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1 Introduction

Please, as a reference consult the Conventions, notations, and abbreviations study [2].
This study is an extension and complementary of the Offset in Quadratics study. It determines

the simplest equations for any polynomial up to 6th-degree, the inflection points equations, as
well as the two possible recurrence equations.

Then we describe the behavior of any polynomial under the method of finite differences.

In the end, we have a general summary.

This study will serve as a background to future studies of the polynomials.

2 The simplest equation for 1%-degree polynomials (Linear)

From our definition of notation, the general polynomial equation of degree 1, is
Yi[y]=by +c



We have to determine the value of the 2 coefficients given by b, c. Then, to determine all the
coefficients it is easier to choose 2 consecutive elements from Y1[y].

As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index Y1[0] iny = 0.

So, we have:
Y1[0]=h =
Yi[l]=i=b+c

Using Cramer’s Rule:

0 1 _
A_h|1 1l 1
1— J—
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Conclusion: The general most simple equation for polynomial 1*-degree is
Yi[y]=({—-h)y+h

2.1 Inflection Point in 1st-degree polynomials

The linear polynomial inflection point is defined as being
d°Y1[y]

=0

d°Y1[y] 0!c h
Yivrap) [@ dy® l - B _< )
Xiply] = by + ¢
Xipplyl = b (—%) +c
Xiply] =0

ipy1(x,y) = (0»_%)



2.2 Recurrence equation towards increasing index in 1*-degree polynomials

The general simplest equation of a linear polynomial
Yi[y]=({-hy+h
Because of the initial dots
Y1[0] = h
Y1[1] =i
Then, the next term will be Y'1[2] in the positive direction of the index y:
Y1[2] =({—h)2+h
Y1[2] = —h + 2i
Then, substituting the letters
Y1[2] = —Y1[0] + 2Y1[1]
So, the positive index direction recurrence equation of linear polynomials is
Yi[y]l = =Y1[y — 2] + 2Y1[y — 1]

2.3 Recurrence equation towards decreasing index in 1*-degree polynomials

The general simplest equation of a linear polynomial
Yi[y]=({-hy+h
Because of the initial dots
Y1[0] = h
Y1[1] =i
Then, the next term will be Y1[—1] in the negative direction of the index y:
Y1[-1]= (i —h)(-1)+h
Y1[-1] =2h —i
Then, substituting the letters
Y1[-1] = 2Y1[0] — Y1[1]
So, the positive index direction recurrence equation of linear polynomials is
\Y1ly\=2Y1[y + 1] - Y1[y + 2]



3 The simplest equation for 2"I-degree polynomials (Quadratic)

From our definition of notation, the general polynomial equation of degree 2, is
Y2[y] =ay?*+ by +c
We have to determine the value of the 3 coefficients given by a, b, c. Then, to determine all
the coefficients it is easier to choose 3 consecutive elements from Y2[y].
As we learned from the offset study, the simpler equation will be obtained with one of the

consecutive elements in the central index Y2[0] iny = 0.

So, we have:
Y2[-1] =g =a(-1)?+b(-1) +¢
Y2[0] = h = a(0)? + b(0) + ¢
Y2[1] =i=a(1)?+b(1) +c
Or,

Y2[-1]=g=a-b+c
Y2[0]=h=c
Y2[1]=i=a+b+c

Using Cramer’s Rule:
1 -1 1

Then,

A= ‘O 0
1 1

-1 1
0 1
1 1

1‘=—2
1

|=—g+2h—i

Conclusion: The general most simple equation for polynomial 2"-degree is

g—2h+

i —g+i
g y+h

Y2[y] = >

2
2



3.1 Inflection Point in 2"*-degree polynomials

The quadratic polynomial inflection point (very common vertex) is defined as being

d'y2[y] _
dy?!
So,
d(ayz+by+c)_0
dy B
2lay, +11b=0
—g+i
B b_ 1 92
Yo = ~3a= "3\ go 2Rl
iiyV
- i
@dlYZ[y]_O_ b 1 gz 1y —g+i
Yivxapy) Tdyt | T 2ta” T2\ g—2h+i __§<g—2h+i)
2
Then,
Xip = ayf, + byy, + ¢
b\* b
vy =a(-g,) th(-g,)+e
b? b?
Xing—zﬁ'c
b? — 2b? + 4ac
Xip = 4a
b? — 4ac
i =g
_ b2 —4ac b
ipy2(x,y) = T 44 ' 24



3.2 Recurrence equation towards increasing index in 2"I-degree polynomials

The general simplest equation of quadratic polynomial

—2h+i —g+i
v2[y) =2 Y gz y+h
Because the initial dots
Y2[-1] =g
Y2[0] =h
Y2[1] =i
Then, the next term will be Y2[2] in the positive direction of the index y:
—2h+i —g+i
Y2[2]=g 5 2% + gz 2+h

Y2[2] =29 —4h+2i—g+i+h
Y2[2] = g —3h + 3i
Then, substituting the letters
Y2[2] =Y2[-1] — 3Y2[0] + 3Y2[1]
So, the positive index direction recurrence equation of quadratic polynomials is
Y2[y] =Y2[y — 3] —3Y2[y — 2] + 3Y2[y — 1]

3.3 Recurrence equation towards decreasing index in 2"-degree
polynomials

The general simplest equation of quadratic polynomial

—2h+i —g+i
Y2[y]=g 5 y2+ gz y+h
Because the initial dots
Y2[-1]=g
Y2[0] =h
Y2[1] =i
Then, the next term will be Y2[—2] in the negative direction of the index y:
—2h+i —g+i
y2[-2] = gT(—z)2 + 92 (=2) + h

Y2[-2]=2g9g—4h+2i+g—i+h
Y2[-2]=3g—-3h+i
Then, substituting the letters
Y2[-2] = 3Y2[—1] — 3Y2[0] + Y2[1]
So, the positive index direction recurrence equation of quadratic polynomials is
\Y2[y|\=3Y2[y + 1] —3Y2[y + 2] + Y2[y + 3]



4 The simplest equation for 3"4-degree polynomials (Cubic)

From our definition of notation, the general polynomial equation of degree 3, is
Y3[y] = azy® +ay®> + by +c
We have to determine the value of the 4 coefficients given by as, a, b, c. Then, to determine
all the coefficients it is easier to choose 4 consecutive elements from Y3[y].
As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index Y3[0] iny = 0.

So, we have:
Y3[-1]=g =az;(-1)* +a(-1)?+b(-1) + ¢
Y3[0]=h=c
Y3[l]=i=a3+a+b+c
Y3[2] =j=a3;(2)3+a(2)?+b(2) +¢
Then,
Y3[-1]=g=—-as;+a—-b+c
Y3[0]=h=c
Y3[1]=i=a3;+a+b+c
Y3[2] =j=8az+4a+2b+c
Using Cramer’s Rule:
-1 1 -1 1
1 0 0 0 1| _
A=11 1 1 4|71
8 4 2 1
g 1 -1 1
Ag,= f; 2 2 i =—2g+6h—6i+2j
j 4 21
-1 g -1 1
A= (1) f; (1) 1=6g—12h+6i
8 j 2 1
-1 1 g 1
Ay= (1) (1) }: 1=—4g—6h+12i—2j
8 4 j 1
-1 1 -1 g
0 0 0 h
Ac=11 1 1 =12k
8 4 2
Then,
Dy, —2g+6h—-6i+2j] —g+3h-3i+]
=) 7 12 Ny 6
A, 6g—12h+6i g-—2h+i
=" 12 -T2



A, —4g—6h+12i—2j —2g9—3h+6i—]

b=7 = 12 6
_Ac 12h
“TAT 12 T
Conclusion: The general most simple equation for polynomial 3"-degree is
—g+3h—3i+j g—2h+i —2g—3h+6i—]

3 2

6 Y 2 7 6 y+h

Y3[y] =

4.1 Inflection Point in 3"-degree polynomials

The cubic polynomial inflection point is defined as being

d*Y3[y]
dy? =
d*(azy® +ay* +by +c) 0
dy? B
Then,
3y, +2la=0
g—2h+i .
d?Y3[y] 2la 1 S A g—2h+i
Px3[y] dy? 3la, 3\ —g+3h—3i+]j —g+3h—3i+]
6
Then,
Xip = a3Yi, +ayf, + by, + ¢
~ai(~50) *+e(-3g) +2(30)*
Xip = %3 3a, ¢ 3a, 3a, ¢
_ azad N a®>  ba N
ip = 27a3  9a3 3az ‘
o a N a®>  ba N
Xip = 27a5  9a% 3as ‘
_a N 3a®  9aszab N
Xip = 27a5  27a% 27a3 ‘
2a3 — 9azab
xist[y] = —27a§ +c
oo )_2a3—9a3ab+ a ( g—2h+i )
P =T 072 T 3a, 0 \Tg+3h—3i+)




4.2 Recurrence equation towards increasing index in 3"-degree polynomials

The general simplest equation of a cubic polynomial

—g+3h—3i+j —2h+i —29g—3h+6i—j
Y3yl = 2 c Lyz 49 vt £ z Ly +h
Because of the initial dots
Y3[-1] =g
Y3[0] =h
Y3[1] =i
Y3[2] =j
Then, the next term will be Y3[3] in the positive direction of the index y:
—g+3h—3i+j —2h+i —29g—3h+6i—j
Y3[3] = g e ]33+g 5 32 + g z ]3+h
—9g9 +27h—27i+9j 9g9g—-18h+9i —-2g—3h+6i—j 2h
Y3[3] = —2 /29 + =9 J 2
2 2 2 2
—2g +8h—12i + 8j
v3[3] = ——— J
Y3[3] = —g +4h — 60 + 4j
Then, substituting the letters
Y3[3] = —Y3[-1] + 4Y3[0] — 6Y3[1] + 4Y3[2]
So, the positive index direction recurrence equation of cubic polynomials is
Y3[y] = —Y3[y — 4] + 4Y3[y — 3] — 6Y3[y — 2] + 4Y3[y — 1]
4.3 Recurrence equation towards decreasing index in 3"9-degree
polynomials
The general simplest equation of a cubic polynomial
—g+3h—3i+j —2h+i —29g—3h+6i—j
Y3yl = 2 c Lyz 49 vt £ z Ly +h
Because of the initial dots
Y3[-1] =g
Y3[0] =h
Y3[1] =i
Y3[2] =j
Then, the next term will be Y3[—2] in the negative direction of the index y:
—g+3h—3i+j —2h+i —29g—3h+6i—j
y3[—2] = -2 . L (~2)3 + ‘QT(—Z)2 — - J(=2)+h
89 —24h+24i—8j 4g—8h+4i 4g+6h—12i+2j
y3[-2] = -2 ) L T )+ h
89 —24h +24i—8j 12g —24h+12i 4g+ 6h—12i+2j 6h
v3[-2] = =2 ) 29 L2 J o
6 6 6 6
24g — 36h + 24i — 6j
v3[-2] = =T /

Y3[—2] =49 — 6h + 4i —j



Then, substituting the letters
Y3[-2] = 4Y3[-1] — 6Y3[0] + 4Y3[1] — Y3][2]
So, the negative index direction recurrence equation of cubic polynomials is
\Y3[y]\=4Y3[y + 1] — 6Y3[y + 2] + 4Y3[y + 3] — Y3[y + 4]

10



5 The simplest equation for 4™-degree polynomials (Quartic)

From our definition of notation, the general polynomial equation of degree 4, is
Ya[y] = a,y* + asy® + ay®? + by + ¢
We have to determine the value of the 5 coefficients a,, as, a, b, c. Then, to determine all the
coefficients it is easier to choose 5 consecutive elements from Y4[y].
As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index Y4[0] iny = 0.

So, we have:
Y4[-2] = f = ay,(-2)* + az(—-2)3 + a(-2)* + b(-2) + ¢
Ya[-1]l =g = a,(-D* + az3(-1)3 + a(-1)? + b(—1) + ¢
Y4[0]=h =
Y4[l]=i=a,+as+a+b+c
Y4[2] =j = a,(2)* + a3(2)3 + a(2)?+ b(2) + ¢
Then,

f =16a, —8a; +4a—2b+c

g=as—az+a—b+c

h=c

i=a,+az+a+b+c

j=16a,+8as;+4a+2b+c
Using Cramer’s Rule:

16 -8 4 -2 1
1 -1 1 -1 1
A=l0 o0 o0 o0 1|=288
1 11 11
16 8 4 2 1
f -8 4 —2 1
g -1 1 -1 1
Ag,=|h 0 0 0 1|=12f-48g+72h—48i +12j
i 11 11
j 8 4 21
16 f 4 —2 1
1 g1 -1 1
A= 0 R 0 0 1f=-24f+48g —48i + 24j
1 i1 11
16 j 4 2 1
16 -8 f -2 1
1 -1 g -1 1
Ag=]0 0 R 0 1|=-12f+192g — 360h + 192i — 12
1 1 i 11
16 8 j 2 1

11



16 -8 4 f 1
1 -1 1 g 1
A,=|0 0 0 h 1|=24f—192g+192i—24j
1 11 i1
16 8 4 j 1
16 -8 4 -2 f
1 -1 1 -1 g
A.=[0 0 0 0 h|=288h
1 11 1 i
16 8 4 2
Then,
A,, 12f —48g+72h—48i+12j f—4g+6h—4i+]
=" = 288 = 24
Aa, —24f +48g—48i+24] —f+2g9—2i+]
=87 288 T 12 o
_Ba_ —12f +1929 —360h +192i — 12 _ —f + 169 — 30h + 16 — |
A 288 o 24
b:A_b:24f—192g+1921—24]:f—8g+8l—]
A 288 12
A, 288h
A 283

Conclusion: The general most simple equation for polynomial 4®-degree is
_f—-4g+6h—-4i+j , —f+2g—-2i+j , —f+16g—30h+16i—j |,
byl = . YT 12 T 24 Y
—38g +93l—]
h
+ 12 y+

5.1 Inflection Point in 4™-degree polynomials

The quartic polynomial inflection point is defined as being

d3Y4[y]
dy3 -
d*(a,y* + azy® +ay> + by +c) 0
dy3
4layyp +3ta; =0
d3Y4[y] 3la; 1 _f+2€2_ 2t
y"”“ml Tdys l:_M:_Z f—4g+t6h—4i+]

24

_ 1( —f+29—2i+]j )
 2\f—4g+6h—4i+]

12



5.2 Recurrence equation towards increasing index in 4™-degree polynomials

The general simplest equation of a quartic polynomial

f-4g+6h—4itj , —f+2g-2i+]) —f +16g — 30h + 16i — j

Y4ly] = . 7o v+ 5 ye+ 4 y?
—8g+8i—j
12 +h
Because of the initial dots
Ya[-2] = f
Y4a[-1] =g
Y4[0] =h
Y4[1] =i
Ya[2] =]

Then, the next term will be Y4[3] in the positive direction of the index y:
—4g+6h—4i+j —f+29g—-2i+j —f+16g —30h +16i —j
_f—4g Jga f+2g J g3 f g J 52

Y4[3] =
3] 24 12 24
—8g+8i—j
f 912 Jain
27f —108g + 162h — 108i + 27j —9f + 18g — 18i + 9j
vapz) = 2 g d j = 94 J
—3f +489 —90h +48i—3j f—8g+8i—j
N f g k ]+f 94 J i
27f —108g + 162h — 108i + 27j —18f + 369 — 36i + 18j
vapz) = 2 g d j 181 98 j
—3f +48g9 —90h +48i —3j 2f —16g+16i—2j 8h
+ + +—
8 8 8
8f — 40g + 80h — 80i + 40
va[3] = f g : j

Y4[3] = f —5g + 10h — 10i + 5j
Then, substituting the letters
Y4[3] = Y4[—2] — 5Y4[—1] + 10Y4[0] — 10Y4[1] + 5Y4[2]
So, the positive index direction recurrence equation of Quartic polynomials is
Y4[y] = Y4[y — 5] — 5Y4[y — 4] + 10Y4[y — 3] — 10Y4[y — 2] + 5Y4[y — 1]

5.3 Recurrence equation towards decreasing index in 4™-degree polynomials

The general simplest equation of a quartic polynomial

f-4g+6h—4it)j , —f+2g-2i+] —f +16g — 30k + 16i — j

Yalyl = 24 ot 12 y>+ 24 y?
f 891J2r 8i ]y +h
Because of the initial dots
Y4[-2]=f
Y4a[-1] =g
Y4[0] = h



Y4[1] =i
Y4[2] =j
Then, the next term will be Y4[—3] in the negative direction of the index y:

_f—4g+6h—4i+] ., ft29-2i+] 3
Y4[-3] = 7 (=3)*+ 2 (=3)
—f+16g—-30h+16i—j . f—8g+8i—j
+ o (=3)° + 17 (=3)+h
27f —108g + 162h — 108i + 27 9f — 18g + 18i — 9j
yaj—3) = 2 g d j o 94 J
~3f +48g —90h +48i—3j —f+8g—8i+j
L 23 +48g k J =S 94 J i
27f —108g + 162h — 108i + 27j 18f — 369 + 36i — 18j
yaj—3) = 2 g d j 181 98 j
—3f +48g —90h +48i —3j —2f +16g —16i+2j 8h
+ + +—
8 8 8
40f — 80g + 80h — 40i + 8]
ya[-3] = f —80g ’ j

Y4[-3] =5f —10g + 80h — 5i +j
Then, substituting the letters
Y4[—-3] = 5Y4[-2] — 10Y4[—1] — 10Y4[0] — 5Y4[1] + Y4[2]
So, the negative index direction recurrence equation of quartic polynomials is

\Y4[y]\= 5Y4[y + 1] — 10Y4[y + 2] — 10Y4[y + 3] — 5Y4[y + 4] + Y4[y + 5]

14



6 The simplest equation for 5™-degree polynomials (Quintic)

From our definition of notation, the general polynomial equation of degree 5, is
Y5[y] = asy® + ayy* + azy® +ay? + by + ¢
We have to determine the value of the 6 coefficients given by as, a4, as, a, b, c. Then, to
determine all the coefficients it is easier to choose 6 consecutive elements from Y5[y].
As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index Y5[0] iny = 0.
So, we have:
=2l =f=as(-2)° + a,(-2)* + az(—2)* + a(—2)* + b(-2) + ¢
—1l=g=as(-1)° + a,(-D* + az(-1)* + a(-1)? + b(—-1) + ¢
Y5[0]=h=c
Y5[1]=i=as+a,+as+a+b+c
Y521 =j =as(2)° + a,(2)* + a3(2)® + a(2)> + b(2) + ¢
Y5[3] =k = as(3)°> + a,(3)* + a3(3)®* + a(3)? + b(3) + ¢
We have a linear system:
—32as +16a, —8az; +4a—2b+c=f
-as +a, —az; +ta —b+c=g
c=h
as +a, +a3; +a +b+c=i
32a; +16a, + 8az;+4a+2b+c=j
243as + 8la, +27a3; +9a+3b+c =k
Using Cramer’s Rule:

32 16 -8 4 -2 1
1 1 -1 1 -1 1
0O 0 00 0 1
A1 1 11 g g T340
32 16 8 4 2 1
243 81 27 9 3 1
f 16 -8 4 —2 1
g 1 -1 1 -1 1
ao=|" 0 D09 2= 288f — 14409 + 2880k — 2880i + 1440] — 288k
j 16 8 4 2 1
k 81 27 9 3 1
“32 Fe8 4 2201
1 g -1 1 -1 1
Ag,= ‘1) ’: (1) (1’ (1’ 1=—1440f+5760g—8640h+5760i—1440]
32 j 8 4 2 1
243 k 27 9 3 1

15



32 16 f 4 -2 1
1 1.g 1 -1 1
A | 0 0RO 01
a3 1 1 i1 11
32 16 j 4 2 1
243 81 k 9 3 1
= 1440f + 1440g — 14400h + 20160i — 10080j + 1440k
32 16 -8 f -2 1
1 1 -1 g -1 1
A= (1’ (1) (1) }; ‘1) 1=1440f—23040g+43200h—23040i+1440j
32 16 8 j 2 1
243 81 27 k 3 1
32 16 -8 4 f 1
1 1 -1 1 g 1
Aol 0 0 00 1
b 1 1 11 i 1
32 16 8 4 j 1
243 81 27 9 k 1
— —1728f + 172809 + 11520h — 34560 + 8640j — 1152k
32 16 -8 4 -2 f
1 1 -1 1 -1 ¢
0O 0 00 0 h
a=| 77 30 0 =-34560n
32 16 8 4 2 |
243 81 27 9 3 k
Then,
_ Do, _ 288f —1440g + 2880h — 2880i + 1440) — 288k
T AT —34560
—f+5g—10h+10i — 5] + k
- 120
A, —1440f +5760g — 8640h + 5760i — 1440j f — 4g + 6h — 4i +j
=T —34560 B 24
A,, 1440f + 1440g — 14400h + 20160i — 10080; + 1440k
B=n T —34560

 —f-g+10h—14i+7j —k

24
A, 1440f — 230409 + 43200h — 23040i + 1440 —f + 16g — 30h + 160 — j

a=—

A —34560 24
. A,  —1728f +17280g + 11520h — 34560i + 8640j — 1152k
A —34560
_ 3f —30g —20h + 60i — 15/ + 2k
- 60
_ A, —34560h _
©=A T 34560

Conclusion: The general most simple equation for polynomial 5"-degree is

16



—f+59—10h+10i—5j+k . f—4g+6h—4i+j ,

vsbyl= 120 y© 24
~f-g+10h—14i+7j—k , —f+16g—30h+16i—j ,
* 24 y 24 Y
3f —30g — 20h + 60i — 15/ + 2k
+ 60 y+
6.1 Inflection Point in 5™-degree polynomials
The quintic polynomial inflection point is defined as being
d*Y5[y]
dy* -
d*(asy® + a,y* + azy® +ay’ + by +¢) 0
dy*

Slasyy, +4'a, =0
f—4g+6h—4i+]

d4Y5[y] _ _ 4!(14 _ 1 24
Yivysiy) | @ dy* | 5laz 5\ —-f+5g—10h+10i—5j+k
120

_ 1( f—4g+6h—4i+]j )
B —f+59—10h+10i —5j + k

6.2 Recurrence equation towards increasing index in 5™-degree polynomials

The general simplest equation of a quintic polynomial
—f+59g—10h+10i —5j + k 5+f—4g+6h—4i+j 4
y

Yslyl = 120 24 y

=g+ 10h—T4i+7j—k . —f+169-30h+16i—) ,
24 Y 24 Y

3f —30g — 20h + 60i — 15] + 2k

+ = v+
Because of the initial dots

Y5[-2]=f

Y5[-1] =g

Y5[0] = h

Y5[1] =i

Y5[2] =

Y5[3] = k

Then, the next term will be Y'5[4] in the positive direction of the index y:

—f+59g—10h+10i —5j + k —4g +6h—4i+]j
vs[4) = L >9 s K s 1249 L g

24
—f—g+10h—14i+7j — k —f +16g —30h + 16i —j
N f—9 J =k s f g > J 42

24
3f — 30g — 20h + 60i — 15] + 2k
£330 - Uy N
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—f +5g — 10h + 10i — 5] + k —4g+6h—4i+]
ysia) = L +>9 s S+ K024 41729 > ) 256

—f—g+10h—14i+7j -k —f+16g —30h +16i —j
+ f=9 / 64 + ! g 2 ]16

24
3f —30g — 20h + 60i — 15] + 2k
L3/ ~30g IR

60
—128f + 640g — 1280h + 1280i — 640j + 128k

Y5[4] = =
+32f—128g+192h—128i+32j+—8f—8g+80h—112i+56j—8k
3 3
—2f+329 —60h+32i—2j 3f—30g—20h+60i—15j + 2k
N f g ¢ J | f g - j +h
—128f + 640g — 1280h + 1280i — 640j + 128k
Y5[4] = =
160f — 640g + 960h — 640i + 160j
+ 15
—40f — 40g + 400h — 560i + 280/ — 40k
+ 15
—10f + 160g — 300k + 160i — 10j 3f — 30g — 20h + 60i — 15j + 2k
+ +
15 15
15h
15
—15f + 90g — 225h + 300i — 225/ + 90k _ _
Y5[4] = =—f+6g—15h + 20i — 15j + 6k

15
Then, substituting the letters

Y5[4] = —Y5[-2] + 6Y5[—1] — 15Y5[0] + 20Y5[1] — 15Y5[2] + 6Y5[3]
So, the positive index direction recurrence equation of quintic polynomials is
Y5[y] = =Y5[y — 6] + 6Y5[y — 5] — 15Y5[y — 4] + 20Y5[y — 3] — 15Y5[y — 2] + 6Y5][y
—1]

6.3 Recurrence equation towards decreasing index in 5™-degree polynomials

The general simplest equation of a quintic polynomial
—f+5g—10h+10i —5j + k —4g+6h—4i+j
Y5[y] = f+5g j o f—4g J .

10h 11240 7i —k 169 — 30h + 16 f
—f—g+10h—14i+7j — —f+ —30h + 160 —j
N f—9 j v+ f g j

24 Y

24
, 3f —30g — 20h + 60i — 15] + 2k

0 y+h

Because of the initial dots



Then, the next term will be Y5[—3] in the positive direction of the index y:
—f +59 —10h +10i —5j + k c f—4g9g+6h—4i+] 4
120 (=37 + 24 =3
—f—g+10h—14i+7j -k , , —f+16g —30h+16i—j 5
* 24 (=3)"+ 24 =3
3f —30g — 20h + 60i — 15j + 2k
3 =309 - ST (—3) +h
—f +59 —10h +10i —5j + k —4g+6h—4i+j
f+5g i ) (_81)+f g d J 5e
—f—g+10h—14i+7j -k —f +16g — 30h + 16i —j
LS9 - Tk o)+ f+16g ° J 5
3f —30g — 20h + 60i — 15j + 2k
3 =309 - ST~ +h
—f +59 —10h +10i —5j + k f—4g+6h—4i+]
20 (—=81) + 20 135
—f—-g+10h—14i+7j—k —f+16g—30h+16i—j
+ m + m 15
3f —30g — 20h + 60i — 15j + 2k
3 =309 = ST~ +h
81f — 405g + 810h — 810i + 405j — 81k

40
, 135f — 540g +810h — 5401 + 135]

40
, 45f +45g — 450h + 630i — 315] + 45k

40
, ~15f +240g — 450h + 240i — 15]

40
, ~6f +60g +40h — 120i + 30 — 4k _40h

40 40
240f — 600g + 800k — 600i + 240 — 40k o
Y5[-3] = m = 6f —10g + 20h — 15 + 6j — k

Y5[-3] =

Y5[-3] =

Y5[-3] =

Y5[-3] =

Then, substituting the letters
Y5[—-3] = 6Y5[—-2] — 10Y5[—1] + 20Y5[0] — 15Y5[1] + 6Y5[2] — Y5[3]
So, the negative index direction recurrence equation of quintic polynomials is
\Y5[y]\= 6Y5[y + 1] — 10Y5[y + 2] + 20Y5[y + 3] — 15Y5[y + 4] + 6Y5[y + 5] — Y5[y
+ 6]
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7 The simplest equation for 6™"-degree polynomials (Sextic)

From our definition of notation, the general polynomial equation of degree 6, is
Y6ly] = agy® + asy® + ayy* + azy® +ay? + by + ¢
We have to determine the value of the 7 coefficients given by ag, as, a4, as, a, b, c. Then, to
determine all the coefficients it is easier to choose 7 consecutive elements from Y6[y].
As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index Y6[0] iny = 0.
So, we have:

Y6[—3] = e = ag(—3)° + as(—3)° + a,(—3)* + az(—3)® + a(-3)2 + b(-3) + ¢
Y6[-2] = f =ag(—2)% + as(—2)° + a,(-2)* + az(—2)3 + a(—2)> + b(-2) + ¢
Y6[—1] =g = ag(—1)° + as(—1)° + a,(—D* + a3(—1)3 + a(-1)?2 + b(—1) + ¢
Y6[0] = h =c
Y6[ll=i=as+as+a,+as+a+b+c
Y6[2] =) = ag(2)® + as(2)® + a,(2)* + a3(2)2 + a(2)? + b(2) + ¢

Y6[3] =k =as(3)°+as(3)° + a,(3)* + a3(3)* + a(3)2 + b(3) + ¢
We have a linear system:
Y6[—-3] = e = 729a4 — 243as + 81la, — 27a; +9a—3b + ¢

Y6[-2] = f = 64a, — 32as + 16a, —8a; +4a —2b +c
Y6[—1] = g=a6—a5+a4—a3+a—b+c
Y6[0]=h=c
Y6[1]—L—a6+a5+a4+a3+a+b+c

Y6[2] = j = 64a, + 32as + 16a, +8a; +4a+ 2b +c
Y6[3] = k = 729a, + 243as + 81a, + 27a; +9a + 3b + ¢

Using Cramer’s Rule:

729 —243 81 -27 9 -3 1
64 -32 16 -8 4 -2 1
1 -1 1 -1 1 -1 1
A= 0 0 0 0 0 0 1|=-24883200
1 1 1 1 1 1 1
64 32 16 8 4 2 1
729 243 81 27 9 3 1
e —243 81 -27 9 -3 1
f -32 16 -8 4 -2 1
g -1 1 -1 1 -1 1
Ay=lh 0O 0 0 0 0 1
i 1 1 1 1 1 1
j 32 16 8 4 2 1
k 243 81 27 9 3 1

= —34560e + 207360f — 518400g + 691200h — 518400i + 207360/
— 34560k
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729
64

64
729

729
64

64

729

729
64

64
729

729
64

64
729

729
64

64
729

e 81 —-27 9 -3 1
f 16 -8 4 -2 1
g 1 -1 1 -1 1
h 0 0 0 0 1
i 1 1 1 1 1
j 16 8 4 2 1
k 81 27 9 3 1

= 103680e —414720f + 5184009 — 518400i + 414720j — 103680k

—243 e -27 9 -3 1
-32 f -8 4 -2 1
-1 g -1 1 -1 1
0O h 0 0 0 1
1 i 1 1 1 1
32 j 8 4 2 1
243 k 27 9 3 1

= 172800e — 2073600f + 6739200g — 9676800h + 6739200i
— 20736005 + 172800k

—243 81 e 9 -3 1
-32 16 f 4 -2 1
-1 1 g 1 -1 1
0O 0 h O 0 1
1 1 i1 1 1
32 16 j 4 2 1
243 81 k 9 3 1

= —518400e + 4147200f — 6739200g + 6739200i — 4147200j

+ 518400k

—243 81 -27 e -3 1
—32 16 -8 f -2 1
-1 1 -1 g -1 1
0o 0 0 h 0 1
1 1 1 i 1 1
32 16 8 j 2 1
243 81 27 k 3 1

= —138240e + 1866240f — 18662400g + 33868800h — 18662400i
+ 1866240j — 138240k

—243 81 -27 9 e 1
—32 16 -8 4 f 1

-1 1 -1 1 g 1

0O 0 0 0 h 1

1 1 1 1 i 1

32 16 8 4 j 1

243 81 27 9 k 1

= 414720e — 3732480f + 18662400g — 18662400i + 3732480/
— 414720k
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729 —243 81 —27 9 -3 e
64 —32 16 -8 4 -2 f
1 -1 1 -1 1 -14
A=lo 0o 0o o 0o o n|l=-24883200n
1 1 1 1 1 1
64 32 16 8 4 2 |
729 243 81 27 9 3 k
Aq,
Ag = A
—34560e + 207360f — 5184009 + 691200k — 518400 + 207360 — 34560k
B —24883200
Ao, 103680e — 414720f + 5184009 — 518400 + 414720j — 103680k
=7 7 —24883200
A,
ag = A

_172800e — 2073600f + 67392009 — 9676800h + 6739200i — 2073600/ + 172800k

—24883200
A, —518400e + 4147200f — 67392009 + 6739200 — 4147200; + 518400k
B3="7 7 —34560
A,
a = X
_ —138240¢ + 18662401 — 18662400 + 33868800h — 18662400i + 1866240/ — 138240k
- —34560
A, 414720 — 3732480 + 186624009 — 18662400i + 3732480 — 414720k
A —34560
A, —24883200h
©="A T 24883200
Or
A, e—6f+15g—20h+15i—6j +k
6 =77 = 720
_Dyy  —e+4f-59+5i—-4j+k
s =77 7 240
A, —e+12f —39g+56h—39i+12j — k
Q=37 144
A, e—8f+13g—13i+8/—k
B3="7 7 48
A, 2e—27f +270g — 490h + 270i — 27] + 2k
A=A T 360 =
b Ay, —e+9f—-459 +451—-9j+k
A 60
A,
= — = h
€=

Conclusion: The general most simple equation for polynomial 6"-degree is
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e—6f+15g —20h+15i—6j + k 6+—e+4f—5g+5i—4j+k
y

720 240 Y
, ~e+12f ~39g +56h —39i +12j — k
y

Ye6ly] = >

4

144
Le-8f+13g 13048~k ,

2

48
2e —27f +270g —490h + 2700 — 27] + 2k
+ y
360
+—e+9f—45g+45i—9j+k

60 y+h

7.1 Inflection Point in 6™-degree polynomials

The inflection point is defined as being
d°Y6[y]
dy>
d®(agy® + asy® + a,y* + azy® + ay? + by + ¢)
dys =0
6!agy, +5'as =0
—e+4f —5g+5i—4j+k

d";Y6[y]_0 _ Slag 1 240
Viova) @ "5 = 0| = Tla, 6\ e—6f + 159 —20h T 15i— 6] T k
720

_ 1( —e+4f —5g+5i—4j+k )
~ 2\e—6f+159 —20h +15i — 6j + k

7.2 Recurrence equation towards increasing index in 6™-degree polynomials

The general simplest equation of a sextic polynomial
vé[ ]_e—6f+15g—20h+15i—6j+k 6+—e+4f—5g+5i—4j+k
Y= 720 Y 240 Y

+—e+12f—39g+56h—39i+12j—k
y

5

4

144
Le-8f+13g 13048~k ,

48
2e — 27f + 2709 — 490k + 270i — 27j + 2k
+ y
360
—e+9f —45g +45i —9j + k
+ 60 y

2

+h

Because of the initial dots



Y6[3] =k
Then, the next term will be Y6[4] in the positive direction of the index y:
e—6f+15g —20h+15i —6j + k —e+4f —5g+5i—4j+k

Y6[4] = 50 46 + 10 45
—e+12f —39g +56h—39i +12j — k
N f g =k 44
144
e—8f +13g—13i +8j — k
4_3
+ 48
2e — 27f + 2709 — 490h + 270i — 27j + 2k
+ 42
360
—e4+9f — 459 +45i—9j + k
+ f io Syt h
e—6f 4159 —20h + 15i — 6] + k e+ 4f —5g+5i—4j+k
Y6[4] = f+159 50 J % 4096 + / 540 S X 024
et 12f—399 +56h—39i+12j —k
144
e—8f+13g—13i+8j—k
+ f+139 LY
48
2e — 27f + 2709 — 490h + 270i — 27j + 2k
+ 16
360
—e4+9f — 459 +45i—9j + k
+ f io Syt h
e—6f 4159 —20h + 15i — 6] + k —e4+4f —50+5i—4j+k
Y6[4] = f+159 s J T X 56+ f ‘25 J X o4
—e+12f —39g +56h—39i +12j — k
+ /=39 5 ) "% 16
e—8f+139—13i+8j —k
N f 93 Jj 4
2e — 27f + 2709 — 490h + 270i — 27j + 2k
+ 2
45
—e4+9f — 459 +45i —9j + k
+ f “(iS SR h
e—6f 4159 —20h + 15i — 6] + k —e4+4f —50+5i—4j+k
Y6[4] = f+159 s J T X 56+ f is J X 197
—e+12f —39g +56h—39i +12j — k
+ /=39 J "% g0
45
e—8f+139—13i+8j—k
+ / 945 ) "% 60
2e — 27f + 2709 — 490h + 270i — 27j + 2k
+ 2
45
—e+9f —45g+45i—9j +k _ 45h
+ 45 ST
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256e — 1536f + 3840g — 5120h + 3840i — 1536j + 256k

45
, ~192¢ + 768f — 960g + 960i — 768] + 192k

45
N —80e +960f — 3120g + 4480h — 3120i + 9605 — 80k

45
, 60¢ — 480f + 780g — 7801 + 480; — 60k

45
, 4e = 54f +540g — 980h + 540i — 54/ + 4k

45
, ~3e+27f — 1359 +135( - 27+ 3k 4Sh

45 "5
45e —315f +945g — 1575h + 1575i — 945j + 315k
45
=e—7f+21g—35h+35i—21j+ 7k
Then, substituting the letters
Y6[4] = Y6[—3] — 7Y6[—2] + 21Y6[—1] — 35Y6[0] + 35Y6[1] — 21Y6[2] + 7Y6[3]
So, the positive index direction recurrence equation of sextic polynomials is
Yély] =Y6[y — 7] — 7Y6[y — 6] + 21Y6[y — 5] — 35Y6[y — 4] + 35Y6[y — 3] — 21Y6[y
— 2]+ 7Y6[y — 1]

Y6[4] =

Y6[4] =

7.3 Recurrence equation towards decreasing index in 6™-degree polynomials

The general simplest equation of a sextic polynomial

e—6f+15g —20h+15i—6j + k —e+4f —5g+5i—4j+k

_ 6 5
vely] = 720 Yo 240 y
—e+12f =399+ 56h —39i +12j — k
+ y
144
e—8f+13g—13i+8j—k
+ 48 Y
2e — 27f +270g — 490h + 270i — 27j + 2k
+ y
9 45 453609 k
—e +9f —45g + 45i — 9j +
+ / ‘ZO J y+h
Because of the initial dots
Y6[-3] =e
Yo[-2] =f
Y6[-1] =g
Y6[0] = h
Y6[1] =i
Y6[2] =
Y6[3] =k

Then, the next term will be Y6[—4] in the negative direction of the index y:
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Y6[—4] =

Y6[—4] =

Y6[—4] =

Y6[—4] =

e —6f + 159 — 20h + 15i — 6j + k

—e+4f —5g+5i—4j+k

(—4)°

(—4)° +

720 240

, e+ 12f 399 +56h—39i +12) -

gy
144

Le=8f+13g—13i+8) -

, 26— 27f +270g — 490h + 270i - 27] + 2k

K ays
8 (=4)

(-4)?

+—e+9f—45g+45i—9j+k

360

= (—=4) +h

e—6f +15g9 —20h + 15i — 6j + k

4096

720

+—e+4f—5g+5i—4j+k

o (—1024)

256

, e+ 12f 399 +56h—39i+12j — k

L e=8f+13g—13i+8) -

+—e+9f—45g+45i—9j+k

e—6f +15g9 —20h + 15i — 6j + k

144
k
(=64)

48

| 26— 27f +270g — 490h +270i = 27j + 2k

360

0 (-4)+h

—e+4f —5g+5i—4j+k

, e+ 12f 399 +56h—39i+12j — k

L e=8f+13g—131+8) -

+—e+9f—45g+45i—9j+k

e—6f +15g9 —20h + 15i — 6j + k

a5 256 + 15

16

9
k
(=4)

3

| 26— 27f +270g — 490h + 2700 = 27) + 2k |

45

T (-1) +h

—e+4f —5g+5i—4j+k

, e+ 12f 399 +56h—39i+12j — k

Le=8f+13g—13i+8) -

a5 256 + 45

80

45
k
(=60)

45
2e — 27f + 270g — 490h + 270i — 27j + 2k
+ 2
45
L et — 459 +451-9)+k 45h

25 () +75

26

(—64)

(=192)



256e — 1536f + 3840g — 5120h + 3840 — 1536j + 256k

Y6[—4] = =
192¢ — 768f + 960g — 960i + 768) — 192k
+ 45
, ~80e + 960f — 3120 + 4480h — 3120i + 960) — 80k
45
_60e + 480f — 780g + 780i — 480; + 60k
+ 45
4e — 54F + 5409 — 980h + 540i — 54 + 4k
+ 45
| 3e=27f +135g —135i+27j — 3k _45h
45 45
315¢ — 945f + 15759 — 1575h + 945i — 315] + 45k
Y6[—4] = -

=7e—21f+359 —-35h+21i—-7j+k
Then, substituting the letters
Y6[—4] = 7Y6[—3] — 21Y6[—2] + 35Y6[—1] — 35Y6[0] + 21Y6[1] — 7Y6[2] + Y6[3]
So, the negative index direction recurrence equation of sextic polynomials is
\Y6[y]\= 7Y6[y + 1] — 21Y6[y + 2] + 35Y6[y + 3] — 35Y6[y + 4] + 21Y6[y + 5]
—7Y6[y + 6] +Y6[y + 7]
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8 The simplest equation for 0™-degree polynomials (Constant)

We will start with constant polynomials or polynomials 0®-degree.
From our definition of notation, the general polynomial equation of degree 0, is
YO[y] = ¢
We have to determine the value of only one coefficient c. Then, to determine all the
coefficients it is easier to choose the only one element from YO0[y].
As we learned from the offset study, the simpler equation will be obtained with one of the
consecutive elements in the central index YO0[0] iny = 0.

So, we have:
YO[0l]=h=c
Using Cramer’s Rule:
A=11] =1
A.=|h|=h
A, h
c = K = I =h
Conclusion: The general most simple equation for polynomial 0®-degree is
X0yl =h

8.1 Inflection Point in 0™-degree polynomials

The constant polynomial inflection point is defined as being
d=1YO0[y]
dy1

d=1Y0
@ [y]:O

dy~1 =0

yvertexxo[y]

8.2 Recurrence equation towards increasing index in 0™-degree polynomials

The general simplest equation

YO[y] = ¢
Because of the initial dots
YO[0l]=h=c
Then, the next term will be Y0[1] in the positive direction of the index y:
YO[1] =h

Then, substituting the letter h
YO[1] = Y0[0]
So, the positive index direction recurrence equation of linear polynomials is
YO[y] = YO[y — 1]
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8.3 Recurrence equation towards decreasing index in 0™-degree polynomials

The general simplest equation

YO[y] = ¢
Because of the initial dots
YO[0l]=h=c¢
Then, the next term will be Y0[—1] in the negative direction of the index y:
YO[-1] =h

Then, substituting the letter h
YO[—1] = Y0[0]
So, the negative index direction recurrence equation of linear polynomials is
\YO[y[\=YO[y + 1]

29



9 Fibonacci Recurrence Equation

The Fibonacci sequence has a recurrence equation given by x,, = x,,_; + X,,_,. But this equation
can generate infinite many different infinite sequences depending only on the two sequential
terms chosen as the starting ones x,_; and x,_,. If we say that x, = x,_; + x,_, where
somewhere in the sequence will occur the appearance of two elements in the sequence given by
for example (..., 5,8, ...), then we have the Fibonacci sequence. See some examples of sequences
with the same recurrence equation given by x,, = x,_1 + X, _5.

10 Recurrence Equations of any Polynomial

Because the same recurrence equation can generate infinite many different sequences with
equivalent or similar properties, then all recurrences equations should be written in such a way
that considers at least one smallest possible portion of the sequence (in any index). The smallest
possible portion of the sequence can be considered the generator elements which are the
minimum elements in any index sequence necessary and sufficient to determine the infinite
sequence.
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10.1Polynomials recurrence equations from Pascal’s triangle

Pascal's Triangle - vertical 1's to the left m Pascal's Triangle - vertical 1's to the right

1

1 1

1 2 1
1 5 10 10 5 1

1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1 1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1

Pascal's Triangle - vertical 1's to the left and signalized
1

1 10 45 120 210 252 210 120 45 10 1

-1 8 -28 56 -70 56 -28 8 -1
-1 9 -36 84 -126 126 -84 36 -9 1 1 -9 36 -84 126 -126 84 -36 9 -1

-1 10 -45 120 -210 252 -210 120 -45 10 -1

Recurrence coefficients towards decreasing index

-1 10 -45 120 -210 252 -210 120 -45 10 -1

Recurrence coefficients towards increasing index

5 -10 10 -5 1

6 -15 20 -15 6 -1
nﬂ 7 -21 35 -35 21 -7 1

56 -70 56 -28 8 -1

n 9 -36 84 -126 126 -84 36 -9 1
n 10 -45 120 -210 252 -210 120 -45 10 -1

Perceive that the sum of the coefficients in each row of the last tables is always 1. Note also
that the coefficient signals alternate between positive and negative. These properties reflect the
behavior, or the action, of the method of differences which is the principle of any polynomial
sequence.

!
[
N
-]

1 -9 36 -84 126 -126 84 -36 9

-1 10 -45 120 -210 252 -210 120 -45 10

(%]
o
=
o
%]
(%]
o
o
v

1%
)
)
v
oo e[ e
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Recurrence coefficients sequence towards increasing index: Axxxxxx {1, -1, 2, 1, -3, 3, -1, 4,
-6,4,1,-5,10,-10, 5, -1, 6, -15, 20, -15, 6, 1, -7, 21, -35, 35, -21, 7, -1, 8, -28, 56, -70, 56, -28,
8,1,-9, 36, -84, 126, -126, 84, -36, 9, -1, 10, -45, 120, -210, 252, -210, 120, -45, 10, 1, -11, 55, -
165, 330, -462, 462, -330, 165, -55, 11, ...}.

Based on the sequence:

A074909 Running sum of Pascal's triangle (A007318), or beheaded Pascal's triangle read by
beheaded rows. 1,1,2,1,3,3,1,4,6,4,1,5,10, 10,5, 1, 6, 15, 20, 15, 6, 1, 7, 21, 35, 35, 21, 7,
1,8, 28, 56, 70, 56, 28, 8, 1,9, 36, 84, 126, 126, 84, 36,9, 1, 10, 45, 120, 210, 252, 210, 120, 45,
10, 1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11, ...

Recurrence coefficients sequence towards decreasing index: Axxxxxx {1, 2,-1,3,-3,1, 4, -
6,4,-1,5,-10,10,-5, 1, 6, -15, 20, -15, 6, -1, 7, -21, 35, -35, 21, -7, 1, 8, -28, 56, -70, 56, -28, 8§,
-1, 9, -36, 84, -126, 126, -84, 36, -9, 1, 10, -45, 120, -210, 252, -210, 120, -45, 10, -1, 11, -55,
165, -330, 462, -462, 330, -165, 55, -11, 1, ...}.

Based on the sequence:

A135278 Triangle read by rows, giving the numbers T(n,m) = binomial(n+1, m+1); or,
Pascal's triangle A007318 with its left-hand edge removed. {1,2,1,3,3,1,4,6,4, 1,5, 10, 10,
5,1,6,15,20,15,6,1, 7,21, 35,35,21,7, 1, 8, 28, 56, 70, 56, 28, 8, 1, 9, 36, 84, 126, 126, 84,
36,9, 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11,
1, 12, 66, 220, 495, 792, 924, 792, ...}.
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11 Method of differences in any polynomial

Let’s denote the differences between consecutive elements in any polynomial as

difilyl = dif =Yd[y + 1] -Yd[y]
Then, the difference between the consecutive differences is

dif,[y] = difdif = difi[y +1] = difi[y]
Then,
dif;y] = difdifdif = dif;[y + 1] — dif;[y]
difyly] = difdifdifdif = dif;[y + 1] — dif3[y]

dify[y] = difdif . h..dif = dify_i[y + 1] — dify_1[y]

This procedure in polynomials always gets in a result where dif,[y] = O for any y.
Then, we know the polynomial has degree d = h — 1.

11.1 Method of differences in 1%-degree polynomials (linear equations)

Given
Yi[y]=by +c

Then,

Yi[y+1]=b(y+1)+c

Yily+1l]=by+b+c
So,

difily] = (by + b +c) — (by +¢)

Generically,

difylyl = dif =b

11.2 Method of differences in 2"-degree polynomials (quadratic equations)

Given
Y2[y] = ay?*+ by +c

Then,
Y2[y+1]=aly+1D)?+b(y+1)+c
Y2[y+1]=a(y?*+2y+1)+by+b+c
Y2[y+1] =ay?*+2ay+a+by+b+c
Y2[y+1]=ay?*+ (a+b)y+a+b+c
Y2[y+2]=aly+2)2+b(y+2)+c
Y2[y+2]=a(y*+4y+4)+by+2b+c
Y2[y+2] =ay?*+4ay+4a+by+2b+c
Y2[y+2] =ay?*+ (4a+b)y+4a+2b+c

So,

difi[y] = (ay*+ (2a+b)y+a+b+c)— (ay?+ by +c)
difi[y] = (ay? + 2ay + by + a+ b+ ¢) — (ay? + by + ¢)
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difi[y] = (ay?* + by + ¢+ 2ay + a + b) — (ay? + by + ¢)
difily] =2ay+a+b

difi[y+1] = (ay* + (4a+b)y+4a+2b+c)— (ay*+ (2a+b)y+a+b +c)
difi[y + 1] = (ay?* + 4ay + by + 4a + 2b + ¢) — (ay* + 2ay + by + a+ b + ¢)
difily +1] =2ay+3a+5»b
Then,
dif;lyl = difi[y + 1] — difi[y]
dif,lyl = 2ay +3a+b) — (2ay + a + b)
Generically,
dif,[y] = difdif = 2a

11.3 Method of differences in 3"-degree polynomials (cubic equations)

Given
Y3[y]l = azy® +ay®* + by +c
Then,
Y3[y+1]l=a;(y +1)3+aly+ 1)?+b(y+1)+¢c
Y3[y+1] =a;(y3+3y?2+3y+ D) +aly?*+2y+1)+by+b+c
Y3[y + 1] = azy® + 3asy? + 3asy + as; +ay?> + 2ay+a+by+b +c
Y3[ly+1] = a3y®+ (Bas; + a)y?+ (3as + 2a+b)y+as;+a+b+c
Y3[y+2]l=a3;(y+2)3+aly+2)2+bly+2)+c
Y3[y+2]=as;(y3+6y2+12y+8)+a(ly*+4y+4)+b(y+2)+c
Y3[y + 2] = azy® + 6asy? + 12a;y + 8a; + ay? + 4ay + 4a+ by + 2b + ¢
Y3[y + 2] = azy® + (6as; + a)y? + (12a; + 4a + b)y + 8as; + 4a + 2b + ¢
Y3[y+3]l=a;(y+3)3+aly+3)2+b(y+3)+c
Y3[y+3]=a;(y3+9y2+27y+27)+a(y*+6y+9)+b(y+3) +c
Y3[y + 3] = azy3 + 9asy? + 27a3y + 27a5 + ay? + 6ay + 9a + by + 3b + ¢
Y3[y + 3] = azy® + (9a; + a)y? + (27a; + 6a + b)y + 27a; + 9a + 3b + ¢
So,

difilyl =Y3[y + 1] - Y3[y]

difi[y] = azy® + Baz; + a)y*+ (3az +2a+b)y+as;+a+b+c
— (azy® +ay?+ by +¢)

difi[y] = 3azy*+ (3az; +2a)y+as;+a+b

difily +1] =Y3[y+ 2] - Y3[y + 3]

difi[y + 1] = azy® + (6as + a)y? + (12a; + 4a + b)y + 8as + 4a + 2b + ¢ — (azy?
+ (Baz; +a)y?+ Baz;+2a+b)y+a;+a+b+c)

difi[y + 1] = 3azy? + (9a; + 2a)y + 7a; + 3a + b
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difily +2] =Y3[y+3] - Y3[y + 2]
difi[y + 2] = azy3 + (9a; + a)y? + (27a; + 6a + b)y + 27a; +9a +3b + ¢
— (azy® + (6as; + a)y? + (12a; + 4a + b)y + 8a; + 4a + 2b + ¢)
difi[y + 2] = 3asy? + (15a;5 + 2a)y + 19a; + 5a + b
Now,
difzlyl = difily + 1] — difi[y]
dif,[y] = 3azy? + (9as + 2a)y + 7a; + 3a + b — (3azy? + (3a; + 2a)y + a; + a + b)
dif,[y] = 6asy + 6az + 2a

difoly + 11 = difily + 2] = difi[y + 1]
dif,[y + 1] = 3azy? + (15a5 + 2a)y + 19a; + 5a + b
— (Bazy? + (9a; + 2a)y + 7a; + 3a + b)
difoly + 1] = 6a3y + 12a5 + 2a
Then,
difslyl = dif;ly + 11 = difa[y]
difslyl = 6asy + 12a5 + 2a — (6asy + 6a; + 2a)
Generically,
difslyl = difdifdif = 6a,

11.4 Method of differences in d™-degree polynomials
From the generic equation of polynomial d-degree

Yd[yl = agy?® + ag_ 1yt + -+ ay* +azy> +ay? + by + ¢
We have,

difalyl = dlay
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12 Understanding the Method of Differences in polynomials

The addition increases the polynomial degree. The subtraction decreases the polynomial degree.
This idea comes from The Babbage Engine.
We know that, if F[y] = y™, then,

Fly+z]=(@y+2)"
- () + (e Qi (2t (2 e
+()7"
Let’sbe z = 1:

P+ =0+ 0" = (o) + (1)ym + )yt (Do) + (. 24) v+ ()
n

Fly+1l=@+D"=y"+ (1)y"—1 + (Tzl)y"—2+...+(7zl)y2 + (?)y+ 1

Fly+11=Fiyl+ (7)) vy + () v 2+ + ()2 + () y +1
Being,

Glyl = Fly +1] - F[y]
Then,
1= () s Qoo ()4 () 44
degree|Glyl]| = degree[F[y]] — 1
highest order coef ficient[F[y]] = 1

highest order coef fcient[G[y]] = (111)

Now, from Gy] = F[y + 1] = F[y] = (})y" "+ (5) y" 2+ + (5) y? + (}) y + L. we

have:

6y+1=(1) o+ + () o+ 02+ (" )+ + (") o+ D+1

e+ 1=+ (M Dyt (U Dyt (U D2+ (1] Dy )
)+ (M )y (0 )+ (M )+ ()
1]+ +(G) 2 +2y+ U+ () o+D+1

Gly+11={(])r}+ (D" Dymz+ ("7 1)yn—3+...+(”;1)yz + ("Il)y
P [ T s (15 (1 2
("7 )y ke () () v+ +{(Do)+ (1

6y + 11 ={(1) " + () (5) 77 + () v + 1)

T Dy (G Dy (P )y (M D)y 4]

+(§) [(nzzgy”3+(n;2)y”4+...+(";2)y2+("12)y

2y +11+(})
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Gly +1] :G[y]+(711)[(nz1)yn—2+(n;1)yn_3+___+(n;1)y2+(nzl)y+1]

][ e g PN G R (e P
) ]

Finally,

H[y]=G[y+1];lG[yn_1 _—
QI o+ (5 o (e (1
+ )y (O )yt (0 )24 (U1
+1]+.+ () y+ 1+ ()
degree[H[y]| = degree|[G[y]] — 1 = degree|F[y]] — 2

highest order coefficient[H[Y]] = (711) (n I 1)

N—"

12.1 Conclusion

Reflecting on the method of differences in any polynomial degree n, if we recursively continue
to do differences of its consecutive elements, we will get a decrease in the power until degree
zero. The result always arrives in a constant in the value n!.

This is the property of the method of differences likewise derivatives. Each time we do a
difference between two consecutive elements in a polynomial n-power, it will result in a decrease
in the degree of power in the amount of a unit. If we continue to do differences between
consecutive elements recursively until degree zero, it will result in a coefficient equal to a

constant n!.
n

recursivelly[F[y + 1] — Fy]] = recursivelly[(y + 1)" — y™] = E(y”) =n!
= A000142

12.2 Example in 4" degree:

N

=4y’ + 6y* +4y+1
Gly+1]=4@y+1)3+6(y+1D*+4(y+1)+1
Gly+1]=4y3 +12y?2+ 12y +4+ 6y + 12y + 6 + 4y + 4 + 1
Gly+1]—-G[y]=H[y] =12y*+ 12y +4+ 12y + 6 + 4

H[y] = 12y? + 24y + 14

Hy+1]=12(y+ 12 +24(y + 1) + 14

Hly +1] = 12y% + 24y + 12 + 24y + 24 + 14

Hly+ 1] —H[y] = I[y] = 12y% + 24y + 12 + 24y + 24 + 14
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I[y] = 24y + 36
Ily+1] =24y +1)+ 36

Iy + 1] =24y + 24 + 36
Iy + 1] = I[y] = 24 = 4!
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13 Summary

Considering
Ydlyl = agy® + ag_y* 1+ -+ ayyt +azy i +ay? + by +c¢
Yd[-3] = e
Yd[-2] =f
Yd[-1] =g
Yd[0]=h
Yd[1] =i
Yd[2] =j
Yd[3] = k

13.1 The simplest equation for d™-degree polynomials summary

YO[y] =h
Yi[y]=({—-h)y+h
g—2h+i , —g+i

YZ[y]zTy + > y+h
—g+3h—3i+j —2h+1i —29g—3h+6i—]j
Y3[y] = J c ]y3+g y:+ J Ly +h
_f—-4g+6h—-4i+j , —f+2g—-2i+j , —f+16g—30h+16i—j ,
Yd[y] = 248 N y.+- 12 y o4 y
+f g ]y+h
—f+59—10h+10i = 5j + k —4g+6h—4i+j
Y5[y] = f+5g o j y54_f g ! Jy4
+—f—g+10h—14i+7j—k 3+—f+16g—30h+16i—j 5
3 30 2%%1 60i — 15 y2k 2 ’
—30g — 20h + 60i — 15j +
+ ! g 50 / y+h
_e—6f+159—20h+15i—-6j+k , —e+4f—-59+5i—4+k
velyl = 720 v 240 Y
—e+12f —399 +56h — 391+ 12j -k ,
+ y
144
e—8f+139g—-13i+8j—k
* 48 Y
2e —27f +270g —490h + 2700 — 27j + 2k
+ y
9f — 45 453609 k
—e+9f — +45i—-9j +
+ ! ‘ZO / y+h
Sequences of the denominators of y%: {1,1,2,6,24,120,720, ...} == A000142 Factorial numbers
Sequences of the denominators of y4~1: {1,2,2,12,24,240, ... } == AXXXXXX
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13.2 Inflection Point Summary for any polynomial

Yivyory) _
Yivyapy _
Yivyapy _
Yivyspy) _
Yivyapy _
Yivysiy) _

Yivyely

Yivyary

n = 4, we have y;,, = —
n =5, we have y;,, = —

n = 6, we have y;,, = —

d=1YO0[y]
dy~1!
d°Y1[y]

=ol=o
0lc h
__ﬁ:_1<i—h)
1 1'b 1, —g+i
=0 :_ﬂ:_§<g—2h+i)
2la g—2h+i
__3!a3:_1<—g+3h—3i+j)
3las 1/ —f+2g—-2i+j
:_41a4:_§<f—4g+6h—4i+j)
4'a, f—4g+6h—4i+]
- T Sla, (—f+5g—10h+10i—5j+k)
S5las 1 —e+4f —5g+5i—4j+k
:_6!a6:_§<e—6f+1sg—20h+15i—6j+k)
]_ _ (d—Dlagy  1rag,
= o] = - = 5%
%@:_5
se
D=1
1)@:_1
2/(3) 2
no
3/(3)
1)@:_1
4(%)) 2
1\ \24) _
Sy
1)(%):_3
/() 2
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13.3 Recurrence equations towards increasing index summary

YO[y]=+1YO[y-1]

Y1[y]=-1Y1[y-2]+2Y1[y-1]
Y2[y]=+1Y2[y-3]-3Y2[y-2]+3Y2[y-1]
Y3[y]=-1Y3[y-4]+4Y3[y-3]-6Y3[y-2]+4Y3[y-1]
Y4[y]|=+1Y4[y-5]-5Y4[y-4]+10Y4[y-3]-10Y4[y-2]+5Y4[y-1]
Y5[y]=-1Y5[y-6]+6Y5[y-5]-15Y5[y-4]+20Y5[y-3]-15Y5[y-2]+6Y5[y-1]
Y6[y]|=+1Y6[y-7]-7Y6[y-6]+21Y6[y-5]-35Y6[y-4]+35Y6[y-3]-21Y6[y-2]+7Y6[y-1]

13.4 Recurrence equations towards decreasing index summary

\YO [y \=1Y0[y+1]
\Y1 [y \=2Y1 [y+1 ]-1Y1[y+2]
\Y2[y]\=3Y2[y+1]-3Y2[y+2]+1Y2[y+3]
\Y3 [y ]\=4Y3 [y+1]-6Y3 [y+2 |+4Y3 [y+3 |-1Y3[y+4]
\Y4 [y ]\=5Y4 [y+1 ]-10Y4 [y+2 ]-10Y4 [y+3 ]-5Y4 [y+4 |+1Y4[y+5]
\Y5 [y \=6Y5 [y+1 ]-10Y5 [y+2 |+20Y5 [y+3 ]-15Y5 [y+4 |+6Y5[y+5]-1Y5[y+6]
\Y6 [y ]\=7Y6 [y+1 ]-21Y6 [y+2 |+35Y6 [y+3 ]-35Y6 [y+4 |+21Y6 [y+5]-7Y6 [y+6 |+1Y6 [y+7 ]

13.4 The method of differences in polynomials summary

dn
recursivelly[F[y + 1] — Fy]] = recursivelly[(y + 1)" — y™] = E(y”) =n!
= A000142
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13 Generalization of polynomial classification

When we studied offset, we were able to classify the quadratic sequences into three classes: SUB,
DES, ACC. Now, based on the results of this study, we will extend this classification to any
polynomial.

13.1 Polynomials class SUB

We will define the polynomials class SUB all the polynomials where
IPya[y] = tinteger

13.2 Polynomials class DES

We will define the polynomials class DES all the polynomials where
. +0dd
Prapyl = 5

13.3 Polynomials class ACC

We will define the polynomials class ACC all the polynomials where
ipyp[y) # Integer
And

, +0dd
Pyaly) # —%
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