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GROUP RINGS OF FINITE GORENSTEIN HOMOLOGICAL DIMENSIONS

YUEMING XIANG

ABSTRACT. Let K be a field and let G be a group. In the study of group ring K[G], there is the
well-known Serre’s theorem which consider the finiteness of global dimension of group ring. In the
present paper, we investigate when the group ring K[G] has finite Gorenstein global dimension.
It is shown that the Gorenstein global dimension of K[G] shares many properties with the global
dimension of K[G]. Finally, we give some analogous versions of the Serre’s Theorem for Gorenstein
global dimension.
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1. INTRODUCTION

Let R ba a commutative ring and let G be a multiplicative group (finite or infinite). The group
ring R[G] is an associative R-algebra with the elements of G as a basis and with multiplication
defined distributively using the group multiplication in GG. This subject is a meeting place of group
theory and ring theory. The study of group rings involves the theory of field, linear algebra and
algebraic number theory and so on. Representation and homological properties of group rings
have been extensively studied (cf. [1], [7-9], [14] and [16]). Among others, Connell in [7] considered
necessary and sufficient conditions on R and G so that R[G] have some ring theoretic properties such
as being artinian, regular, self-injective and semiprime. There is the well-known Serre’s theorem
(see [14]), i.e., let K be a field of characteristic p and G be a group, and let H be a subgroup of
G of finite index. If G has no elements of order p, then the global dimension of K[H] is equal to
the global dimension of K[G]. The Serre’s Theorem also has the other versions. The cohomology
theory of groups arose from both topological and algebraic sources, which offered possibilities for
a great deal of intersection between topology and algebra. Let R = Z and I' be a group. the
cohomological dimension, denoted cdl', which is defined as the projective dimension of the trivial
ZI'-module Z. It was shown that if T" is a torsion-free group and I" is a subgroup of finite index,
then cdl = cdI' (see [4, Theorem 8.3.1]). A deep result was that a non-trivial group I" is free if
and only if its cohomological dimension is 1 (see [16]).

In classical homological algebra, the projective, injective and flat dimensions of modules play
an important and fundamental role. Subsequently, Auslander [5] introduced G-dimensions for
finitely generated modules over commutative Noetherian rings. As an extension of the G-dimension,
Enochs and Jenda in [10] defined the Gorenstein projective dimensions of modules (need not be
finitely generated) over a general ring, which is a refinement of the usual projective dimension.
Furthermore, the Gorenstein global dimension of a ring was defined (see [2]). In [8], Emmanouil
proved that Gorenstein global dimension of a ring R is finite if and only if any R-module M admits
a complete projective resolution if and only if spli(R) = fin.dim(R) = silp(R) is finite.

In this paper, we mainly consider the condition so that the Gorenstein global dimensions of
group ring K[G] is finite using the facts above. It is shown that the Gorenstein global dimensions
of K[G] is equal to the Gorenstein projective dimension of a principal K[G]-module. Moreover,
we obtain some results which generalize many properties of global dimensions of group ring K[G].
More precisely, we prove that
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Theorem 1.1. (Theorem 3.16) Let K be a field and let H be a normal subgroup of G. If
Ggl.dim(K[H]) and Ggl.dim(K[G/H]) are finite, then so is Ggl.dim(K[G]), and we have

Ggl.dim(K[G]) < Ggl.dim(K[H]) + Ggl.dim(K[G/H]).

Theorem 1.2. (Theorem 3.19) Let K be a field and let H be a subgroup of G of finite index. If
Ggl.dim(K[G]) is finite, then Ggl.dim(K[H]) = Ggl.dim(K[G]).

2. PRELIMINARIES

In this section, we set notations and discuss basic facts which will be useful in the sequel.
Unless otherwise stated, R denotes an associative ring with identity and all modules are right
R-modules. For an R-module M, pdz(M) and Gpdg(M) denote the projective dimension and
Gorenstein projective dimension of M, respectively. We write gl.dim(R) and Ggl.dim(R) for the
global dimension and Gorenstein global dimension of a ring R, respectively. R—Mod denotes the
category of R-modules. For unexplained concepts and notations, we refer the reader to [3], [14],
and [15].

Module Structure over Group Rings

(1) Let K be a field and G be a group, and let V and W be K[G]-modules. Then V @x W
becomes a K[G]-module under the diagonal action (v ® w)g = (vg) ® (wg) for all v € V,
w € W and g € G. It is trivial that V Qg W 2 W Qg V.

(2) The principal K[G]-module Vj is a one-dimensional K-vector space in which vg = v for all
v € Vg and g € G. For example, K with trivial G-action is a principal K[G]-module.

(3) Let H be a subgroup of G. Following [13], for a K[H]|-module M, we define the induced
module M 1%:= M ® k(a) K[G] with K[G] acting on the right side and the coinduced
module Hom gy (K[G], M). Moreover, every K|[G]-module N can be viewed as a K[H]-
module. We denote this restricted module by N i%*} (Sometime we omit the symbol i%*}
if not confuse). Since K[G] is a left and right free K[H]-module, the induced functor
and restricted functor are exact, and preserve projective modules. The coinduced functor
preserves injective modules.

Gorenstein Dimensions

A complete projective resolution is an exact sequence of projective R-modules
cii—> P — Pp— P — Pl — ...,

which remains exact after applying the functor Homp(—, P), for any projective R-module P. An
R-module M is called Gorenstein projective [11] if it is a syzygy of a complete projective resolution,
i.e., M = Ker(P° — P'). The Gorenstein projective dimension Gpdg (M) is at most n if there is
an exact sequence

0—G,— Gy — - —G —G —M-—0

with every G; Gorenstein projective. It is clear that Gpdp(M) < pdr(M) and Gpdr(M) =
pdr(M) provided pdg(M) is finite. Dually, we have the concepts of Gorenstein injective module
and Gorenstein injective dimension (Gidg(M)).

Bennis and Mahdou in [2] showed that

sup{Gpdr(M) | M € R—Mod} = sup{Gidr(M) | M € R—Mod}.

The common value is called the Gorenstein global dimension of R and denoted by Ggl.dim(R). By
[2, Proposition 2.6], Ggl.dim(R) = 0 if and only if R is quasi-Frobenius (i.e., it is left and right
Noetherian and both left and right self-injective). So the Gorenstein global dimension measures
how far away a ring R is from being quasi-Frobenius.
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3. MAIN RESULTS

The following lemma can be seen in [14].

Lemma 3.1. Let K be a field and G be a group, and let M be a K[G|-module. If F is a free
K[G]-module, then so is M @ F. Moreover, if P is a projective K[G]-module, then so is M Q@ P.

By Lemma 3.1, we have immediately

Lemma 3.2. If N is a K[G]-module, then pdgc(M @k N) < pdgg(N) for any K[G]-module
M.

Lemma 3.3. Let M be a K[G]-module. If N is a Gorenstein projective K[G]-module, then so is
M ®g N.
Proof. If N is Gorenstein projective, then there is a complete projective resolution
P*=...— P —P—P — P — ...
such that N = Ker(P? — P!). Since K is a field, every K-module is flat. Then we have the
following exact sequence of K[G]-modules
M@g P*:=--- — M®g P — M®g Py — Mg P" — Mg P'— -,

and M @ N = Ker(M ®x P’ -+ M ®k P'). By Lemma 3.1, all M ®f P; and all M ®p P!
are projective. Now it is enough to show that Hom K{g}(M ®p P*, Q) is exact for every projective
K|[G]-module Q. By the adjoint isomorphic theorem,

Hom g (M @k P*, Q) = Homg (P*, Homgg) (M, Q)).
Noting that HomK[G}(M ,Q) is a projective K-module because K is a field, the right complex is
exact by [17, Proposition 2.3 (2)], and hence the left complex is exact. O

The following result will be used frequently in the sequel.

Theorem 3.4. Let K be a field and let G be a group. If Vi is a principal K[G]-module, then
Ggl.dim(K[G]) = Gpdg g (Vo).
Proof. 1t is trivial that Ggl.dim(K[G]) > Gpdg g (Vo). Now suppose that Gpdgq(Vo) = n < oo.

Then there is an exact sequence of K[G]-modules
00— P, — - —F—Vy—0,
where all P; are Gorenstein projective K[G]-modules. For any K[G]-module M, it is flat as a
K-module because K is a field. So, it yields an exact sequence of K[G]-modules
0 —MegP, — - — Mg Ph— Mg Vo —0.

By Lemma 3.3, M ®x P; is Gorenstein projective for all ¢. Thus, Gde[G](M ®r Vo) <n. Itis
easy to verify that M @k Vo = M as K[G]-modules. Then Gpdg(M) < n, and hence
Ggl.dim(K[G]) <n = Gpdgig (Vo). O

For a group ring K[G], the ring homomorphism € : K[G] — K, Y 149 — > 14, is called the
augmentation mapping of K[G] and its kernel, denoted by A(K[G]), is
AKIG) = {3 aglg— 1) 1 £ g,y € K},
geG

Proposition 3.5. Let K be a field and let G be a group.

(1) If H is a subgroup of G, then Ggl.dim(K[H]) < Ggl.dim(K[G]).

(2) Gegl.dim(K[G]) =0 if and only if G is a finite group.

(8) If G = (g; | i € I) is a nonidentity free group, then A(K[G]) is a free K|G]-module.

Furthermore, Ggl.dim(K[G]) = 1.
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Proof. (1) It follows from [17, Theorem 2.4].

(2) If K is a field and G is a finite group, then K[G] is quasi-Frobenius, and so Ggl.dim(K[G]) = 0.
Conversely, if K[G] is quasi-Frobenius, then K[G] is Artinian, and hence G is finite by [7, Theorem
1].

(3) The first part of the proof is due to a contribution in [14].

Let G =1I7(g;) be the free product of infinite cyclic group (g;). Then, every element g € G can
be written uniquely as a finite product of the form g = g;''g;"> -- - g;'* with n; # 0 and 4; # i;41.
We call |ni| + |ne| + - - - + |ns| the length of g.

Noting that A(K[G]) is generated by {g;—1 | g; € G—{1}}. It is only to show {g;—1| g; € G—{1}}
are independent, i.e., ¥(g; — 1)ay; = 0 implies that o; = 0 for all i. Because of the uniqueness of
9 = 9.'9% 9, the map ¢ : G — G given by o(g;) = g? for all i, defines an isomorphism
of G onto its subgroup H = (g? | @ € I). Moreover, o can be extended to a monomorphism
o*: K[G] — K[H]. So, if ¥(g; — 1)a; = 0, then

2(g7 — Do*(ai) = 0*(S(gi — Dai) = o™(0) = 0.

Since ¢ is monomorphism, it is enough to prove that ¥(g? — 1)3; = 0 implies that 8; = 0 for all
i. Suppose that X(g? — 1)8; = 0. We set v; = g; 3, then %(g; — gi_l)’yi = 0. If some ~; # 0, then
there exists g € supp(y;) with the maximal length n. For convenience, we set g € supp(y1). Then,
in at least one of g1g and g; 19 no cancellation occurs, and hence at least one of these two group
elements has length n + 1, say g‘fg. Thus, g‘fg occurs in the support of v = 3(g; — gi_l)fyi. By the
definition of n, the only possible group elements in supp(+y) of length n + 1 must have the reduced
form gl?tlh with h € supp(y;). So, giﬂh = g‘fg yields i = 1,41 = § and h = g, and hence g‘lsg occurs
precisely once. Thus g{g € supp(y) and v # 0, a contradiction. Therefore, {g; —1 | g; € G — {1}}
is a free K[G]-basis of A(K[G]).
In addition, we have the following exact sequence of K[G]-modules

0 — AK[G]) — K[G] — K — 0.

As A(K[G]) is free, Gpdgg)(K) < 1. By Theorem 3.4, Ggl.dim(K[G]) = Gpdg g (K) < 1. Since
G is infinite, Ggl.dim(K[G]) = 1 in terms of (2) above. O

Example 3.6. Let (G;); be an arbitrary family of finite normal subgroups of G. Then S =
@D, K[G/G;] is a Gorenstein projective K[G]-module. In fact, since G; is finite, for any princi-
pal K|[G;]-module Vj, in view of Proposition 3.5(2), V) is Gorenstein projective. Then, V}j Tgi%
K[G/G;] is a Gorenstein projective K[G]-module. Therefore, S = @; K[G/G;] is Gorenstein
projective because the class of Gorenstein projective modules is closed under arbitrary direct sums.

Let p be a prime. A group G is call a p/’-group provided that G has no element of order p. Let
GP be the class of Gorenstein projective R-modules. GP+ denotes the orthogonal class of GP, i.e.,
the class of modules such that Ext}%(P, —) =0 for all P € GP. Obviously, the modules of finite
projective dimensions and injective modules are contained in GP*. Let P be a module of finite
projective dimension but not be injective and let I be an injective module of infinite projective
dimension. Then P @ I € GP+ while P & I is neither finite projective dimension nor an injective
module.

Lemma 3.7. Let K be a field and let H be a subgroup of G. If any K[G]-module M € GP*, then
N € GP* for any K[H]-module N.

Proof. For any Gorenstein projective K[H]-module P, in view of Eckmann-Shapiro Lemma (see [3,
Corollary 2.8.4]), we have

Exctje (P, N 1545 2 Extiee (P 1%, N 1%).
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Noting that P 1% is also Gorenstein projective as K[G]-module, Ext}([G](P 19 N 1%) = 0, and
hence Extk[H](P, N 16¢1%) = 0. By [15, Theorem 7.14], Extk[H](P, N) = 0 because N is a direct
summand of N Tgig. O

Proposition 3.8. Let K be a field of characteristic p and let G be a group. If Ggl.dim(K[G]) < oo
and any K[G)-module M € GP*, then G is a p' -group.

Proof. Suppose that H = () is a cyclic subgroup of order p. Set R := K[H]| and let
a=1-xz, b=14+z+---+a2PteR.
By [12, Lemma 6.2], rr(a) = bR and rr(b) = aR. Thus, we have the exact sequences of R-modules
0—bR—R—>aR—0, and 0 —aR — R — bR — 0.

By Proposition 3.5(1), Ggl.dim(R) < oo, and hence let Gpdp(aR) = n < oo. By [11, Theorem
2.10], aR admits an exact sequence of R-modules

0—Q—P—aR—0,

where P — aR is a Gorenstein projective precover and pdp(Q) =n —1 (If n =0, then @ = 0). In
addition, we have the following commutative diagram

0— bR -5 R = aR —0
lyg Lf I

0— Q % P ™ 4R —0.

The diagram gives rise to a sequence

0—bR-RaQ-L P o0,

where the map a: bR — R® Q is given by a(m) = (i(m),—g(m)), and the map f: R®Q — P is
given by 3(r,q) = f(r) +4'(¢). Now we show that the sequence is exact.

(1) The map « is injective because i is so.

(2) For any py € P, there exists an element rg € R such that 7(rg) = 7’(pg). Thus

' (po — f(r0)) = 7'(po) — 7' f(ro) = m(ro) — m(ro) = 0.
Hence, po — f(ro) € Kern’ = Imi’, and py = f(ro) + 7' (q0) = B(r0,qo) for some gy € Q. So 3 is
surjective.

(3) For any mg € bR, Ba(mo) = B(i(mo), —g(mo)) = fi(mo) —i'g(me) = 0, and so Ima C Kerp.
On the other hand, for any (r,q) € Kerf, f(r) +i'(¢) = 0. It implies n(r) = 7' f(r) = #'(f(r) +
i'(q)) = 7'(0) = 0, and hence r € Kerm = Imi, i.e., there exists an element n of bR such that
r = i(n). By the commutative diagram, fi(n) = i'g(n). Then ¢g(n) = f(r) = —i'(¢), and so
i'(g(n) + ¢) = 0. By the injectivity of i, ¢ = —g(n). It implies that Kerg C Ima.

By hypothesis and Lemma 3.7, Exth(P,bR) = 0, and hence bR @ P = R @ Q. By [15, Exercise
9.7, pdg(bR) <n —1, and so R~ aR @ bR in terms of [14, Lemma 10.3.3]. But b # 0 annihilates
both aR and bR, a contradiction. Therefore, G is a p’-group. O

Remark 3.9. (1) The condition "M € GP* for any K[H]-module M” in the proposition above
can not be omitted. For example, let K be a field of characteristic 3 and S5 be the symmetric group
of degree 5. Then Ggl.dim(K[S5]) = 0 by Proposition 3.5 (2). However, the order of o = (1 2 3)
in S5 is 3.

(2) The foregoing example also show that Ggl.dim(K[S5]) = 0, while gl.dim(K[Ss]) is infinite.

Now Corollary 10.3.7 in [14] can be seen as a corollary of Proposition 3.8.

Corollary 3.10. Let K be a field of characteristic p and let G be a group. If gl.dim(K|[G]) < oo,
then G is a p'-group.
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Proof. 1t is clear that Ggl.dim(K[G]) < gl.dim(K[G]) < co. In addition, since gl.dim(K[G]) < oo,
any K[G]-module M € GP~L. Therefore, it follows from the proposition above. O

A group G is called Polycyclic-by-finite if there is a subnormal series for G, (1) = Gp<1G1 <4<
G, = G, where G;/G;_1 is either cyclic or finite. By Proposition 3.8 and [14, Theorem 10.3.13],
we have

Corollary 3.11. Let K be a field of characteristic p and let G be a Polycyclic-by-finite group.
Then the following are equivalent:

(1) G is a p'-group;

(2) gl.dim(KI[G]) < oo;

(8) Ggl.dim(K[G]) < oo and any K[G]-module M € GP~.
In this case Ggl.dim(K|[G]) = gl.dim(K[G]).

Here, spli(R) denotes the supremum of the projective lengths of all injective R-modules and
silp(R) denotes the supremum of the injective lengths of all projective R-modules (cf.[8]). We
study these invariants because it is completely related to Gorenstein global dimensions.

Proposition 3.12. Let K be a field and let H be a normal subgroup of G. Then
(1) spli(K[G]) < spli(K[H]) + spli(K[G/H]).
(2) silp(K[G]) < silp(K[H]) + spli( K[G/H]).

Proof. For convenience, we set G/H := G.
(1) Suppose that spli(K[H]) = n and spli(K[G]) = m are finite. For any injective K[G]-module
I, it is sufficient to show that pdg g (I) < m+ n. Noting that the augmentation sequence

0 — A(K[G]) — K[G] — K — 0

yields the K-split exact sequence of K|[G]-modules
(3.1) 0—K—A—B—0,

where A = Homg (K[G], K) and B = Homg (A(K[G]), K). Hence I is a direct summand of I® A,
and so it is enough to prove that pdg g (I @k A) < m +n.

Since K is an injective K-module, A is an injective K[G]-module, and hence de[—](A) < m.
Let
P*=0—P, —Pp1—-—P—A—0

be a K[G]-projective resolution of A. Choose a K[G]-projective resolution of I and
Q.I:0—>Qn—>anl—>"'—>Q0—>I—>O

is the truncation, where Q; is K[G]-projective for i = 0,--- ,n — 1 and @Q,, is K[H]-projective as
restricted module. Then the total complex Q® ®x P* is a K[G]-complex over I ®x A of length
m + n. Since A is flat as a K-module, Q® ®x P* is a K[G]-resolution of I ®x A by the Kiinneth
formula. Finally, we claim that Q® ® g P*® is K[G]-projective. To prove this, it suffices to show that

Qn @k K[G] is a projective K[G]-module. This is true because we have

Qn @k K[G] =2 Qnok (K19) = Qn®k (K @ K[G))
(Qn @Kk K) @k K[G]
= Qn @ KI[G].

(2) Suppose that silp(K[H]) = n and spli(K[G]) = m are finite. Let P be a projective K[G]-

module. Applying Homg (—, P) to (3.1) above, it gives an exact sequence of K|[G]|-modules

1

0 — Homg (B, P) — Homg (A, P) — P — 0.
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Since P is also a projective K[G]-module, the exact sequence above is K [G]-split, and hence P is a
direct summand of Hom (4, P) as K[G]-modules. Then it suffices to prove id k(g (Homg (A, P)) <
n+m.

Choose a K[G]-injective resolution of P and

I'=0—P—I1"—... 1! 51" 0

is the truncation, where I' is K[G]-injective for i = 0,1,...,n — 1 and I" is K[H]-injective as

[
restricted module. Since K is an injective K-module, A is also an injective K[G]-module. By
hypothesis, de[@] (A) <m. Let

Pt =0—P,—Pp1——P—A—0

be a K[G]-projective resolution of A. Thus, Homg (P®, I*) is a K[G]-complex over Homg (A, P) of
length n+m. Since A is projective as K-module, Homg (P*, I*) is a K[G]-resolution of Homg (A, P)
by Kiinneth’s cohomological formula. Now, we need to show Hompg (P®, I®) is K[G]-injective. It is

enough to prove that Homg (K[G], I") is K[G]-injective. In fact, we have
Homg (K[G], I") = Homg (K @k KI[G], I")
= Homp ) (K[G], Homg (K, ™))
= Hompg (K[G], I").
Since I" is K[H]-injective, Homg (K [G], I") is also K[G]-injective as coinduced module, as de-
sired. 0
An immediate consequence of proposition above with H = {e} is the following corollary.

Corollary 3.13. Let K be a field and let G be a group. Then silp(K[G]) < spli(K[G]).

Following [8], we say that M admits a complete projective resolution of coincidence index n if
there exists a complete projective resolution, which coincides with a projective resolution of M in
degrees > n. Hence, M admits a complete projective resolution of coincidence index 0 if and only
if M is a syzygy of a complete projective resolution, i.e., if and only if M is Gorenstein projective.
We say that M admits a complete projective resolution if it admits a complete projective resolution
of coincidence index n for some n.

Proposition 3.14. Let K be a field and let G be a group. Then the following are equivalent:
(1) Ggl.dim(K[G]) < oo;
(2) spli(K[G]) < oo
(3) Any K|G]|-module admits a complete projective resolution and silp(K[G]) < oo;
(4) There is an exact sequence of K[G|-modules 0 — Vy — A — B — 0, where Vj is a
principal K[G]-module and pdgg(A4) < oc.
In this case, pdgg(A) = Ggl.dim(K[G]).
Proof. (1)<(2) and (2)<(3) follow from [8, Theorem 4.1] and Corollary 3.13.

(1)=(4) follows from [6, Lemma 2.17].
(4)=-(2). By hypothesis, there exists an exact sequence of K[G]-modules

0—Vy—A—B—0,
where Vj is a principal K[G]-module and pdgg(A) < oco. If I is an injective K[G]-module, then
the exact sequence of K[G]-modules
0—1—>IQkA— 1Rk B—0

is K[G]-split, and hence I is a direct summand of I®x A. Thus, it suffices to prove pd K[G] (IerA) <
oco. In fact, it follows that pdgq (I ®kx A) = pdgg(A4) < oo by Lemma 3.2.

Moreover, in view of [6, Lemma 2.17] and Theorem 3.4, pd (g (4) = Gpdg g (Vo) = Ggl.dim(K[G]).
Therefore, we complete the proof. O
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As mentioned in [9], the Weyl groups of the (finite) subgroup H of G, denoted W = Ng(H)/H,
are important objects and tools in the study of actions of G on topological spaces. We have the
following result analogue to [9, Proposition 2.5] but its proof is somewhat different.

Proposition 3.15. Let K be a field and let G be a group. Then, for any finite subgroup H of G,
we have Ggl.dim(K[W]) < Ggl.dim(K[G]), where W = Ng(H)/H is the Weyl group of H.

Proof. By Proposition 3.5(1), Ggl.dim(K[Ng(H)]) < Ggl.dim(K[G]). Then we assume that H is
normal in G, i.e., No(H) = G. So K[W]-modules are precisely K[G]-modules with trivial H-action,
and we set K[W]-Mod = {M € K[G]-Mod : M = M}. For any projective K[G]-module P,
noting that (K[G])? = K[W], it follows that P is a projective K[W]-module. Furthermore, if
pdga)(M) =n < oo, then there exists an exact sequence of K[G]-modules
0O —FP, —PFP, 41— —FP—M-—70

with all P; projective. By the proof of [9, Proposition 2.5],

0—pPf pH ... P M 0

is also an exact sequence of K[W]-modules. Thus, pd gy (M Hy < pd K (M).
Now, let Ggl.dim(K[G]) = m < oo. By Proposition 3.14, there exists an exact sequence of
K[G]-modules

0—VW—A—B—0,
where Vp is a principal K[G]-module and pd g (A) = m. Then
0—VH —Af - BH 0
is an exact sequence of K [W]-modules. Noting that the group G (and H) acts trivially on Vp, Vi

is also a principal K[W]-module. By the result above, pdgy, (AT < pdk(g(A) = m. Then, in
view of Proposition 3.14, Ggl.dim(K[W]) is finite and Ggl.dim(K[W]) = pd g, (AH) <m. O

Now we elaborate the main results in this paper.

Theorem 3.16. Let K be a field and let H be a normal subgroup of G. If Ggl.dim(K[H]) and
Ggl.dim(K[G/H]) are finite, then so is Ggl.dim(K[G]), and we have
Ggl.dim(K[G]) < Ggl.dim(K[H]) + Ggl.dim(K[G/H]).

Proof. If Ggl.dim(K[H]) and Ggl.dim(K[G/H]) are finite, in view of Proposition 3.14, then spli( K [H])
and spli( K[G/H]) are finite. By Proposition 3.12, spli(K[G]) is finite, and hence Ggl.dim(K[G]) is
finite by Proposition 3.14 again.

Now suppose that Ggl.dim(K[H]) = n and Ggl.dim(K[G/H]) = m. If V} is a principal K[H]-
module, then there is an exact sequence of K[H]-modules

0 — P, — - —F—V—0,
where all P; are Gorenstein projective. By [17, Proposition 2.3|, there is an exact sequence of
K[G]-modules
0 — Putfi—> - — P 15— Vo 15— 0,

and all P; 1% are Gorenstein projective. On the other hand, Vp 142 K[G/H] as K|[G]-modules,
and hence

Gpdig) (K [G/H]) = Gpdgg (Vo 157) < -
For any projective K |G /H|-module P, in view of [11, Proposition 2.19], Gpd ¢ (P) < n. Now we
claim that Gpdgg)(Q) < n for any Gorenstein projective K|[G/H]-module Q. In fact, there exists
an exact sequence of K[G/H]-modules

0— Q— P"— P! — ... with all P’ projective.
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Assume that Gpdgg(Q) > n, and let Q; = Ker(P! — P**1) for i = 1,2,.... By [1, Theorem 2.6],

Gpdgg(@1) = Gpdg (@) + 1.
Inductively,
Gpdg(Qi) = Gpdk (@) + 1,
and hence @;Q; has infinite Gorenstein projective dimension over K[G|, a contradiction.
If Wy is a principal K[G/H]-module, in view of Theorem 3.4,
Then we have the following exact sequences of K[G/H]-modules
0—>WZ‘+1 —>Pi—>Wi—>0,i:0,1,'-- ,m—1,

where P;, i = 0,1,--- ;m — 1 and W, are Gorenstein projective K[G/H]-modules. The exact
sequences above are also the exact sequences of K[G]-modules, and W) is also a principal K[G]-
module. To prove Gpd K[G](Wi) < n+m —1, we carry out the inverse induction on 3.
(1) Gpdgg)(Wm) <n+m —m because Wy, is a Gorenstein projective K |G /H]-module.
(2) Suppose that Gpd kg (Wi) < n+m—ifor 1 <i <m. Then Gpdgg(W;) and Gpdg g (F)
are finite and Gpd g (F;) < n.
(3) By [1, Theorem 2.6],

Gpd ey (Wi-1) 1+ sup{Gpd (g (W), Gpd gy (Pi-1)}

<
< 1+(n4+m—i)=n+m-—(i—1).

In particular, when ¢ = 0 we have Gpd K[G](WO) < n+m. Thus, in view of Theorem 3.4,
Gel.dim(K[G]) = Gpdg g (Wo) < n+m.
Therefore, we complete the proof. ]

Corollary 3.17. Let K be a field, and let H be a normal subgroup of G.
(1) If H has a finite indez, then Ggl.dim(K[G]) = Ggl.dim(K[H]).
(2) If H is finite, then Ggl.dim(K[G]) = Ggl.dim(K[G/H]).

Proof. (1) If H has a finite index, then Ggl.dim(K[G/H]) = 0 by Proposition 3.5(2). Thus, the
result follows from Proposition 3.5(1) and Theorem 3.16.
(2) It follows from Proposition 3.5(2), Proposition 3.15 and Theorem 3.16. O

By Proposition 3.5 (2) and Corollary 3.17, we have a plain group theoretic property.

Corollary 3.18. Let H be a normal subgroup of G. If any two groups, among G, H and G/H,
are finite, then so is the third.

The following results provide some analogous versions of the Serre’s Theorem for Gorenstein
global dimensions.

Theorem 3.19. Let K be a field, and let H be a subgroup of G of finite index. If Ggl.dim(K[G])
is finite, then Ggl.dim(K[H]) = Ggl.dim(K[G]).

Proof. By Proposition 3.5(1), Ggl.dim(K[H]) < Ggl.dim(K[G]). We assume that Ggl.dim(K|[G]) =
n < oo. Let Vp be a principal K[G]-module. By Theorem 3.4, Gpdgiq (Vo) = Ggl.dim(K[G]) =
n. Then, in view of [11, Theorem 2.20|, there exists some projective K[G]-module M such that
EX‘L}L{[G](VO,M) # 0 and for any projective K[G]-module P, Ext”KTé](VO,P) = 0. Consider the
following exact sequence of K[G]-modules

0— N — M Qg K[G] — M — 0,
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where 7(m ® g) = mg for m € M and g € G. Noting that M and M ®gg) K[G] are projective,
then N is also projective. Applying the functor HomK[G}(VO, —) to the sequence above, we get a
long exact sequence

e Bt (Vo, M @iy K[G)) — Extligy(Vo, M) — Extitl, (Vo, N) = 0.
Since Exti(g(Vo, M) # 0, Extlieq (Vo, M @k (s K[G]) # 0. In addition, by [3, Corollary 2.8.4] and
[16, Lemma 9.2], we have
Extyerm)(Vo, M) = Extieq(Vo, Homg ) (K[G], M)
= Extyq(Vo, M @k K[G]) # 0.

Noting that M is also K[H]-projective as restricted module and V} is also a principal K[H]-module
as restricted module, then Ggl.dim(K[H]) = Gpdg)(Vo) > n. This completes the proof. O

Corollary 3.20. Let K be a field, and let H be a subgroup of G of finite index. If spli(K[G]) is
finite, then Ggl.dim(K[H]) = Ggl.dim(K[G]).
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