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Abstract: The quartic Diophantine equation A* + hB* = C* + hD*, where h is a fixed arbi-
trary positive integer, has been studied by some mathematicians. In a recent paper, we studied
this equation by using elliptic curve theory, and worked out some solutions of this equation for
certain values of h, in particular for the values which has not already been found a solution in
the range where A, B, C'; D < 100000 by computer search. Finally we presented two conjecture
such that if one of them is correct then we may solve this equation for every rational number h.
In the present paper, we use the solutions of aforementioned Diophantine equation, as well as a
simple idea to show that how some numbers can be written as the sums of two, three, four, five,
or more different biquadrates in two different ways. In particular we give examples for the sums
of 2, 3, - - -, and 10, biquadrates expressed in two different ways.
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1 Introduction
The quartic Diophantine equation (DE)
A* + hB* = C* + hD?, (1)

where h is an arbitrary positive integer, has been studied by some authors. (see [3], [4], [1], [2],

(5D

Currently, by computer search (see [6]), the small solutions of this DE are known for all positive

1



integers h < 5000, and A, B, C, D < 100000, except for

h = 1198,1787,1987,

2459,2572,2711,2797,2971,

3086, 3193, 3307, 3319, 3334, 3347, 3571, 3622, 3623, 3628, 3644,
3646, 3742, 3814, 3818, 3851, 3868, 3907, 3943, 3980,

4003, 4006, 4007, 4051, 4054, 4099, 4231, 4252, 4358, 4406, 4414,
4418,4478,4519, 4574, 4583, 4630, 4643, 4684, 4870, 4955, 4999.

In a recent paper [4], we studied this equation by using elliptic curve theory, and worked out some
solutions of this equation for certain values of A, in particular for some above values which has
not already been found a solution in the range where A, B, C, D < 100000 by computer search.
Finally We presented two conjecture such that if one of them is correct then we may solve this
equation for every rational number h.

In this paper by using the results of the previous paper as well as a simple idea, we easily show
that how some numbers can be written as the sums of two, three, four, five, or more different
biquadrates in two different ways.

2 TheDE A* + hB* = C* + hD*

Firstly, we prove the following theorem, which is one of the our main theorem in the pervious
paper [4], then this theorem easily implies the above main result.

Theorem 2.1. Consider the DE (1), where h is a fixed arbitrary rational number.

Then there exists a cubic elliptic curve of the form

E(h) : Y? = X3+ FX? + GX + H, where the coefficients I, G, and H, are all functions of
h. If the elliptic curve E(h) or its counterpart E(h); resulting from E(h) by switching h to ht!
has positive rank, depending on the value of h and an appropriate rational number t, then the
DE (1) has infinitely many integers solutions. By taking h = 2, this also solves DE of the form
uA* 4+ vB* = uC* + vD* for appropriate integer values of u and v.

Proof 2.1. Let: A=m —q¢,B=m+p,C = m+ q,and D = m — p, where all variables are
rational numbers. By substituting these variables in the DE (1) we get

—8m>q — 8mq® + Shm3p + 8himp® = 0. 2)



Then after some simplifications and clearing the case m = 0 we obtain
m?(hp —q) = —hp® + ¢’. 3)

We may assume that hp — g = 1 and m? = —hp® + ¢>.
By plugging ¢ = hp — 1 into the equation (3) and some simplifications we obtain the equation

m? = (h* — h)p® — (3h?)p* + (3h)p — 1. S

By multiplying both sides of this equation in (h* — h)? and letting

X =(r*-h)p Y = (h® — h)m, (5)

we get the final elliptic curve

E(h):Y? = X° — (3h*)X? + (3h(h* — h))X — (h* — h)*. (6)

Note that by letting X = Z + h? in (6), we get the simple elliptic curve

E'(h):Y?= 27— (3n*)Z — (h* + h?). (7

If for a given h, the above elliptic curve E'(h) or its counterpart F(h); resulting from E(h) by
switching h to ht* has positive rank, then by calculating m, p, ¢, A, B, C, D, from the relations
5rqg=hp—1,A=m—q,B=m+p, C =m+q, D =m — p, after some simplifications
and canceling the denominators of A, B, C, D, we obtain infinitely many integer solutions for
the DE (1). Now the proof of the theorem is completed.

It is interesting to see that for above solution, A + C'= B + D, too.

Although, we were able to find an appropriate ¢ such that F/(h), has positive rank in the case of
rank zero E(h) for many values of h, the proof for arbitrary h seems to be difficult at this point.
For this reason, we stated it as a conjecture in [4].

conjecture 2.2. Let h be an arbitrary fixed rational number. Then there exists at least a rational
number ¢ such that the rank of the elliptic curve

E'(R); : Y? = 73 — (3R*t®) Z — (h*t'° + h*t®), ®)
is positive.

Remark 1. Note that by putting h = 7, we may solve the DE in the form
uA* + vB* = uC* + vD?*, for appropriate integer values of u, and v.



Proof of the main result Let us by using the above results as well as a simple idea, show the
sums of two, three, four, five, or more different biquadrates in two different ways.
Now, in the equation A* + hB* = C* + hD?*, let us take
h=+hi+hi++h3+---£ht |,

where h; are choosen such that the rank of the elliptic curve (6) or (7) to be positive. Then we get

A*+ (b £ hy £ +hy - £ h} )B*=C*+ (£hi £ hy £ +hit---+ht )D*. (9

Now by multiplying %7, to the numbers B*, D*, and by writing the positive terms in the one side
and the negative terms in the other side, we get n positive terms of fourth powers in both sides,
b}. Now the

and then may obtain infinitely many nontrivial solutions for the DE >, af = > | b}

i=1"
proof of the our main result is completed.

Remark 2. Surprlsmgly, we may solve the general DE Y | a2} = Z;L L aj y;* , by taking
h = +a1hi + -+ £ a,,hl,, in the equation A* + hB* = C4 + hD*. Again here h; are choosen
such that the rank of the elliptic curve (6) or (7) to be positive.

Now we are going to work out many examples.

Example 1. A* + B* = C* + D*
i.e., sums of 2 biquadrates in two different ways.

h = 16, here h = 1 replaced by h = 2%.
E(16) : Y2 = X3 — 768X? + 195840X — 16646400.
Rank = 1.

Generator: P = (X,Y') = (340, 680).

: . _ __ (995860 —727724440 __ (123577441 305200800239
Points: 2P = (313’ _275)’ 3P = ( 729 19683 >’ 4P = ( 302500 ’ 166375000 )

313 =55 58 / ! 2929 —1070183 9529
(4080’ 8167 255)’ (p 1, g ) <8748’ 118098 2187>
( 123577441 305200800239 46439941)

1234200000’ 678810000000’ 77137500/ °

(p,m,q) =
(pll’ m//’ q//) —

Solutions:
1203* + 76* = 653* + 11764,
1584749* 4+ 2061283* = 555617+ + 22194494,

103470680561* + 746336785578* = 713872281039" + 474466415378,
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Example 2. X{ + X3 + X3 =Y+ V! + V3!
i.e., sums of 3 biquadrates in two different ways.

_ 39 _ 5*-1¢
h—E— 44 .

39\ . V2 _ Y3 _ 4563 yv2 | 5772195 v _ 2433942225
E(l6) Y =X 256 % T 65536 16777216 °

Rank = 2.

Generators: Py = (X.) = (352 32).and P, = (X',Y") = (42, %)

N (4069 —14183 (9572761 1752134549
Points: 2P = (555, =515 )> 3P0 = (55500 - ~sea000 - )> F2-

5008 —8728 2804) (p/ m’ q/) — (605392 110806928 36712)
9 b b 9

(PamMJ) = (37957 3795 7 1265 43875’ 658125 ° 1125

() = (148 2 180)

Solutions:
8570% + 2325* 4+ 1717* = 158* + 8585* + 4652,
111663014 + 18732470% + 3178939* = 16535431% + 15894695% + 37464944,

1094* + 43651 + 469* = 4274* + 2345* + 873%.

Example 3. X! + X3 + X5+ X =V '+ V' + V' + V!
1.e., sums of 4 biquadrates in two different ways.

h=23=2=1=0
E(23):Y? = X3 — 1587X? + 837936X — 147476736.
Rank=1.

Generator: P = (X,Y) = (880, 6512).

e _ (3424933 275024489
Points: P, 2P = (5562, “ies)-

(5 37 46\ [,/ .1 1\ _ (3424933 275024480 533605
(2,m,q) = (550 550 59)» M5 0") = (Ges005i0> 1651010556 5561358 )-

Solutions:



9% + 105* + 16* + 64* = 83* + 80* + 21* + 844,
1264542442* + 2646847655% 4+ 22479447* + 89917788% =
2368240398* + 112397235 + 5293695314 + 2117478124%.

Example 4. X} + XJ + X§ + X{ + X2 =Y+ V' + V' + V! + V¢!
i.e., sums of 5 biquadrates in two different ways.

h— 3 — 14214304t
17 174 :

B3Y.Vv2 _ v3_ 27 v2 _ 7560 y _ 705600
E(17) YT=X 289X 83521X 24137569

Rank=1.

Generator: P = (X,Y) = (%’ %)_

. _ /65437 313237
Points: P, 2P = ({35575, 5057373)-

() = (2, 5,0, 0 ) = (R, 550 00

Solutions:
23124 + 357% + 714* + 1071* + 3927% = 4046* + 17* 4+ 34* 4+ 51* + 1874,

134948261* 4+ 29798467* + 59596934* + 89395401% + 3277831374 =
3159992474 + 19148409* + 38296818* 4 57445227+ + 210632499*.

Example 5. X!+ X5 + X3+ X{ + X+ X¢ =Y+ V' + Vi + Vi + Vi + v
i.e., sums of 6 biquadrates in two different ways.

h o @ o 14+24+34+44+64
25 54 :

66\ . v2 _ 3 _ 13068 y2 48756708 __ 60637092516
E( 5) YT =X 625 X7+ 390625 X 244140625 °

Rank=1.

. _ __ (1020552759889 5339057694122399
Generator: P’ = (X’ Y> - ( 78568090000 ’ 880905425080000 )

Point: P.



( m )_ (47868328325 250424844940075 1034770525)
b,m,q) = 580775321287 6511652902191367 879962608 /*

Solution:

103059413079145+31484981684799*+6296996336959814-944549450543974+125939926739196* +-
188909890108794* = 203229351055175%+114509940895931+22901988179186*+34352982268 779"+
45803976358372* + 6870596453 7558".

Example 6. X} + X3+ + X =Y + YV} +--- + YV
i.e., sums of 7 biquadrates in two different ways.

b= 17 — 64—14-24_34444 54
-3 3% :

E(77) . YZ — XS _ 59329X2 + 35099680X _ 207790105600‘

3 27 729

Rank=1.

Generator: P = (X,Y) = (_9285100’ 763;360).

: . __ (6892959356452 975806887820176684
Points: P’ 2P_< 8759275281 ’ 819789332824071 )

(125 10399 53\ (7 .o/ 0\ _ (1723230839113 243951721055044171 282825681793
(p:m, q) = (3555 166327 73)> (P, @) = (35670630037880" 3160118335875227080 " 1410114157330 )"

Solutions:

2766% + 34572% + 23048* + 28810* + 4637+ 4+ 9274* + 13911% =
33963* + 27822* + 18548* + 23185* + 5762* + 11524* + 172864,

X1 = 653165044877947269, X = 1215694385212406862, X35 = 810462923474937908,
X, = 1013078654343672385, X5 = 41335991086309694, X¢ = 82671982172619388,
X7 = 124007973258929082, Y; = 1385020210743079782, Y5 = 248015946517858164,
Y3 = 165343964345238776, Y4 = 206679955431548470, Y5 = 202615730868734477,
Ys = 405231461737468954, Y7 = 607847192606203431.

Example 7. X+ X) + -+ X =Y+ V' + - + V!
i.e., sums of 8 biquadrates in two different ways.

4,141 04_ad_44_x4_ a4
h— 10 = 74142 344 516

E(10) : Y2 = X3 — 300X? + 29700X — 980100.



Rank = 1.

Generator: P = (X,Y) = (165,495).

: . __ (505 -85 __ (172029 —20192733
Points: P, 2P = <T’T)’3P_( 961’ 29791 )

(P, q) = (5,3, 2), (0, ', ¢') = (35 Tog> 398)> (01", ") = (siss Sators 5003)-

Solutions:

34t 4 5t 4 = T T 8 10 + 124,

906* + 1295 + 185* + 370* + 657* + 876* + 1095* + 1314* =
838% 4 1533* + 219* 4 438* 4 555* + 740* + 925 + 1110%,

1334201* + 1576043 + 225149* + 450298 + 1160256 + 1547008* + 1933760* + 2320512 =
110399* + 2707264* + 386752* + 773504* + 675447* + 900596* + 1125745* 4+ 1350894*.

Example 8. X} + X+ - + X =Y+ YV +--- + V!
i.e., sums of 9 biquadrates in two different ways.

j— 21 _ 8t41t-2t-3t4ty5t6to7t
-8 4% :

21\ . V2 _ w3 _ 1323 y2 | 498771 62678889
E(_)'Y =X - 64X + 4096X_ 262144 °

Rank = 1.

. p_ _ (163241 46525193
Generator: P = (X,Y) = (555 51508 )

Point: P.

6928 123409 505
(P,mMJ) = (ﬁa 144039 361)'

Solution:

312344* 42040328 + 255041 + 1275205% + 16446* + 24669* + 32892% + 49338 + 57561* =
1299616 + 65784* + 8223* 4 41115% + 510082* + 765123* + 1020164* + 1530246 + 1785287+,

By choosing the other points on the elliptic curve such as 2P, 3P, - - -, (or changing the value of
h, and getting new elliptic curve) we obtain infinitely many solutions for the above Diophantine
equation as well.



h= =3 — 84414424434 44546474
- 2 = 44 :

B(3): Y? =X - ZX?4 Ly _ 25
Rank = 1.
Generator: P = (X,Y) = (£, 2).

Point: P.

(p7m7Q) = (_Tnv _2_1117 %)

Solution:

356% + 632% + 79% 4 158% 4 2374 + 228 + 285% + 3424 4 399* =
268% + 456% + 57% + 114* + 171* + 316* + 395 + 474* + 5534,

Example 9. X + X3+ + X, =Y + Y 4+ + Y
i.e., sums of 10 biquadrates in two different ways.

4,141 04 194 1 44 g4 pd_114_ 194
h:_63:14+1+2+3+434+5 64111131

E(—63) : Y2 = X3 —11907X2 + 47246976 X — 62492000256.
Rank = 1.

Generator: P = (X,Y) = (4960, 30752).

: . __ (4096948 74223316
Points: P, 2P = ( 061 ’W>

5 =31
)

(p,m,q) = (53 —1024237 18555820 70025 )

1 / !\
2527 Z)’ (p T, g ) - ( 60058656 ’ 18618183367 953312/ °

Solutions:

141% + 2524 + 18* 4 36* + 54* 4+ 72% + 90* + 78 4 143* + 169* =
484 + 1824 + 13% + 26% + 39% + 524 + 65% + 108% + 1984 + 2344,

235608531*+352150232* + 251535884 +50307176* 4+ 75460764* + 100614352 + 125767940* +
39586554* + 72575349* + 85770867+ =

179941044 + 92368626* + 6597759 + 13195518% + 19793277* + 26391036* + 32988795% +
150921528* 4 276689468* + 326996644%.



Remark 3. By choosing the other points on the above elliptic curves such as 3P, 4P, -- -, (or

changing the value of h, and getting new elliptic curves) we obtain infinitely many solutions for

each case of the above Diophantine equations.

The Sage software has been used for calculating the rank of the elliptic curves, (see [7]).
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