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1 Preliminaries

Let B(t) = B(t,w), t >0, w € Q and N (dz,dt) = N(dz,dt) — v(dz)dt be one-
dimensional Brownian motion and an independent compensated poisson random
measure, respectively, on a filtered probability space (Q, F,{F},,, P) satisfy-
ing the usual conditions we consider a continuous-time, finie-state, observable
Markov chain {a (t) /t > 0}. {F},5, is a right-continuous, P-completed filtra-
tion to wich all of the processes defined below, including the Markov chain the
Brownian motions, and the poisson random measures, are adapted. Following
the convention of Elliott, Aggoun, and Moore, we identify the state space of the
chain with a finite state space S = {ey,...,ep} ,where D € N, ¢; € RP, and jthe
component of e; is the Kronecker delta §;; for each 4,5 = 1,2,..., D. the state
space S is called a canonical state space and its use faciliates the mathematics.

We suppose that the chain is homogeneous and irreducible. To specify
statistical or probabilistic properties of the chain «. we define the generator
A ={\; 1 <i<j <D} of the chain under P. this is also called the rate ma-
trix, or the @Q-matrix. Here, for each ¢,7 =1,2,.., D, \;; is the constant transi-
tion intensity of the chain from state e; to state e; at time ¢. Note that A\;; > 0

D
for i # j and Z)\ij =0, so A\;; < 0. In what follows for each ¢,7 = 1,2,.., D
=1

which i # j, W(j% suppose that A;; > 0, so A;; < 0.

Elliott, Aggoun, and Moore obtained the following semimartingale dynamics

for the chain « : ,

a(t):a(0)+/ATa(u)du+M(t)



where {M (t) \ t > 0} is an RP-valued, ({f}t>0 , P) -martingale and y” de-
notes the transpose of a matrixe (or, in particular, a victor) .

To model the controlled state process, we first need to introduce a set of
Markov jump martingales associated with the chain . Here we follow the results
of Elliott and Elliott, Aggoun, and Moore.

For each 4,5 = 1,2,.., D, wich i # j, and t € [0, 0o[ let J¥ (¢) be the number
of jumps from state e; to state e; up to time t. Then

T = Y (als).edlals) o)

0<s<t

= Y ) elals) —als—)e)

0<s<t

(a(s=),ei) (A a (5),6j>d8+/<a (s=),ei){dM(s),e;)ds

t
)\”/ seiyds +mgj (1),
0

t

where m;; = {m;; (t)\t € 7} with m;; (t) = /(a (s—),€e){dM (s),e;) is an
0
{F}iso> P) -martingale, the m;;’s are called the basie martingales associated
with the chain a.
Now, for each fined j = 1,2,.., D, let ®; (t) be the number of jumps into
state e; up to time ¢.

Then
D
O;(t) = Y IV
i=1, i#j
ZM/ ) eds+ 8, (),
i= 12#]0
wherefI) Zm” t) and, foreach j = 1,2,.., D, <I> (t) = {EI;J )\t € 7'}

i=1, i#j
is a an ({ft}t>0 ,P) -martingale.



Write for each j =1,2,..., D

D t
A (0= [l s )
i=1, i#5%,

Then for each j =1,2,..,D,

D (1) = @5 (1) = A; (1) (2)
is an ({}—}tzo , P)—martingale.

We now introduce a Markov regime-switching Poisson random measures. Let
R* = [0,4+00[ be the time index set and (R*,B(R")) be a measurable space.
Where B (R") is the Borel o-field generated by the open subsets of RY.

Let Rp = R\ {0} and By the Borel o-field generated by open subset O of
Ry whose closure O does not contain the point 0. In what follows, suppose
N (dz,dt), is independent Poisson random measure on (R* x Rq, B (RT) x By)

under P. Assume that the Poisson random measures N (dz, dt) has the following
compensator :

Mo (d2, dt) = va(e—) (d2\t) 7 (dt) = (a (t=) ;v (d2\t))n (dt) , ()
where 7 (dt) is a o-finite measures on R+ and
v (dz\t) = (Ve, (d2\t) ,Ve, (d2\t), .., Ve, (dz\t))T e RP

is a fuction of time ¢.Let us observe that for each j = 1,2,.., D, v, (dz\t) =
v; (dz\t) is the conditional Lévy density of jump sizes of the random measures
N (dz,dt) at time ¢t when a (t—) = e; and satisfies /min (1, 22) v; (d2\t) < oo.
Ro
In what follows, we shall consider only the case where v (dz\t) is a function of
z, that is,
v (dz\t) = v (dz)

Furthermore we assume that 7 (dt) = dt and write

N (dz, dt) == N, (dz, dt) — v, (dz) dt, (4)
be the compensated Markov regime-switching Poisson random measure.
We now introduce the state process X = {X (I)\l € [0, 00[} . Suppose that

we are given a set U C R and a control process u (t) = u (t,w) : [0,00[x Q — U.
We also require that {u (¢, w)\t € [0, 00[} is Fi-predictable and has right limits.
Let X (t) = X (¢) be a controlled Markov regime-switching jumps-diffusion
in R described by the stochastic differential equation

AX () = b(t,X (1), u(t),a(),w)dt+ot X {t),ult),at),w)dB ()
+/n(t,X(t),u(t),a(t),z,w)/\z(dz,dt)
Ro
(X (0, u )0 (t) w)db () 0<t< oo (5)
X(O) = 1x9 € R



Here b : [0,00[ X Rx U x SxQ—R, 0 : [0,00[ x R x U x SxQ—R, 7 :
[0,00[x Rx U x 8 x Ryx— R and 7 : [0, 00[ x R x U x SxQ— R, N, (dz, dt)
is one-dimentional Markov regime-switching random measures definied by (4)
b (1) = (61, <T>D) whith &; (), j = 1,2, .., D, defined by (2) . In what follows,
we consider the process {X (¢) \t € [0, c0[} as the solution of (5) associated with
the control process {u (¢) \t € [0, 00[}.

Let &, C F; be a given subfiltration, representing the information avialable
to the controller at time ¢, ¢t > 0.

The control process u (t) assumed to be {&,},-, predictable and with value
in a convexe set U C R. Let A¢ be our family of &,-predictable controls. Let R
denote the set of functions r : [0,00[ X Ry — R such that

/|77 (t,z,u,e,2)7 (L, 2)| v; (d2) < 00
Ro

for all ¢, z.
Let f:[0,00[ x R x U x SxQ— R be adapted with respect to {F;},~, an
assume that -

E /{|f(t7X(t),u(t),oz(t),w)|+’g‘;((t,X(t),u(t),a(t),w)) }dt < 00

0

for all u € Ag.
Then we define

J(z,e,u) = Ege, /f(t,X(t) su(t),a(t),w)dt
0

to be our performance functional, we study the probleme to find u* € A
such that
J (", e, u*) = SupJ (z,e5,u). (6)
uE.Ag
Let us define the Hamiltonian H : [0,00[ x RXx U xS x Rx Rx RxR — R
by

H(t7xauvei;p7Q7T78) = f(t,x,mei,w)—|—pb(t,x,u7ei,w)+q0(t7m,u,ei7w)
+/77 (t,z,u, e, z,w) 7T (t,2) v; (dz) (7)
Ro

D
+Z’77 (t7 T, U, €4, ’LU) S (t) )\’Lj
j=1

For natational convenience we will in the rest paper subpress w from from
the natation. The adjoint equation in the unknown F;-predictable processes



(p(t),q(t),r(t,2),s(t)) is the following backward stochastic differential equa-
tion (BSDE)

W) = -G EX 000,00, p0),a0),7 ()5 (1) d
Fg () dB (1) + / r () N (d2, dt) + s (1) dB (), ¢>0. (8)

Ro

In the finite horizon case (replacing oo by a finite terminal time 7" in J (z, e;, u)
above) the adjoint variable p (t) would have the specified terminal value

p(T)=0.

In the infinite horizon case it is natural to guess that the corresponding
terminal condition would be

t1l>nolo p(t) =0.

However, this turns out to be incorrect : the terminal condition must be
replaced by a limite inequality. See Theorems 1 and 4 this illustrates that the
infinite horizon case requires new technique, and it cannot be deduced from the
finite horizon case.

BTEX

2 Optimal control with partial information and
infinite horizon

Now, let up get back to the probleme of maximizing the performance functional
J(z,ei,u) = Eg e, /f (t, X (t),u(t),a(t))dt
0

Where X (¢) is of the from (5). Our aim is to find a u* € A¢ such that

J(z%,e;,u*) = Sup J (z,e;,u),
uE.Ag

where u (t) is our predictable control adapted to subfiltration &, C F;, with
value in a set U C R.

Let H be the Hamiltonian defined by (7) and p the solution to the adjoint
equation (8). Then we have the following maximum principle.

Theorem 1 (Sufficient Infinite Horizon Maximum Principle) Let u* €
A¢ and let (p* (t),q" (t),7* (t,2),s* (t)) be an associated solution to Eq (8).
Assume that for all u € A¢ the following terminal condition holds :

0< B[ Jim [p* (¢) (X (1) - X* ()] < oo. 9)



Moreover, assume that H (¢, z,u,e;, p* (t),q* (¢),r* (t,.),s* (¢)) is concave
in z and v and

EH (&, X" (t) ,u” (t),c(t),p" (1), q" (), 7" (£,.), " (£)) \&e] ~ (10)
= maxB[H (8, X" (t),u,a(t),p" (),¢" ()77 (¢,.), 57 () \ed]
In addition we assume that for all T' = oo,

& D

B[ 0-x"@0P@P O+ [0t vald) + 30 ()P 0N 0 pat| <o,
’ - (11)
and
o D
B[00 0400 -0 @)+ [ ((t2) — " 2 va )+ 3 (7 = 97)" 2 (0)
' - (12)
2
E'QH@XWWW@¢W%ﬁ®AWW“@Jf@D1<waU@
and that

E /IH(t,X(t),U(t)va(t),p*(t)yq*(t),T*(tw)vS*(t))\ <oo  (14)
0

for all u.
Then we have that u* (¢) is optimal.

Remark 2 Note that, since p(t) has the economic interpretation as the mar-
ginal value of the resource (alternatively the shawow price if representingon out-
side resource), the requirement

0< B [Tm [p (1) (X (1) - X" (1))] < o0,

t—o0

has the economic interpretation that if the marginal value is positive at
infinity we want to have as little resources left as possible.

Remark 3 The requirement in the finite horizon case that p (T') = 0 does not
translate into Tlim p(T) =0 as was shown in the deterministic case in Halkin
—00

(1974).

Proof. Let [*:=F /{f(t,X(t),u(t),a(t))—f(t,X*(t),u*(t),a(t))}dt =
0
). m

J(x,e,u) — J (2, e5,u™).



Then I = I{° — I5° — I3° — If° — I2°, where

oo

/(H (s, X (s),u(s),a(s),p" (s),q" (s),r" (s,.), 5" ()

0

—H (5, X" (s),u" (s),a(s),p" (s),q" (5),77 (5,.) , 8" (s))) ds],

I« =FE

150

I57:=E /Z(”rj(S,X(S)7U(S)7a(8))—7”(S,X*(S%u*(S),a(S))) H
0

Write

Hy X waprgraese = HGX @), u(t),a(t),p (8),q" (), 7" (t,.),5" (1)),

and similar for other combinations. We have from concavity that

Ht,X,u,a,p*,q*,r*,s* - Ht,X*,u*,a,p*,q*,r*,s* (]‘5)
8 * * * * * *
S H (X (1), (1), (1), 0 (1), 0" (6),77 (1), 5" () (X (1) — X (1)
0

ta H (GXT (@), u (), a(t),p7 (1), ¢ (),r" (t,.), 87 () (u(t) —u” (1)

Then we have from (10),(13) and that « (¢) is adapted to &,,
0

%E |:Hth*,U70z,p*,q*,r*,s*\gt}

8 *

S [Ht)X*,u*,mp*’q*yms* (u(t) —u (t))\gt} _

0o > (u(t) —u* (1)) (16)

u=u*(t)

IF=E / / (15, X (5) 1 (5) @ (5) ,2) = 1" (5, X" () 0 (), (8) 1 2)) 7 (5. 2) Vi) <dz>ds],



Combining (8), (11), (15) and (16), we get

I* < E )

o0 a )
/%Ht,X*,u*,a,p*,q*,r*,s* (X (s) — X" (s))ds
0

/@W@M@%Xﬂw
0

=—Ji.
From (9), (11), and Ito’s formula (for simplicity let 0y x ,, o . := 7 (5, X (s),u(s) , (s), 2)
and 7§,X,u,o¢ =97 (5, X (s),u(s),a(s))), we have that

0 < B[HEm )X -X0)]

t—o0

o0

/P* (8) (bs,X,u,a - bs,X*,u*,a) ds
0

E

o0

+/p* (s) (0 (s, X (5),u(s),a(s)) =0 (s, X" (s),u" (s),x(s))) dB (s)

p* () (n(s, X (5),u(s),a(s),z) —n" (s, X" (s),u"(s),(s),2)) Na (ds, dz)

+
~——38 o
—

=}
e
(=]

+

P (8) (7 (5, X (8) s u(s) s (s) = 7" (5, X" (5) ,u” (5) @ (s))) d (1) + / (X (s) = X" (s))
0

X

gl

H* (s, X" (s),u" (s),a(s),p" (s),q" (5),77 (5,.) 8" (8))) ds

+

+

Jr
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From (11) and (12), we have that

p*(s) (b(s, X (5),u(s),c(s)) = b(s, X" (s),u" (8),a(8)))d8+/(X(8) — X" (s))
0

0\8

(5, X (60 (5,0(5) 0 (9, (9,77 (5,5 (9)) s

+/q* (s) (0 (s, X (5),u(s),a(s)) =0 (s, X7 (s),u" (s),a(s))) ds
0
0

+ [ [ (s:2) (n(s, X (s),u(s),a(s),z) —n" (s, X" (s),u" (5),0(s),2)) va(s) (dz) ds
Ro
D
+/ZSJ‘ (s) (v (5, X (5),u(s),a(s)) (5, X7 (s),u” (5),a(s))) Aj (s) dS]
0J=1

= I+ + 05+ 1T + 1T
Finally, combining the above we get

J(z,e;,u) — J (¥, e, u”) I°°—I§°—I§°—If°—[§°
T O Ll el el o
0.

INIACIA

This holds for all u € Ag¢, so the proof is complete.

2.1 Necessary Maximum Principle

To answer the question: if u* is optimal does it satisfy

BUIG, X0, w0, a0, 90, ¢ 07 6), & @) (6]
—maxE [H (t, X" (1), u, a(t), p* (1), ¢" (1), " (t,.), s (1)) /&) (17

we assume the following:
A1 For all tg, h such that 0 < ty < tg+h < oo and all bounded §t0—measurable
random variables «, the control process 5 (t) defined by
B (t) = al[toyto+h] (t) )
belongs to A¢. Here

1 if t € [to, to + h]
Litg to+n) (£) = { 0 otherwise.



A2 For all u € A¢ and all § € A¢ bounded, there exists € > 0 such that

u+ef € A, for all e € [-6,9].

A3 The derivative process

(t) := %X“*fﬁ ()

e=0

exists and belongs to L? (m x P), where m denotes the Lebesgue measure on

where, for simplicity of notation, we define

ob b
5p (=5 (t X (1), alt), u(t).
Note that
e(t) =0.

A4 Assume that f satisfies a Lipschitz condition of the form

|f (@1,u1,00) = f (B2, u2, 02)[ < C(2) (|21 — 22| + |ug — ug| + [ar — az),
for any ¢, x;, u;, oy, 1 =1, 2.
We can then give an answer to the question.

Theorem 4 (Partial Information Necessary Maximum Principle) .
Suppose u* € A¢ is a local mazimum for J (u) meaning that for all bounded
B € Ag there exists a 6 > 0 such that u* + €8 € A¢ for all e € (—94,9) and
h(e):=J(u*+e€B), e (=6,9)
is maximal at € = 0. Let (p* (t), ¢*(t), r*(t,2), s*(t)) be the solution to
the (linear) adjoint equation

p* (t) = —%—Z(t, X*(t), w (), at), p*(t), ¢ (), r"(t,.), s"(t))dt
+q* (t)dB (t) + / * (2, ) Ny (dz, dt) + s* (£) d® (t) .

Ro

10



Moreover assume that if €* (t) = P (t), with corresponding coefficients

* * * *
Ty Tt gt,z’ %)

where 5 ) o ,
w= (Temn) o+ (Tm) 220
2 (805);7“1 >2€2 0+ ((’)ata);u “>2ﬁ2 o
2 2
o= (Poses) cs (Ppme) 200
2 2
o= (Tms) 2+ (Ties) 2
lm B ()= (] =0, (19
(19

< 00,

/C(t) (14 [e* (1)) dt
0

- (20)

()‘1 (t) PREE) )‘D (t))T ; Va (dZ) = (Uoz(t—) (dz) PRX3) Uoz(t—) (dz))T )

E / (e (1) ()2 (1) + / (7 (£, 2))% v (d2) +
0 J=1

where X (t) =

and
/ " ()2 | ()2 (6 X5 (1), a(t), w* (1) + / (2 X (1), a(t), u (1), 2)ve (d2)
0 Ro

D
Y () X7, at), ut ()N (t)] dt| < oo,
- (21)

for all T < co. Then u* is a stationary point for E[H \ &] in the sense that

for allt >0,

8 * * * * * *
B el (6 X0, e ', (0, ¢ (0, 7 (), 57 (0) V6] 0. (22)
Proof. For simplicity we consider only the 1-dimentional case. First note that

11



by A3, A4 and (19) we have that

9 .

e=0

- %E [7 It X ), w0+ e, a (1)) dt]
0

e=0

e—0¢€

— mle [/ [7(0 X5 @)t @)+ e o) — £ (1 X7 (), ' (0 ,a<t))}dt]

_ B /{ £ XY (1), (8) ,a(t))s*(t)—l—%(t, XU (), u (8) ,a(t))ﬁ(t)}dt].
0
(23)
We Know by the definition of H that
D gni
S0 =5 =5 OpO-52 Oa)- [ 1627 (t2) 0 (4= T B3 (03,
Ro j=1
(21)
and the same for 2 v (t) .
Applying the Ito to p* (t) e* (t), we obtain by (18), A2, (20) and (21)
o = mefoio)
E /p* ®) {gg (B) e (1) + % (t)ﬁ(t)} dt + /a* ®) (-‘E‘) dt
0 0
{000}
0
f [rea{Gteas 0+ 5 w80
0 Rg
> D . .
Oy Dy
+ i)y @) e () ++—5-@)B[#) A (2) pdt
‘{jz_:l { ox ou } ]

12



=1 0 “
D j
[k e @)+ 3 s (0 5 (0 1) e
Ro i=1
_ B /s*(t) (-%(t)) dt+/ﬁ(t){8§f (t)—gz(t)}dt]
0 0
_ E /{gi(t)s* (t)+g£(t)ﬁ(t)}dt VB 8;5 (t)b’(t)dt]
0 0
—— )+ | [0 (t)ﬁ(t)dt]
0
Therefore

B ( M mow dt) = T ()l
0
Now apply this to
B(t) = Oél[to,to—s-h] (t),
where « is bounded and §, -measurable, 0 < tq < to + h < co. Then if (23)
holds we get

to+h a
E(/ %H* (t, X7, e, uf, pi, qf, r*(t,.), sf)dt.a) =0.
to
Differentiating with respect to h at h = 0, we have
9 s
E (auH (t07 Xt*ov €4, u;fkoa p;fkoa qrov r* (t07')7 SIO)O[) =0.

This holds for all §; -measurable a and hence we obtain that

E (;uH* (o) \ £t0) = 0.

Which proves the theorem. m

13
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