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Abstract 
The authors have developed a five-finger robot hand [1-4]. Figure. 1 shows the structure used in four 

fingers (index, mid, medicinal, and little). It has two serially connected closed four-bar linkages and a 
Single Planetary Gear System (SPGS). It is a two-degree-of-freedom (2-DOF) mechanical system that 
drives actively and passively. It constitutes a variable stiffness mechanism that achieves sensorless 
shape-fitting motion (envelope grasping) when grasping an object of unknown shape. This mechanism 
gains robustness on harsh environmental usages since no electric or electronic devices are embedded in 
the finger part. However, the mechanism of such an under-actuation system requires stability in its 
motion, specifically, stable object grasping or pinching. It must be achieved on a mechanical basis, not 
by control maneuver. 

Recently, we developed a new finger mechanism with a Hyperextension joint at the fingertip aiming 
to stabilize the pinching motion passively. This joint has a linear compression spring. This abstract just 
shows the mathematical formulation of the finger mechanism to compute its static motion and force that 
the fingertip applies to an external object. The analysis will be reported in the presentation. 
Figure .2 shows the kinematic representation of the finger mechanism. We determine unknown 9 

variables 𝜃௖ , 𝜃ଶ, 𝜃ଷ, 𝜃ହ, 𝜃଺, 𝜃଻, 𝑓ଷ, 𝑓௣௥, 𝑓௣௜  under solar gear rotation 𝜃௦ being given and the tip position 
𝑃்௥ + 𝑖𝑃்௜ being prescribed.  
 𝑱𝟏 = {𝟎, 𝟎}, 𝑱𝟐 = 𝓵𝟏𝟐𝒆𝒊𝜽𝒄, 𝑱𝟑 = 𝑱𝟐 + 𝓵𝟐𝟑𝒆𝒊(𝜽𝒄ା𝜽𝟐), 𝑱𝟒 = 𝓵𝟏𝟒𝒆𝒊𝜽𝟏 = 𝑱𝟑 + 𝓵𝟑𝟒𝒆𝒊(𝜽𝒄ା𝜽𝟐ା𝜽𝟑) 

𝑱𝟓 = 𝑱𝟒 + 𝓵𝟒𝟓𝒆𝒊(𝜽𝟏ା𝝅ି𝝋), 𝑱𝟔 = 𝑱𝟓 + 𝓵𝟓𝟔𝒆𝒊(𝜽𝟏ା𝝅ି𝝋ା𝜽𝟓),  
𝑱𝟕 = 𝑱𝟒 + 𝓵𝟒𝟕𝒆𝒊(𝜽𝒄ା𝜽𝟐ା𝜽𝟑) = 𝑱𝟔 + 𝓵𝟔𝟕𝒆𝒊(𝜽𝟏ା𝝅ି𝝋ା𝜽𝟓ା𝜽𝟔) 
𝑷𝑻 = 𝑱𝟔 + 𝓵𝟕𝟖𝒆𝒊(𝜽𝟏ା𝝅ି𝝋ା𝜽𝟓ା𝜽𝟔ା𝜽𝟕), 𝑱𝟗 = 𝑱𝟔 + 𝓵𝟗𝟔𝒆𝒊(𝜽𝟏ା𝝅ି𝝋ା𝜽𝟓) 

(1) 

Figure 1: Kinematic representation of the finger having a Hyperextension joint. 

Figure 2: Finger mechanism 

θୱ : Rotation angle of the sun gear. 

θୡ : Rotation angle of the carrier that is passively determined 
by an external load.  

𝜃ଶ ⋯  𝜃ହ : Dependent angles that are passively determined 
by kinematic constraints and kinetic constraints.  

 𝜃ଵ =
−𝑍𝑠  

𝑍𝑖 
𝜃௦ +

𝑍𝑠+𝑍𝑖

𝑍𝑖
  𝜃௖   

𝑍௦=tooth number of the sun gear, 𝑍௜=tooth number of the inner 
gear 

𝜑 : A constant degree.  

𝑃்  : The tip position being prescribed. 𝑷் = 𝑃்௥ + 𝑖𝑃்௜ 

𝑓௣ : The tip force vector. 𝒇௣ = 𝑓௣௥ + 𝑖𝑓௣௜ 
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First, we derive the kinematic constraints. Two joints 𝐽ସ and 𝐽଻ have two passes to reach their positions 
due to closed linkages. It gives us the first to fourth constraint equation.  
 𝒄𝟏 + 𝒊𝒄𝟐 ≡ 𝓵𝟏𝒆𝒊𝜽𝟏 − ൫𝑱𝟑 + 𝓵𝟒𝒆𝒊(𝜽𝒄+𝜽𝟐+𝜽𝟑)൯ = 𝟎 

𝒄𝟑 + 𝒊𝒄𝟒 ≡ ൫𝑱𝟑 + (𝓵𝟒 + 𝓵𝟓)𝒆𝒊(𝜽𝒄+𝜽𝟐+𝜽𝟑)൯ − ൫𝑱𝟔 + 𝒆𝒊(𝜽𝟏+𝝅−𝝋+𝜽𝟓+𝜽𝟔)൯ = 𝟎  
(2) 

Second, we derive the kinetic constraints. Let 𝑓ଷ be the internal force vector acting on the link 𝐽ଶ − 𝐽ଵ. 
Then, 𝒇𝟑 is expressed by 𝒇ଷ = 𝑝𝑓ଷ(𝑱𝟑 − 𝑱𝟐)/ℓ3, where 𝑝𝑓ଷ is the force value. The sum of the force vectors 
acting at the 𝐽ଶ is in parallel to the vector 𝐽ଶ − 𝐽ଵ on an equilibrium state, which provides a constraint 
described by outer product of 𝑓ଷ + 𝑓஼  and 𝐽ଶ − 𝐽ଵ  being zero.  
 𝒄𝟓 = ൫𝒇

𝟑
+ 𝒇

𝑪
൯ × (𝑱𝟐 − 𝑱𝟏) (3) 

, where, the operator “×” is defined as 𝒑 × 𝒒 = 𝑝௥𝑞௜ି𝑝௜𝑞௥ for 𝒑 = 𝑝௥ + 𝒊𝑝௜  and 𝒒 = 𝑞௥ + 𝒊𝑞௜. 
Let 𝑓଻ be the force vector acting on the spring link 𝐽௖ − 𝐽ଶ. Then, 𝒇𝟕 is expressed by 𝒇଻ = 𝑝𝑓଻(𝑱𝒄 − 𝑱𝟐)/ℓ𝑐2 
(ℓ௖ଶ = 𝑠𝑝𝑙𝑖𝑛𝑔 𝑙𝑖𝑛𝑘 𝑙𝑒𝑛𝑔𝑡ℎ), where 𝑝𝑓଻ is the force value. The sum of the force vectors acting at the 𝑱𝟕 is 
in parallel to the vector 𝑱𝟕 − 𝑷𝑻 on an equilibrium state, which provides a constraint described by outer 
product of 𝒇𝟕 + 𝒇𝒑  and 𝑱𝟕 − 𝑷𝑻  being zero. 
 

𝒄𝟔 = ቀ𝒇
𝟕

+ 𝒇
𝒑
ቁ × (𝑱𝟕 − 𝑷𝑻) (4) 

The fact that the torque acting at 𝑱𝟒 is zero provides us another constraint, 
  𝒄𝟕 = 𝒇

𝟑
× ( 𝑱𝟒−𝑱𝟑) + (𝒇

𝟕
+ 𝒇

𝒑
) × (𝑱𝟒 − 𝑷𝑻)    (5) 

A prescribed tip position 𝑷෡ ் = 𝑃෠்௥ + 𝑖𝑃෠்௜ gives us the following two constraint equations, 
 𝒄𝟖 + 𝒊𝒄𝟗 = 𝑷෡𝑻𝒓 + 𝒊𝑷෡𝑻𝒊 − ൫𝑱𝟔 + 𝓵𝟕𝟖𝒆𝒊(𝜽𝟏+𝝅−𝝋+𝜽𝟓+𝜽𝟔+𝜽𝟕)൯ = 𝟎   (6) 

The set of infinitesimal variation of nine constraint equations ; 
 ∆𝒄 = (∆𝑐ଵ ∆𝑐ଶ ∆𝑐ଷ ∆𝑐ସ  ∆𝑐ହ ∆𝑐଺ ∆𝑐଻ ∆𝑐଼ ∆𝑐ଽ), should also hold zero vector during motion (∆𝒄 = 𝟎ଽ). In 
addition, we find solutions of nine variables ( 𝜽𝒄, 𝜽𝟐, 𝜽𝟑, 𝜽𝟓, 𝜽𝟔, 𝜽𝟕, 𝒇𝟑, 𝒇𝒑𝒓, 𝒇𝒑𝒊) by repeatedly executing 
the Newton-Raphson method under nine constraint equations being sustained.
 

𝝋𝟏 → 𝜽𝒔 , 𝝋𝟐 → 𝜽𝒄 , 𝝋𝟑 → 𝜽𝟏, 𝝋𝟒 → 𝜽𝟐, 𝝋𝟓 → 𝜽𝟑, 𝝋𝟔 → 𝜽𝟒, 𝝋𝟕 → 𝒇𝒑𝒓, 𝝋𝟖 → 𝒇𝒑𝒊 

∆𝒄 =
𝝏𝒄

𝝏𝝋
 𝚫𝝋 +

𝝏𝒄

𝝏𝜽𝒔

∆𝜽𝒔 = ൭
𝝏𝒄𝟏/𝝏𝝋𝟏 ⋯ 𝝏𝒄𝟏/𝝏𝝋𝟗

⋮ ⋱ ⋮
𝝏𝒄𝟗/𝝏𝝋𝟏 ⋯ 𝝏𝒄𝟗/𝝏𝝋𝟗

൱  𝚫𝝋 +
𝝏𝒄

𝝏𝜽𝒔

∆𝜽𝒔 = 𝚲𝚫𝝋 + 𝜶∆𝜽𝒔 = 𝟎 

 Δ𝝋 = −𝚲ି𝟏𝜶∆𝜽𝒔   

𝝋𝒌 = 𝝋𝒌ି𝟏 + 𝚫𝝋  , 𝒌 = 𝟏, 𝟐, 𝟑 ⋯   
𝝋𝒌,𝒋 = 𝝋𝒌,𝒋ି𝟏 − 𝚲ି𝟏𝒄,  𝒋 = 𝟏, 𝟐, ⋯   

 
(10) 

 
(11) 

 
 

(12) 
(13) 
(14) 

 
where, k is an iteration number. The numerical errors generated by the linear approximation will be 
compensated by employing the Newton-Raphson convergency procedure in the cycle. 
 

We analyze the finger motion and the reaction force of the fingertip in this way. At this point, we 
analyze how the force produced at the fingertips varies due to sun gear rotation input and how the 
hyperextension of the fingertips affects on. This abstract shows a new finger structure and the 
mathematical basis of the analysis. We will show the simulation results at the time of presentation. 
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