and modified Plebanski heavenly equa-
tions and its multi-dimensional generalizations, the Husain heavenly equation
and its multi-dimensional generalizations, the general Monge equation and its
multi-dimensional generalizations. We also constructed superconformal analogs
of the Whitham heavenly equation.

1. VECTOR FIELDS ON THE COMPLEXIFIED TORUS AND THE RELATED
LIE-ALGEBRAIC PROPERTIES

Consider the loop Lie group G := %(T@L consisting [14] of the set of smooth
mappings {C! D S' — G : = Diff(T"}, extended, respectively, holomorphically
from the circle S' C C! on the set D} of the internal points of the circle S*, and
on the set DL of the external points A € (C\ﬁi. The corresponding diffeomorphism
Lie algebra splitting G := G, & G_, where G, := Ei\f/j"(’]l‘”)Jr C I(TE;T(TZ)) is
a Lie subalgebra, consisting of vector fields on the complexified torus Tg ~ T" x
C, suitably holomorphic on the disc ]D)}r .G = m(ﬂ‘@, C I(Tg; T(TR)) is a
Lie subalgebra, consisting of vector fields on the complexified torus T¢ ~ T" x C,
suitably holomorphic on the set D'. The adjoint space G = gi @ G*, where
the space gi C I(TZ; T*(TZ)) consists, respectively, from the differntial forms on

the complexified torus Tg¢, suitably holomorphic on the set (C\ﬁi, and the adjoint
space G* C T(TZ;T*(T%)) consists, respectively, from the differntial forms on the
complexified torus T¢, suitably holomorphic on the set ]D>1+, so that the space C;i is
dual to C;Jr and éi is dual to C;, with respect to the following convolution form on
the product Q* X (_3 :

(1.1) (la) := res,\/ <l,a>dz

for any vector field @ :=< a(x), & >€ G and differential form [ :=< I(x),dx > €

G* on TZ, depending on the coordinate x := (A\;z) € Tg, where, by definition,
< .- > is the usual scalar product on the Euclidean space E"*!  and % =
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(2,2, 2 )T

’ Oxq? Oxa’ """ Oxy,
direct sum splitting G = G, & G_, causing with respect to the convolution (1.1) the
direct sum splitting G* = Gj_ ®G* . If to define now the set I(g*) of Casimir invariant
smooth functionals h : G* — R on the adjoint space G* via the coadjoint Lie algebra
G action

(1.2) adsy, [ =0

is the usual gradient vector. The Lie algebra G allows the

at a seed element [ € G*, by means of the classical Adler-Kostant-Symes scheme
[15, 7, 2, 1] one can generate [11, 12, 16, 9] a wide class of multi-dimensional com-
pletely integrable dispersionless (heavenly type) commuting to each other Hamiltonian
systems

(1.3) dl/dt := *ad*vm(i)l ,

for all b € 1(G*), VA(l) :== Vhy(l) ® Vh_(I) € G4 & G_, on suitable functional
manifolds. Moreover, these commuting to each other flows (1.3) can be equivalently
represented as a commuting system of Lax-Sato type [9] vector field equations on the
functional space C?(TZ%; C), generating an complete set of first integrals for them. As
it was appeared, amongst them there are present important equations for modern
studies in physics, hydrodynamics and, in particular, in Riemannian geometry, being
related with such interesting conformal structures on Riemannian metric spaces as
FEinstein and Einstein-Weyl metrics equations, the first and second Plebanski confor-
mal metric equations, Dunajski metric equations etc. What was observed, some of
them were generated by seed elements e G, meromorphic at some points of the
complex plane C, whose analysis needed some modification of the theoretical back-
grounds. Moreover, the general differential-geometric structure of seed elements,
related with some conformal metric equations, proved to be invariant subject to the
spatial dimension of the Riemannian spaces under regard, that made it possible to
describe them analytically. We analyzed the Einstein—Weyl metric equation, the
modified Einstein—Weyl metric equation, the Dunajski heavenly equation system, the
first and second conformal structure generating equations, the inverse first Shabat
reduction heavenly equation, the first and modified Plebanski heavenly equations and
its multi-dimensional generalizations, the Husain heavenly equation and its multi-
dimensional generalizations, the general Monge equation and its multi-dimensional
generalizations. We also constructed superconformal analogs of the Whitham heav-
enly equation. Namely these and related aspects of the integrable multi-dimensional
conformal metric equations, mentioned above, are studied and presented in the work.

2. THE LIE-ALGEBRAIC STRUCTURES AND INTEGRABLE HAMILTONIAN SYSTEMS

Consider the loop Lie algebra G, determined above. This Lie algebra has elements
n ~
representable as a(z; ) =< a(z;)), & >= Y aj(z;\) 52 +ao(z;\) 5% € G for
j=1 ’

some holomorphic in A € D1 vectors a(z;\) € ExE" for all € T", where % =
(%, 8%17 8%2, ey %)T is the generalized Euclidean vector gradient with respect ~to
the vector variable x := (\,z) € T¢. As it was mentioned above, the Lie algebra G
naturally splits into the direct sum of two subalgebras:

(2.1) G=G,9G_,
allowing to introduce on it the classical R-structure:
(2.2) [a,br := [Ra,b] + [a, Rb|
for any a,b e G, where

(2.3) Ri= (Py—P_)/2,
and

(2.4) P.G:=G. Cg.
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The space G* ~ ]\1(11"8), adjoint to the Lie algebra G of vector fields on Tg, is
functionally identified with G subject to the metric (1.1). Now for arbitrary f,g €

D(G*), one can determine two Lie—Poisson type brackets

(2.5) {19} == (LIVF1), Vg(D)])
and
(2.6) {f,9}r = (,[Vf(D), Va(DIr) ,

where at any seed element [ € G* the gradient element Vf(I) and Vg(I) € G are
calculated with respect to the metric (1.1).

Now let us assume that a smooth function v € I(G*) is a Casimir invariant, that
is

(2.7) ad*vv([)l =0
for a chosen seed element [ € G*. As the coadjoint mapping ad* . . : G* — G* for

. v
any f € D(G*) can be rewritten in the reduced form as

(2.8) ad*vf(i)([): <£{,ow(w>z‘+i<<z, % V£(l) >,dx>,

where, by definition, Vf(I) :=< Vf(l), 2 > . For the Casimir function v € D(G*)
the condition (2.7) is then equivalent to the equation

(2.9) z<§x,w<1)> + <vw), aax> It <z, (iw(m> 0,

which should be solved analytically. In the case when an element leG*is singular
as |A\| = oo, one can consider the general asymptotic expansion

(2.10) Vo i= VAP AP Z V’yj(-p)/\_j
jez,

for some suitably chosen p € Z,, and upon substituting (2.10) into the equation (2.9),
one can proceed to solving it recurrently.

Now let A®) h(®) € T(G*) be such Casimir functions for which the Hamiltonian
vector field generators

(2.11) VAL (1) = (VAP ()]s, VRP () = (VAP 0)]+

are, respectively, defined for special integers p,,p; € Z,. These invariants generate,
owing to the Lie—Poisson bracket (2.6), the following commuting flows:

(2.12) oljot = — <£{,th$)(£)>1— <L(£{Vh(+t)(l))>
nd
?2.13) aljoy = — <£{,th$’)(0>1— <lv(£<Vhf)(l))>,

where y,t € R are the corresponding evolution parameters. Since the invariants
R® A" € 1(G*) commute with respect to the Lie-Poisson bracket (2.6), the flows
(2.12) and (2.13) also commute, implying that the corresponding Hamiltonian vector
field generators

_ @ 9 — v 9
(214) AVhE:) = < Vh+ (l), aX>, Avhfﬁy) = <Vh+ (l)7 8X>
satisfy the Lax compatibility condition
0 0
(215) @AV}LE:) - 5AVhf) = [AVth) ) AVhS'_y)]
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for all y,¢ € R. On the other hand, the condition (2.15) is equivalent to the compati-
bility condition of two linear equations

0 0
(2.16) (8t + AVhi“) P =0, (8?] + AVh(f)> =0

for a function ¢ € C?(R? x T%;C) for all y,t € R and any A € C. The above can be
formulated as the following key result:

Proposition 2.1. Let a seed vector field be le ,C’;* and h(yj, ht) e I(Q*) be Casimir
functions subject to the metm’c~(-|-) on the loop Lie algebra G and the natural coadjoint
action on the loop co-algebra G*. Then the following dynamical systems

(2.17) dl/dy = —ad: I, oljot= ]

v ()" Vh“)( D)

are commuting Hamiltonian flows for all y,t € R. Moreover, the compatibility con-

dition of these flows is equivalent to the vector fields representation (2.16), where

Y € C*(R? x TZ; C) and the vector fields Agpws Ay, € G are given by the expres-
+ +

sions (2.14) and (2.11).

v

Remark 2.2. As mentioned above, the expansion (2.10) is effective if a chosen seed
element [ € G* is singular as |A| = oo. In the case when it is singular as |A| — 0, the
expression (2.10) should be replaced by the expansion

(2.18) VY@ 1) ~ A7 3T vy

JELy
for suitably chosen integers p € Z,, and the reduced Casimir function gradients
then are given by the Hamiltonian vector field generators

(2.19) VAW (1) 1= MNPy vy P (1))
VAU (1) = APy PO (1)

for suitably chosen positive integers py,p: € Z4 and the corresponding Hamiltonian

flows are, respectively, written as 01/t = ad* I, 0l/dy = ad* l.

vr® (@) A 0))

It is also worth of mentioning that, following Ovsienko’s scheme [11, 12], one can
consider a slightly wider class of integrable heavenly equations, realized as compatible
Hamiltonian flows on the semidirect product of the holomorphic loop Lie algebra G
of vector fields on the torus T¢ and its regular co-adjoint space G*, supplemented
with naturally related cocycles.

3. THE LAX-SATO TYPE INTEGRABLE MULTI-DIEMNSIONAL HEAVENLY SYSTEMS
AND RELATED CONFORMAL STRUCTURE GENERATING EQUATIONS

3.1. Einstein—-Weyl metric equation. Define G* = m('ﬂ‘@* and take the seed
element

[ = (UgA — 2ugvy — uy) do + ()\2 — Uz A+ vy + vg) dA,
which generates with respect to the metric (1.1) the gradient of the Casimir invariants
R p(Pv) € 1(G*) in the form

31 VAP ~ A 0,1)T + (—up,va) TA + (uy,u—vy) T +ONTY),
Vh(py)(l) ~ /\(O, 1)T + (_uwa Uﬂc)T + (uy7 _'Uy)T)‘_l + O(/\_Q)

as |A\| = oo at p =2, p, = 1. For the gradients of the Casimir functions QNN
I(G*), determined by (2.11) one can easily obtain the corresponding Hamiltonian
vector field generators

0 0 0
(o O\ _ 8 _,.8
Avnp = <Vh+ ©, ax> = Hw)gn gy
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satisfying the compatibility condition (2.15), which is equivalent to the set of equations
(3.3) Ugt + Uyy + (Ulg)y + ValUpy — VyUgy = 0,
Vgt + Vyy + Uz + VpVUgy — UyUgx = 07

describing general integrable Einstein—Weyl metric equations [6].
As is well known [10], the invariant reduction of (3.3) at v = 0 gives rise to the
famous dispersionless Kadomtsev—Petviashvili equation

(3.4) (ug + Uty )z + Uyy = 0,

for which the reduced vector field representation (2.16) follows from (3.2) and is given
by the vector fields

0 0
_ ()2
(3.5) Awg) =\ + u)% + (—Aug + uy)a,
0 0
Ao, ) = Ao — Uz =,
va = Y9z T TN
satisfying the compatibility condition (2.15), equivalent to the equation (3.4). In par-
ticular, one derives from (2.16) and (3.5) the vector field compatibility relationships
aw 2 | w o
. )\ - —>\ T _— =
0 8 8
O T

Ay o "o
satisfied for ¢ € C*(R? x T{;C) and any y,t € R, (z,\) € T¢.
3.2. The modified Einstein—Weyl metric equation. This equation system is
(3.7) Upt = Uyy + Uply + uw, + Ullgy + UgyWy + Uzed,
Wet = UWgy + UyWy + WeWsy + QWaq — Gy,

where a, = uyw,; — Wy, and was recently derived in [17]. In this case we take also
G* = W(Tl) yet for a seed element [ € G we choose the form
(3.8) [ = Ny + 2upw, + Uy + 3uug) A+ 20,0, upwy + 2,0, ! Uy +

+ 3umwz + 2uyw, + 6uugw, + 2un, + 3u? Uy — 2au,|dx+

+ A% 4 (wg + 3u) A+ 20, upw, + 20,1 Uy + wy? + 3uw, + 3u® — ald),

which with respect to the metric (1.1) generates two Casimir invariants v/ € I(Q*),
j =1,2, whose gradients are

(3.9) V7(2)(l) ~ AN [(ug, —1)—r + (uug + uy, —u + ww)T)\_l
+ (0, vw,, — a)T)\_2] + O()\_l) ,
VAW (1) ~ Al(ue, 1) T + (0,w5) T AT+ 0N,

as |A| — oo at p, = 1,p, = 2. The corresponding gradients of the Casimir func-
tions h) h¥) € 1(G*), determined by (2.11), generate the Hamiltonian vector field
expressions

(3.10) Vh(ff) = VAW )4 = (ugh, —A +w,) T,
th:) = VY@ (D)1 = (ueA? + (wtg + uy)A, —A2 + (wy — u)A + vw, —a) '

Now one easily obtains from (3.10) the compatible Lax system of linear equations

o 31/} 51/)
% e L, o _
En + (N4 (wy —u) A+ uw, —a) 9 + (ugA® + (uug + uy)A) e 0,

satisfied for ¢ € C?(R? x T{;C) and any y,t € R, (\,z) € T¢.
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3.3. The Dunajski heavenly equation system. This equation, suggested in [5],
generalizes the corresponding anti-self-dual vacuum Einstein equation, which is re-
lated to the Plebanski metric and the celebrated Plebanski [13, 8] second heavenly
equation. To study the integrability of the Dunajski equations

(3‘12) Uzt + Uyzy T Uz 2y Yzpazy — uilm —v=0,
Vgt + Vzay + Uy 2y Vagay — 2u$112v$1I2 = Oa
where (u,v) € C®°(R? x T2 R?), (y,t;x1,x2) € R? x T2, we define G* = m(’ﬂ‘%)*
and take the following as a seed element leg*
(3.13) 1 = (A 0z, — gz, + Uz, 2,)d1 + (A Vg, +Ugyzy — Ua, 2y )dTa +(A—21 —22)dA.

With respect to the metric (1.1), the gradients of two functionally independent
Casimir invariants h(Pv), h(Pv) € 1(G*) can be obtained as |A\| — co in the asymptotic
form as

(3.14) VAP (1) ~ A(1,0,0) T + (=g 0y, Uzyzys —Ve,) |+ OANTL),

VAP (1) ~ A0, =1,0) T + (trpay, ~thsyap, vay) T + O,

at pr = 1 = p,. Upon calculating the Hamiltonian vector field generators
(3.15) VA = Vh®) (D)4 = (A~ tayons Usyars —Vay) |
VA = VP (1)] 4 = (Uagey, —A — Ugyags ay) |

following from the Casimir functions gradients (3.14), one easily obtains the following
vector fields

0 0 0 0
(3 6) VhS—) <Vh’+’ax > U 2 25$1 (/\+u 1 2)8.T2 +v 28)\’
0 0 0 0
A y) — @ = — WYy ) 11 . YT1 gy
th_) <Vh+ 78X > O‘ Uz 2)51‘1 +tu 1 1ax2 v 18)\,

satisfying the Lax compatibility condition (2.15), which is equivalent to the vector
field compatibility relationships
o N o o

(3.17) ar T teeee gy~ A Uaim 5 va e

oY oY oY oY

- A— T1x2) 8 r121 A VUri Ay —

8y+( U12)ax1+U118x2 vla)\
satisfied for ¢ € C?(R? x T?%;C), any (y,t) € R? and all (\;z1,22) € T2. As
was mentioned in [3], the Dunajski equations (3.12) generalize both the dispersionless
Kadomtsev—Petviashvili and Plebanski second heavenly equations, and is also a Lax

integrable Hamiltonian system.

0,

0,

3.4. First conformal structure generating equation: wu,; + Uz, — Uty = 0.
The seed element [ € G* = dif f(TL)* in the form

(3.18) I=lu2(1= NN+, 2 A\ — 1) da,

where u € C?(R? x TH;R), x € T, A € C\{0,1} and ”d” denotes the full differential,
generates two independent Casimir functionals (1) and v(2) € 1(G*), whose gradients
have the following asymptotic expansions:

VAW (1) ~uy +O(u?),
as |p| = 0, p:=X—1, and

VAP (1) ~ u + O(N?),
as |A| = 0. The commutativity condition
(3.19) X®), x0] =
of the vector fields
(3.20) XW .= 9/oy +vhW(D), XU .=a/0t+ VD (),
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where
(3.21) VRO (1) := —(u 'V ()| = Uy O
A—10z’
O(F) — _(\—loa@ 7y %t O
VHO@) = (A D) = -2

leads to the heavenly type equation
Uyt + Uggly — UgyUy = 0.

Its Lax-Sato representation is the compatibility condition for the first order partial
differential equations

oY uy, 0P
(3.22) 5 —1os ="

W _woy

ot Xox

where ¢ € C?(R? x T¢; C).

3.5. Second conformal structure generating equation: wu,;4ugUyy —Uytzy = 0.
For a seed element | € G* = dif f(TL)* in the form

(3.23) [ = [u? +2u2(uy + )\~ + ui(Sui + dauy, + B)A"?dz,

where u € C?(T* xR?*R), z € T}, A € C\{0},and «, 3 € R, there is one independent
Casimir functional 7(1) € 1(G*) with the following asymptotic as || — 0 expansion
of its functional gradient:

VA (1) ~ couyt + (—couy + c1)uy "N+ (—cruy + e2)uy 'A% 4+ O(N?),
where ¢, € R, 7 = 1, 2. If one assumes that cg = 1, ¢; = 0 and ¢y = 0, then we obtain
two functionally independent gradient elements

1 0
Aug Ox’

(3.24) VAW (1) := —(A VAL ()| =

vh(t)([) = ()\*2V7(1)(l~))|— = ( : " ) %

Nuy Ay
The corresponding commutativity condition (3.19) of the vector fields (3.20) give rise
to the following heavenly type equation:
(3.25) Uzt + Uz llyy — Uylzy = 0,
whose linearized Lax-Sato representation is given by the first order system
o _ 1o _,
dy  Augy 0z
671/) 1 Uy 371/) =0
ot Nu, Aug ) O

(3.26)

of linear vector field equations on a function ¢ € C?*(R? x T{;R).

3.6. Inverse first Shabat reduction heavenly equation. A seed element l e
G* = dif f(TL)* in the form
(3.27) [ = (aougzui(k + 1) agu? + ajuiN)de,

where u € C?(T! x R%R), 2 € T', XA € C\ {-1}, and ag,a; € R, generates two
independent Casimir functionals v(") and 4 € I1(G*), whose gradients have the
following asymptotic expansions:

(3.28) VYW ) ~ uyugt = wyugt p+ O,
as g = 0, p:=A+1, and
(3.29) VA1) ~ul + 02,
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as |A| = oo. If we put, by definition,

(3.30) VRO (0) = (' VAO(@)) = - M

VRO = (VD) = >~

the commutativity condition (3.19) of the vector fields (3.20) leads to the heavenly
equation

(3.31) Uzy + UylUtz — UyUy = 0,

which can be obtained as a result of the simultaneous changing of independent vari-
ablesRox -t € R, R3y - z € Rand R 5t — y € R in the first Shabat reduction
heavenly equation. The corrersponding Lax-Sato representation is given by the com-
patibility condition for the first order vector field equations equations

W A uwy oy

(3:32) o Nilwor ="
o A
E‘FU:%—O,

where ¢ € C?(R? x TE; R).

3.7. First Plebanski heavenly equation and its generalizations. The seed el-
ement [ € G* = dif f(T2)* in the form

(3.33) [ = A" YNy, do1 + Uyzydas) = A" duy,

where u € C?*(T? x R%R), (z1,72) € T2, A € C\{0} and "d” designates a full
differential, generates two independent Casimir functionals () and (2} € I1(G*),
whose gradients have the following asymptotic expansions:

(334) v’y(l)(l) ~ (7uyfczvuyz17)—r + O(A),
VYD) ~ (s va) T + O,
as |A| = 0. The commutativity condition (3.19) of the vector fields (3.20), where

() e O —Ira O ()| = Ywez O Uys, O
(3.35) VRO D)= (VD)) = - D e
_uth 0 Utz 0

VRO = (A D)) =

A Ox1 XN Oz’
leads to the first Plebanski heavenly equation [4]:
(3.36) Uyz, Utgy — Uyzs Uz, = L.

Its Lax-Sato representation entails the compatibility condition for the first order par-
tial differential equations

W Uys, O “wlai_o

dy A Oxy A Oxs

00 sy 00 | w00 _

ot A Oz A Oxo
where ¢ € C*(R? x TZ; C).

Remark 3.1. Taking into account that the determining condition for Casimir invari-
ants is symmetric and equivalent to the system of nonhomogeneous linear first order
partial differential equations for the covector function I = (I1,15) ", the correspond-
ing seed element can be also chosen in another forms. Moreover, the form (3.33) is
invariant subject to the spatial dimension of the underlying torus T", what makes it
possible to describe the related generalized conformal metric equations for arbitrary
dimension.
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In particular, one easily observes that the asymptotic expansions (3.34) are also

true for such invariant seed elements as
[ = \""duy,
and
I = 2" (duy + duy).

The above described Lie-algebraic scheme can be easily generalized for any dimension
n = 2k, where k € N, and n > 2. In this case one has 2k independent Casimir
functionals ) € 1(G*), where G* = dif f(T?*)*, j = 1,2k, with the following
asymptotic expansions for their gradients:

Vv(l)(l) ~ (—Uyzy s Uyay 0, . .. ,0)—r +O(N),
——

2k—2
V’Y(2) (l) ~ (_utz27 utibnou teey O)T + O()‘)’
——
2k—2
V’Y(B) (l) ~ (Ov Oa 7“?!147 uy$37 Oa R O)T + O()‘)7
——
2k—4
VAW (1) ~ (0,0, sz, , Utay, 0, . ..,0) T + O(N),
——
2k—4

V'V(Qk_l)(l) ~(0,...,0, _uywzmuywqu)T +O(N),
——
2k—2
Vv(%)(l) ~ (0,...,0, —utmwum%_l)—r + O(N).
——
2k—2
If we put

VAW (1) = A H(VAD @) + ...+ VD)) - =

[ zk: Uyzom 9 _ Uy, 1 0
o A 83;2,,,_1 A 6372771 ’

VAO[) := MY (VAP D) + ...+ VR D)) =

_ zk: Utao,, 0 . Utz 1 0
A 8x2m,1 A 8(E2m ’

the commutativity condition (3.19) of the vector fields (3.20) leads to the following
multi-dimensional analogs of the first Plebanski heavenly equation:

k

(uy121n71utw27n - uyw27nutw27n—l) =1
m=1

3.8. Modified Plebanski heavenly equation and its generalizations. For the
seed element [ € G* = dif f(T?)* in the form

(3.37) I = (A Mgy 4+ Usyoy — Upyay + N)dzy +
+(/\71um2y + Upqzy — Uzgay T A)dlé =
= d\ " uy Uy — Uy + AT+ AT2).
where d\ = 0, u € C?(T? x R%; R), (21, 22) € T2, X € C\{0}, there exist two indepen-

dent Casimir functionals (") and v(2) € I(G*) with the following gradient asymptotic
expansions:

VYD) ~ (tyay, ~tuya) "+ O,
as |A| = 0, and

V'Y(Q)(l) ~ (0, _1)T + (— Uz, uIIIZ)T)\_l + O()‘_Q)v
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as |A| = oco. In the case, when
Uyzy O Uyey O

A 8%1 A 8%2’
VRO (1) := AVAP (D)4 = —tiaye 9, (Ugyzq — A)i
2 231:1 1L2 8:]927

the commutativity condition (3.19) of the vector fields (3.20) leads to the modified
Plebarniski heavenly equation [4]:

VRO () = (A A (@) =

(3.38) Uyt — Uya, Uzowy + UyzsUzizy = 0,
with the Lax-Sato representation given by the first order partial differential equations

@_“wai+“ywlai_

8y A 8%1 A 8x2 o 07
9% 9% o _
ot~ Ueea gy, + (eee = NG~ =0

for functions ¢ € C?(R? x T%;C).

Remark 3.2. The differential-geometric form of the seed element (3.37) is also dimen-
sion invariant subject to additional spatial variables of the torus T™, n > 2, what poses
a natural question of finding the corresponding multi-dimensional generalizations of
the modified Plebanski heavenly equation (3.38).

3.9. Husain heavenly equation. A seed element leGr = M(TQ)* in the form
d(uy +iug) | d(uy —iug)  2(Aduy, — duy)

A—i A+i o A241
where 2 = —1, d\ = 0, u € C*(T? x R%R), (x1,72) € T2, A € C\{—i;i}, gener-
ates two independent Casimir functionals (1) and v(®) € 1(G*), with the following
gradient asymptotic expansions:

1 . . .
V’V(l)(l) ~ 5(_uyf€2 = Wtgy, Uys, T+ Zutm)—r + O(/J')v poi= A=,

(3.39) =

as |u| — 0, and
1 . . .
V’}/(Q) (l) ~ 5(*%&2 + Wigys Uyxy — Zutlcl)T + O(g)a g = A+ Z,

as |¢| — 0. In the case, when

VRO = (9D (0) + €D D) =

-1 (— Uz, — iu )i—i-(u +iu )i +
= 2'u Yyxo txo al’l YTl txy al’g

+i (—Uyz, + iU )i—k(u —iu )i =
2£ YT txo 8.T1 YT txq 8.132 -

Uty — Mlyz, O AMyz, — Uz, O

N +1 O X2 +1  Oxo’

VRO (D) = (—p~ VA D () + €1V @ ()] =

-1 (—Utz, + iu )i—i-(u —iu )i +
- 2,U, twa YTz ox, txy YT O

—I—i —(Ugay, + iu )i—k(u +iu )i =
25 txo Yx2 8.131 txy Yyx1 8332 -
_Uyzs t AUy O Uyay + AUy O

)\2 + 1 (9:21 /\2 + 1 81‘27

the commutativity condition (3.19) of the vector fields (3.20) leads to the Husain
heavenly equation [4]:

(3.40) Uyy + Utt + Uyg, Uty — Uyz, Uz, = 0,
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with the Lax-Sato representation given by the first order partial differential equations
O gy — Nuyay O Miyg, — Upay Y

=0
Oy N +1 O AN +1 Oz ’
671/1  Uya, + Ay, 371/1 Uygy + Mgz, 571/) ~0
ot A2 +1 0x1 A2 +1 0xo o

where ¢ € C%(R? x T%;C).

Remark 3.3. The differential-geometric form of the seed element (3.39) is also dimen-
sion invariant subject to additional spatial variables of the torus T™, n > 2, what poses
a natural question of finding the corresponding multi-dimensional generalizations of
the Husain heavenly equation (3.40).

3.10. The general Monge heavenly equation and its generalizations. A seed
element | € G* = dif f(T{)*, taken in the form

(3.41) [ = duy + X" (dxy + dzz),

where u € C%(T* x R%;R), (21,22, 23,74) € T, N € C\{0}, generates four indepen-
dent Casimir functionals v, 4(2) ~®) and v ¢ I(G*), whose gradients have the
following asymptotic expansions:
(3.42) VyW(1) ~(0,1,0,0)T +
+(_uy12 - (812 - 811)71uy952961a (a$2 - 811)71'”?;962961 ) 0’ O)T)‘ + O()‘2)7
Vy(0) ~ (1,0,0,0)" +
+(aﬂv1 - aﬂvz)_luymww “Uyz, — (6301 - 812)_1uy:171:1?2’ 0, O)T)‘ + O()‘2)7
v,y(?)) (l) ~ (07 Oa *Uyru Uyzs)T + O()‘2)7
V'Y(4)(l) ~ (0,0, —ugg,, tray) " + (Uyas Utas — Uya,y Utas, 0,
Uygy Uty — Uyzy Utay s Uyzy Utxy — Uyzy Utx1)T>\ + O(>\2),
as [A| = 0. In the case, when
(3.43) VRO () i= (AU (VDD + VD (D)) =
L0 1O e O g O
(9171 )\8582 A 3x3 )\ 81347
VO (D) = A=V () + VD (D)) =
_li 0 _ Utzy 0 Utz 0

N0z 9w A Ozs T A Oy’

the commutability condition (3.19) of the vector fields (3.20) leads to the general
Monge heavenly equation [20]:

(3.44) Uyz, + Utgy + UyzgUtsy — Uya, Utzy = 0,
with the Lax-Sato representation given by the first order partial differential equations

Y 1OV uye, OV Uye, OV 0

9y T Nows N Oms TN oz
81/) 1 81/) Uty 81/} Utz 81/1 —0

(9t A (9331 A 6],‘3 A 8334 B
where 1) € C?(R? x T¢;R) and A € C\{0}.

Remark 3.4. Taking into account that the condition for Casimir invariants is equiva-
lent to a system of homogeneous linear first order partial differential equations for a
covector function ! = (I1,1l2,13,14)7, the corresponding seed element can be chosen in
different forms.

If the expression
[ = duy + A" (dzy + dxy)
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is considered as a seed element, one obtains that it generates four independent Casimir
functionals v, v(2) 43 and v € 1(G*), whose gradients have the following
asymptotic expansions:

V(1) ~ (0,1,0,0)" +

F(—tizy — (Opy — O2,) iwazys (Ozy — Oy ) thizaay0,0) TA+ O(N2),
V@ (1) ~ (1,0,0,0)" +

+((8p, — Opy) Mtz gs —thtz, — (O, — Opy) Mty 205 0,0) TA+ O(N2),
V’Y(S)(l) ~ (0,0, =z, utm;;)T + (0, Uty Uyzy — Utay Uyasy,

Uty Uy — Uty Uy s Ut Uy — Uty Uyzs) | A + O(N2),
V'y(4)(l) ~ (0,0, —tUyg,, uyIS)T +0(\?),

as |A| = 0. If a seed element has the form
(3.45) [ = duy + du; + A" (dzy + da),

the asymptotic expansions for gradients of four independent Casimir functionals
7D 42 4B) and 4 € 1(G*) are written as

VAW (1) ~ (0,1,0,0) T + (—(tyay + Uizy) —

—(02y — 0y) " (Uyagzr, + Utpzy)s

(D — Ouy) " (Uyamy + Utznzy ), 0,0) TA+ O(N?),
VA (1) ~ (1,0,0,0) T + (82, — Duy) ™ (Uyy g + Uty )

—(Uyz; + Utg,) — (O, — &m)*l(uyrlm + Uz 2y ), 0,0) T A+ O(N?),
V’y(3)(l) ~ (0,0, —14,1954,14,,9;3)—r + (0, Uty Uyzy — Utz Uyay,

Uty Uy — Uty Uy, Uty Uy — Uty Uyas) A+ O(N?),

VA (1) ~ (0,0, —Utays Utay) |+ (U Utny — Uyay Uty O,

T 2
uya:4utw1 - uywlutzzu uywlutwg - ungutwl) )‘ + O()‘ )7

as [\ — 0.
The above described scheme is generalized for all n = 2k, where £ € N, and
n > 2. In this case one has 2k independent Casimir functionals v/) € 1(G*), where

G = m (']I‘?Ck)*, 7 = 1,2k, whose gradient asymptotic expansions are equal to the
following expressions:

VAW ) ~ (0,1,0,...,0) T + (—(tyay + Uizy) —
2k—2
_(ar2 - 811)71(71‘?4962961 + utszfﬂl)v (8902 - 8x1)71(uyr2r1 + utﬂ?2$1)?
0,...,0) "X+ 0(\?),
——
2k—2
V’7(2) (l) ~ (1a O? 07 ce 70)T + ((am - 812)71(71‘?4961962 + utmlﬂm)v
2k—2
—(Uyay + Utz,) — (Oy — 6:v2)_1(uyz1wz + Utzy25) 0, O>T)‘ + O()‘Q)v
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3 T
vy (1) ~ (0,0, —Uyays Uyzss 0., 0) 1+ (0, Upgy Uypy — Utz Uyasy,
2k—4
T 2
ut:r4uy:v2 - utrguyz47 utzg ung - utzguyxz ) 07 e 70) )‘ + O()‘ )v
N——
2k—4
4 T
V’Y( )(l) ~ (03 07 7utm47 utr;; ) Oa e 70) + (ny3ut:t4 - uyx4utmga 07
N——
2k—4
T 2
uya:4utw1 - uya:l utw4a uyxl uta:3 - ungutml ) 0> .. 70> )‘ + O()‘ )7
2k—4
2k—1 T
VACR=D(1) ~ (0,...,0,0,0, —Uyan, » Uyaoy ) | +
2k—4
+(0, s 70a Oa Utzop oy Uyzor — Wtwop Uywar_1»
N——
2k—4
- - )TA+0(\?)
Utawor Uyzy Utz Uyzay s Utas Uyzay_q Utzop 1 Uysy ’
2k T
VAYCE (1) ~ (0, 0,0,0, =ty s Uty ) +
2k—4
+(07 L 707 uymzk_ utarzk - uyzgkutm’gk_ 703
1 1
2k—4

T 2
Uyaoy Utay — Uy, Uty Uyar Wtogy—y — Uywopy Utay) A+ O(X7),
when a seed element [ € G* is chosen as in (3.45). If

VAW (D) == AUV () + VO () + +Vv2’“<l>>>l

k
= Oi li _ Z Uyzam 9 _ Uyagm_y
8331 A 8 A 8$2m,1 A a.’lﬁgm

VRO (1) = A=V E @) + VYD) + .+ VI 0)]-
k

-
1 8 8 utmm 8 utwgm,l 8
o _Xﬁi + 087 mZ:: ( )\ 5‘x2m,1 )\ 8x2m) ’

2

the commutability condition (3.19) of the vector fields (3.20) leads to the following
multi-dimensional analogs of the general Monge heavenly equation:

k

Uy, + Utg, + § (uyI2m71utI2m - uyIZmutm2m—l) =0.
Jj=2

4. CONCLUSION

We succeeded in applying the Lie-algebraic approach to studying vector fields on
the complexified n-dimensional torus and the related Lie-algebraic structures, which
made it possible to construct a wide class of multi-dimensional dispersionless inte-
grable systems, describing conformal structure generating equations of modern math-
ematical physics. There was described a modification of the approach subject to
the spatial dimensional invariance and meromorphicity of the related differential-
geometric structures, giving rise to new generalized multi-dimensional conformal met-
ric equations. There have been analyzed in detail the related differential-geometric
structures of the Einstein—Weyl conformal metric equation, the modified Einstein—
Weyl metric equation, the Dunajski heavenly equation system, the first and second
conformal structure generating equations, the inverse first Shabat reduction heavenly
equation, the first and its multi-dimensional generalizations, the modified Plebaniski
and Husain heavenly equations, the general Monge equation and its multi-dimensional
generalizations.



OKSANA E. HENTOSH, YAREMA A. PRYKARPATSKY, DENIS BLACKMORE, AND ANATOLIJ K. PRYKARPATSKI

5. ACKNOWLEDGEMENTS

The authors are cordially indebted to Prof. Alexander Balinsky, Prof. Maxim
Pavlov and Prof. Artur Sergyeyev for useful comments and remarks, especially for
elucidating references, which were very instrumental when preparing a manuscript.
They also are indebted to Prof. Anatol Odziewicz for fruitful and instructive dis-
cussions during the XXXVII Workshop on Geometric Methods in Physics held on
July 01-07, 2018 in Bialowieza, Poland. The aknowledgements belong to the De-
partment of Physics, Mathematics and Computer Science of the Cracov University of
Technology for a local research grant F-2/370/2018/DS.

REFERENCES

[1] D. Blackmore, A.K. Prykarpatsky and V.H. Samoylenko, Nonlinear dynamical systems of math-
ematical physics, World Scientific Publisher, NJ, USA, 2011
[2] M. Blaszak, Classical R-matrices on Poisson algebras and related dispersionless systems, Lett.
A 297(3-4) (2002) 191-195
[3] L.V. Bogdanov, V.S. Dryuma, S.V. Manakov, Dunajski generalization of the second heavenly
equation: dressing method and the hierarchy, J. Phys. A: Math. Theor. 40 (2007), 14383-14393
[4] B. Doubrov, E.V. Ferapontov, On the integrability of symplectic Monge-Ampere equations, J.
Geom. Phys., 60 (2010), 10, 1604-1616; arXiv:0910.3407v2 [math.DG] 13 Apr 2010
[5] M. Dunajski, Anti-self-dual four-manifolds with a parallel real spinor, Proc. Roy. Soc. A, 458
(2002), 1205
[6] M. Dunajski, L.J. Mason, P. Tod, Einstein-Weyl geometry, the dKP equation and twistor theory,
J. Geom. Phys. 37 (2001), no.1-2, 63-93
[7] L.A. Takhtajan, L.D. Faddeev, Hamiltonian Approach in Soliton Theory, Springer, Berlin-
Heidelberg, 1987
[8] E.Ferapontov and B.S. Kruglikov, Dispersionless integrable systems in 3D and Einstein-Wewyl
geometry, J. Differential Geometry, 97 (2014) 215-254
[9] O.E. Hentosh, Y.A. Prykarpatsky, D. Blackmore and A.K. Prykarpatski, Lie-algebraic structure
of Laz—ato integrable heavenly equations and the Lagrange-d’Alembert principle , Journal of
Geometry and Physics 120 (2017) 208-227
[10] S.V. Manakov, P.M. Santini, On the solutions of the second heavenly and Pavlov equations, J.
Phys. A: Math. Theor. 42 (2009), 404013 (11pp)
[11] V. Ovsienko, Bi-Hamilton nature of the equation u¢y = UgyUy — UyyUg, arXiv:0802.1818v1
[math-ph] 13 Feb 2008
[12] V. Ovsienko, C. Roger, Looped Cotangent Virasoro Algebra and Non-Linear Integrable Systems
in Dimension 2 + 1, Commun. Math. Phys. 273 (2007), 357-378
[13] J.F. Plebariski, Some solutions of complex Einstein equations, J. Math. Phys. 16 (1975), Issue
12, 2395-2402
[14] A. Pressley and G. Segal, Loop groups, Clarendon Press, London, 1986
[15] A.G. Reyman, M.A. Semenov-Tian-Shansky, Integrable Systems, The Computer Research In-
stitute Publ., Moscow-Izhvek, 2003 (in Russian)
[16] A. Sergyeyev and B. M. Szablikowski, Central extensions of cotangent universal hierarchy:
(2+1)-dimensional bi-Hamiltonian systems, Phys. Lett. A, 372 (2008) 7016-7023
[17] B. Szablikowski, Hierarchies of Manakov—Santini Type by Means of Rota-Baxter and Other
Identities, SIGMA 12 (2016), 022, 14 pp.
[18] M.B. Sheftel and D. Yazici, Bi-Hamiltonian representation, symmetries and integrals of mized
heavenly and Husain systems, arXiv:0904.3981v4 [math-ph] 4 May 2010
[19] M.B. Sheftel and D. Yazici, Evolutionary Hirota type (2+1)-dimensional equations: Lax
pairs, recursion operators and bi-Hamiltonian structures, SIGMA 14 (2018), 017, 19 pp.,
arXiv:1712.01549v1 [math-ph] 5 Dec 2017
[20] B. Doubrov, E.V. Ferapontov, B. Kruglikov, V.S. Novikov, On a class of integrable systems of
Monge-Ampere type, arXiv:1701.02270v1 [nlin.SI] 9 Jan 2017
[21] Manas M., Medina E., Martinez-Alonso L., On the Whitham hierarchy: dressing scheme, string
equations and additional symmetries, J. Phys. A: Math. Gen. 39, 2349-2381, nlin.SI/0509017
(2006)
[22] Morozov O.1., A two-Component generalization of the integrable rd-Dym equation, SIGMA, 8,
051, 5 pp. (2012)



THE DISPERSIONLESS MULTI-DIMENSIONAL INTEGRABLE SYSTEMS AND RELATED CONFORMAL STRUCTURE GENERATING EQU

PIDSTRYHACH INSTITUTE FOR APPLIED PROBLEMS OF MECHANICS AND MATHEMATICS AT THE
NAS, Lviv, 79060, UKRAINE
Email address: ohen@ukr.net

THE DEPARTMENT OF APPLIED MATHEMATICS AT THE UNIVERSITY OF AGRICULTURE IN KRAKOW,
30059, PoLAND
Email address: yarpry@gmail.com

DEPARTMENT OF MATHEMATICAL SCIENCES AT NJIT, UNIVERSITY HEIGHTS, NEWARK, NJ 07102
USA

Email address: denblac@gmail.com

DEPARTMENT OF PHYSICS, MATHEMATICS AND COMPUTER SCIENCE AT THE CRACOV UNIVERSITY
OF TECHNOLOGY, KRAKOW, 31155, POLAND
Email address: pryk.anat@cybergal.com



