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Abstract

The calculus ALASCA extends superposition-based saturation proving with reasoning in
Uninterpreted Functions and Linear Real Arithmetic (UFLRA). As efficiency of saturation
algorithms depend on literal selection, simplification, and redundancy elimination, this
paper improves reasoning in UFLRA by introducing theory-specific notions and methods
for all of these techniques. The implementation of these methods in the first-order theorem
prover VAMPIRE shows substantial gains in every tested benchmark category, solving a
number of problems previously unsolved by any system.

This paper is the extended version of a paper with the same title which will be published
at LPAR 2026.

1 Introduction

The increasing complexity of modern computing systems requires automated approaches to
ensure functional correctness, reliability and security of such systems [34, 36]. Most of existing
formal methods supporting such automation make use of automated reasoning engines under
the hood. A powerful class of automated reasoners are ATPs, which are used to check validity
of logical formulas in extensions of first-order logical theories. Despite significant advances [5,
10, 29|, reasoning about the combination of quantifiers (V,3), arithmetic and uninterpreted
functions still poses challenges. This paper addresses this problem and introduces techniques
that vastly improve efficiency of automated reasoning for Uninterpreted Functions and Linear
Real Arithmetic (UFLRA). Key to our work is saturation-based first-order theorem proving
using the Abstracting Linear Arithmetic Superposition Calculus (ALASCA) [29], an extension of
the superposition calculus [37, 2, 46] used in modern ATPs for first-order logic [7, 47, 43, 18, 13].
ALASCA extends the superposition calculus by adding dedicated inference rules for arith-
metic. These rules replace the need of axiomatizing theory symbols, such as addition 4+ and
order >, as done by early saturation-based approaches to arithmetic reasoning [40]. The calcu-
lus was shown to outcompete state-of-the-art SMT-solvers and first-order theorem provers [29].
Let us explain the main challenges one faces when applying ALASCA, and the saturation al-
gorithm implementing it, to UFLRA. Solving these challenges is the main motivation for our
work.
Saturation & ALASCA. Given an input problem F', saturation theorem provers first negate
F and clausify the negated input —F', obtaining a set of clauses; this set of clauses forms the
initial search space. After that, one repeatedly applies a set of inference rules to clauses in the
search space, adding conclusions of these inferences to the search space. The goal of the proving
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process is to derive the empty clause, denoted as O which corresponds to a contradiction. Thus
once O is derived, unsatisfiability of the input formula F' is established and proving terminates.

Saturation algorithms may build very large search spaces; in practice, often containing
millions of clauses. Thus, methods for making the search space smaller, can vastly improve per-
formance. For handling this issue a number of concepts have been developed for superposition.
Important for our work are literal selection, redundancy and simplification. Literal selection
restricts the number of applicable inferences, and thus limits growth of the search space, redun-
dancy allows for removing unnecessary clauses from the search space, and using simplification
one can replace formulas by simpler ones instead of adding new clauses to the search space.

Even though these techniques have been well-studied in the context of superposition [2, 37,
33, 25, 22, 46], they cannot be straightforwardly used in ALASCA. ALASCA uses, among other
rules, extensive normalizations, in particular rewriting arithmetic literals to a normal form ¢<0,
where ¢ is an arithmetic term and ¢ € {=,%,>,>}. These normal forms are required for
ALASCA to work in a sound and complete manner, but they interfere with (i) literal selection,
(ii) equality reasoning and rewriting, and (iii) the detection of tautological clauses. Steps (i)-(iii)
are however indispensable to keep proof search tractable. Our paper proposes new solutions for
(i)-(iii), as detailed next.

Enhancing ALASCA. Literal Selection guides proof search, by selecting a subset of the literals
of a clause that needs to be considered for making inferences with. In superposition, given a
clause C' = L1 V...V L,, a selection function sel determines a subset sel(C) of the negative
literals of C' which needs to be considered for inferences. Inference with literals not in sel(C)
can be skipped, thus limiting the growth of the search space without compromising the solver’s
completeness [2]. Due to normalizations like —(t > 0) = —t > 0 negative inequality literals do
not exist in ALASCA, which prevents the use of standard literal selection. We address this by
extending literal selection to a wider class of so-called selectable literals (Sect. 5). A peek at our
illustrating example (Ex. 1, Sect. 2) shows how this can tremendously improve proof search:
Given two clauses C = /I, —f(z;,a;) + ©; > 0 and D = f(z,z) — 2z > 0, in the standard
ALASCA approach of [29] there are n potential inferences resolving D with any of the n different
literals of C. In our proposed advancement of ALASCA with literal selection, only one of these
inferences needs to be performed, leading to an exponentially smaller search space.
Demodulation is one of the most widely used simplification rules in superposition [33]. Given an
equality clause | = r where r is simpler than [ (r < 1), it allows to replace any clause C[l] with
Cr], discarding C[l] from the search space without considering it for any further inferences. In
the presence of arithmetic however, demodulation is less effective because it requires the term [
in C[!] to coincide with [ in [ & r. This, for example, would prevent p(a + b) to be rewritten by
b+ a &~ ¢ into p(c), despite the fact that @ + b and b + a are semantically equal. One can also
give many other similar examples, for example, rewriting p(a+b) by a+1 ~ ¢ into p(b+c—1),
provided that b+ ¢ — 1 is smaller than a 4+ b. Even worse, real-valued equalities are normalized
to the form ¢ ~ 0 in ALASCA, for which applying demodulation mostly fails. We address these
shortcomings by formulating ALAsScA Demodulation (Dmd), a new variant of demodulation that
works modulo linear arithmetic. Ex. 1 shows how Dmd improves proof search. Given a unit
equality g(z,y) +x —y =~ 0, the standard demodulation rule would try to rewrite g(x,y) +z —y
into 0, which cannot be done in a clause \/|_, —f(z;,a;) + g(y,x;) > 0V y > 0, as the left-
hand side of the equality does not match any subterm of the clause. Dmd in contrast rewrites
g(z,y) into y — z, and is thus more widely applicable, resulting in more simplifications and an
exponential reduction of the search space size.

Inequality Merging is a new inference rule that removes arithmetical tautologies and simplifies
clauses. In the pure propositional case, tautologies (e.g. LV—LVC') can be detected and deleted
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easily. When dealing with arithmetic, we might face more complex tautologies like a > 0V —a %
0, which are harder to discover, and might pollute our search space with unnecessary clauses.
ALASCA’s normalizations introduce such tautologies, for example by turning ¢ > 0V = (¢t > 0)
intot > 0V —t > 0. To address such and similar issues, we introduce the new inference
rule Inequality Merging (IM ), which generalizes the idea of detecting tautologies and allows to
simultaneously perform simplifications like t > 0V —t % 0 = —t % 0. This greatly improves
proof search as it can detect and remove redundant clauses, and also allows to reason about
multiple literals at once (e.g. by processing —t % 0), instead of applying inferences to each
individual literal (e.g. ¢t > 0, and —t % 0). Ex. 1 shows how IM can drastically shrink proof
length.

Our contributions are summarized as follows:

e We show how Literal Selection can be used in ALASCA by extending selection to so-called
selectable, and not just negative, literals (Sect. 5). This results in fewer inferences and hence
reduces the size of the search space.

e We introduce ALAscA Demodulation (Dmd ), which allows one to rewrite clauses by equalities
modulo Linear Real Arithmetic (LRA) (Sect. 4). This drastically improves proof search by
eliminating many inferences that would add new clauses to the search space.

e We introduce a new inference rule, called Inequality Merging (IM ), for simplifying clauses with
multiple inequalities containing the same term and removing tautological clauses (Sect. 4).
This speeds up proof search by removing tautologies and by avoiding repetitive work.

e We introduce ALASCASj', an enhanced variant of ALASCA, which integrates all of these tech-
niques (Sect. 3.2).

e We implemented our work in the theorem prover VAMPIRE [33] and evaluated it against
existing methods for automating reasoning in UFLRA (Sect. 6). Our experiments show the
practical benefits of ALASCAsj', solving 84 more problems than state-of-the-art systems in
UFLRA reasoning.

Outline. This paper is structured as follows. Sect. 2 gives an example that illustrates the
main new techniques introduced in this paper. Sect. 3 introduces a variant of the original
Avasca [29] which integrates with the methods introduced in the following sections. Sect. 4
introduces our new simplification and redundancy elimination rules, while Sect. 5 shows how
literal selection can be done in ALASCA. The implementation of our work is evaluated in Sect. 6,
showing that, our work improves automated reasoning in UFLRA. We show that, with the new
extensions, ALASCA-based reasoning solves problems that could not be solved before by other
state-of-the-art provers. In Sect. 7 the paper is positioned within relevant related work in
automated reasoning in UFLRA, and finally Sect. 8 concludes the paper.

2 Illustrative Example

We showcase our reasoning enhancements upon ALASCA via Ex. 1.
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Ci: glz,y)+rz—-y=0 input

Co: Vi) —f(wisai) +g(y,x:) >0Vy >0 input

Cs: —flzy)+y=~0V f(z,y) —y>0Vh(z)—h(y) 20 input

Cji: —flzi,a) +21—y >0V Vi, —fzia) + gy, z) >0Vy >0 Dmd using C1, Cy
Ch: Vi, —flaa) +a—y > 0V VI —f(xi,a) +g(y,x) >0Vy >0 Dmd using C1,Cy~ "
Cr: Vo —f(@ia)+zi—y>0Vy >0 Dmd using Cy, C7~!
Cs: Vo —flwiai) +2; >0 VE using C}

Co: flz,y)—y>0Vh(z)—h(y) £0 IM using C3

Cr: flw,2) =2 >0 TF using Cs

Cs: Vi, —f(ws,0:) + ;>0 FM using Cs, C;
CE: Vi —fxia) +2:>0 FM using CE~1, Cy
Cg: O FM using 05*17 Cy

Figure 1: Proof of unsatisfiability of C' from Ex. 1. Inference rules indicated on the side
can be found in Figs. 4 and 5. Normalizations using inference rules NF U Ctd are omitted.

Example 1 (Tllustrative Example). Consider the set of clauses C = {C1,Cs,C3}

Va,y.9(z,y) +2—y=~0 C1

Vxl,...,:lfn,y.\/*f(:lfi,ai)+g(y,xi)>0\/y>0 02
=1

Va,y. — f(z,y) +y =0V f(z,y) —y >0V h(z) — h(y) %0 Cs

where a; are constants, and f, g, h are uninterpreted functions over R.

Our enhanced ALASCA easily proves unsatisfiability of C' for instances up to n = 50 within 10
seconds, generating only 208 clauses. Yet, ALASCA without our extensions times out for n = 3
after 10 seconds, while generating 49508 intermediate clauses. Fig. 1 shows the unsatisfiability
proof of C, using our enhanced ALASCA approach. In the sequel, we detail the key steps of
this proof and explain why disabling either of our new enhancements causes ALASCA to fail
(dis)proving Ex. 1 for large n.

Enhanced ALASCA proof. In the first steps of the proof of Fig. 1, we use our new rule
ALAScA Demodulation (Dmd) with the clause Cy to rewrite g(y,z1) = x1 — y in Cy deriving
C#1, and then rewrite the result again by C; until we arrive at the clause C} : \/I_, — f(z;, a;) +
z; —y >0Vy >0. Dmd is a simplification rule, which means whenever we use it to rewrite
a clause, the original clause becomes redundant, that is, the original clause can be discarded
from the search space. C} contains so-called unshielded variable y; a variable that does not
occur under any uninterpreted function. This unshielded variable will be processed by the rule
Variable Elimination (VE)!, turning Cf into the equivalent clause Cs : \/[_, — f(z;,a;) +x; > 0
by substituting 0 for y.

For the input clause C3, we use our new rule Inequality Merging (IM) to simplify Cj into
the equivalent clause Cg : f(z,y) —y > 0V h(z) — h(y) # 0, and then use the rule Term
Factoring (TF) to derive clause C7 : f(z,z) — 2z > 0.

! Inference rules can be found in Fig. 4 (Page 9) and Fig. 5 (Page 12).
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Figure 2: Results of running our enhanced ALASCA implementation (see Sect. 6) on Ex. 1
up to n = 50, with a timeout of 10 seconds. Configurations are denoted by the set of
enabled reasoning features, where s means Literal Selection; d means ALASCA Demodula-
tion (Dmd), and i means Inequality Merging (IM).

All literals — f(x;,a;) + ; > 0 of Cs are selectable? (see Sect. 5). This means we can
select an arbitrary single literal from Cj to apply inferences with, and do not need to make
inferences with any other literal of C5. We apply Literal Selection choosing the first literal
(sel(C5) = {—f(x1,a1) + 1 > 0}) and use the rule Fourier-Motzkin (FM) to resolve C5 and C7
deriving C§ : /Iy — f(z;,a;) + x; > 0. Of the result we select the first literal again and resolve
it with C7, until we finally arrive at Cg which is the empty clause 0. This step represents a
contradiction and concludes our proof of unsatisfiability of C. We note that choosing different

literals for selection would lead to deriving O in essentially the same way.

Need for ALASCA enhancements. Fig. 2 shows the results of running our enhanced
ArAscA on Ex. 1. Our evaluation is conducted using our implementation in the VAMPIRE
prover (see Sect. 6). As shown in Fig. 2, we evaluate the impact of Literal Selection (s), Dmd
(d), and IM (i). We evaluate ALASCA with all our enhancements enabled ({s,i,d}), as well as
with either of the techniques disabled ({s,d}, {s,i}, {i,d}). We also evaluate ALASCA with
all of our improvements disabled (). The plot on the left hand side of Fig. 2 indicates the
length of found proofs for each n. The plot on the right hand side of Fig. 2 gives the number
of problems solved by each ALASCA enhancement and configuration. Let us now explain why
all three of our new reasoning techniques are necessary to solve Ex. 1 in reasonable time.

ArLascA Demodulation (Dmd). If Dmd is disabled (conf. {s,i}), the rewrites obtained using C
in order to obtain C¥ are performed using the standard superposition (Sup), instead of Dmd.
Sup is however a generating, not simplifying, inference rule: it generates and adds clauses to the
search spaces, without checking whether premises become redundant (and could be removed).
For example, when rewriting a clause — f (z1, a1)+g(y, 1) > OV—f(x2,a2)+g(y,z2) > 0Vy >0
to —f(x1,a1) + 21 —y > 0V —f(x2,a2) + g(y,22) > 0V y > 0, the former clause will not be
removed from the search space. Superposition is therefore applied to its second literal and
derives — f(z1,a1)+g(y,z1) > 0> 0V —f(x9,a2)+ 22—y > 0Vy > 0; both of these clauses can
however be rewritten to the same clause C3. This means, we also obtain the clause C%, but
derive exponentially many unnecessary consequences on the way: for arbitrary n we will derive

2as their only <-maximal term f(z;,a;) occurs with a negative sign
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Vier —f(xisai) + gy, 2) > 0V V7 —f(x,a5) + g(y, ;) > 0Vy >0 for any I C {1...n}.
Fig. 2 shows that proof lengths with this configuration are the same as for {s,i,d} since the
same proofs can be found, but the solver times out for n = 5.
Inequality Merging (IM). If we disable IM (conf. {s,d}), the proof of Fig. 1 can be performed
only up to step C5. However, we cannot use IM on Cj3 to further derive C, from which we would
infer C7. Rather, we directly obtain the clause Dy : f(z,z) —z > 0V —f(z,2) + =~ 0 from
Cs3.  When combining D7 with C5 in the same way as with C7 in the proof of Fig. 1, we get
DE i, —f(xi, a;)+x; > 0\/\/1.:11 —f(a;,a;)+a; = 0, arriving at DY = \/I_, — f(a;,a;)+a; =0
instead of the empty clause C§. Derivation of the empty clause from here comes at a massive
cost in proof length, yielding a timeout after 10 seconds for n = 9 (see Fig. 2). Looking at
the length of proofs (Fig. 2), we also observe an approximately exponential growth of the proof
length in terms of n.
Literal Selection. Disabling literal selection (conf. {i,d}) implies that FM needs to be applied
for every literal of Cy instead of one single selected literal. This gives an exponential blow-up in
search space as we can derive all clauses \/,.; —f(2i, a;) +2; > 0 for I € {1...n} from Cs,C7
and their successors, which yields a timeout for n = 8 (Fig. 2).

In summary, we conclude that the combination of Literal Selection, ALASCA Demodulation,
and Inequality Merging is essential for solving Ex. 1.

3 ALASCA Revised

In what follows, we use ALASCA( to refer to the calculus ALASCA from [29]. This section
introduces ALASCAsj', a variant of ALASCAq which allows integrating simplification and selection
techniques we will introduce in the following sections. Changes to the old calculus were made in
order to make the newly introduced simplificaiton rules Inequality Merging (IM), and ALASCA
Demodulation (Dmd) compatible with ALascase! 3.

We introduce necessary background and fix notation (Sect. 3.1), before defining the calculus
ALASCAsj' and introducing conditions required for its parameters <, and sel (Sect. 3.2).

3.1 Notation and Background Knowledge

We consider a first-order signature of UFLRA, with a single sort*. This sort contains the function
symbol +, the constant 1, the unary predicate symbols (= 0), (> 0), (> 0), and an infinite set of
unary functions QQ called the numeral multiplications, representing multiplications by a constant
factor.

Clauses are multisets of literals Ly V...V L,. We call a clause unit if n = 1. The empty
clause n = 0 is denoted by 0. By F, V|, Trm, Lit, and Cls we denote the set of all first-order
function symbols, variables, terms, literals, and clauses respectively. We use gTrm, gLit for the
respective ground (variable-free) subsets.

We say f is uninterpreted if f ¢ {+}UQ and a term ¢t is atomic if it is a variable or its top-
level symbol sym(t) is uninterpreted. In the sequel, let z € V| f e F, k € Q, ¢ € {>, >, ~, %},
s,t € Trm, L € Lit, C € Cls and < be a preorder.

For the sake of readability we sometimes abbreviate numeral terms, e.g. 2 for 2(1). Literals
are considered to be normalized to s ¢ 0 implicitly. AC are the axioms of associatity and
commutativity of +. We define the function o~ which negates all the coefficients of a term
(e.g., (a+—2b—c)” = —a+2b+c), and we use oT for the identity function (t* =t). By =r

3For a detailed comparison between Arascag and ALasca%!, we refer to Appendix A.
40ur work can be easily extended to additional uninterpreted sorts.
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we denote equivalence modulo T'. We write s <., t (s <r t) for s being a (strict) subterm of t
modulo T'.
We define (coeff(kt), trm(kt)) = (k. ), and (coeff(t), trm(t)) = (1,?) if sym(t) ¢ Q. We call

smnds’ (up to =ac) analogously, but replacing £ by A. We use double underlining to mark
strictly maximal summands of a term (k_s+t), single underlining for weakly maximal summands
(ks4t), and dots for arbitrary summands (ks +t). That is ks +t represents some term con-
taining a strictly maximal summand s’ with coeff(s’) = k, and trm(s’) = s. We drop the relation
and define trms®, trms* analogously.

We call a literal t ¢ 0 stably positive (t o0 € Lit+) iff it is an equality, or it is an inequality
and Vt; € smnds (t).coeff(¢;) > 0 & trm(t;) € V. We call it stably negative (t o0 € Lit™) if it is
a disequality, or it is an inequality and Vt; € smnds (¢).coeff(t;) < 0 & trm(t;) ¢ V. We call it
undecided (to0 € Lit") otherwise.

A selection function sel is a function that maps a clause to a subset of its literals.  We define
the leading literals leadLit(C), and leading terms lead*(C) of C' to be leadLit™®(C) = sel(C)
if sel(C) # 0, and otherwise leadLit*®(C) = (lit(C) N Lit™) U (lit(C) N (Lit \ Lit")). Further
lead*®'(C) = {3 smnds (L) | L € leadLit®®(C)}, where lit(C') and lit (C) are the weakly and
strictly maximal literals in C. We leave away < and sel if there is no ambiguity.

x <t’ a4t where sym(¢') is uninterpreted, or unshielded otherwise.

By s[o] we denote a term (literal, clause) with a single occurrence of a designated variable
o ¢ V. By s[t] we denote the term obtained from replacing ¢ for o. We call s[o] a term
(literal, clause) context. We call a context Clo] uninterpreted, iff f(...,0,...) 9 Clo] = f is
an uninterpreted function.

We say < is T-compatible iff s =p s’ <t/ =p t = s < t. A simplification ordering modulo
T is a binary relation < on Trm that is closed under ground substitutions and, for gTrm, it is a
T-compatible well-founded monotonic strict partial ordering that is total modulo T and fulfils
the subterm property.

As shown in [32] there is no complete calculus of UFLRA wrt. the standard model R.
Therefore in [29] completeness of the original ALASCA is shown wrt. to a wider class of models
which are defined by the axiomatisation A given in Fig. 3.

3.2 The Calculus ALASCA

The base inference system of ALASCASj' is given in Fig. 4. It lists all its inferences except for
the new simplification rules ALASCA Demodulation (Dmd) and Inequality Merging (IM), which
are presented in Fig. 5 and discussed in Sect. 4.

We point out that inferences make use of an ordering <, Unification With Abstraction
(Uwa), and a selection function sel. The selection function will be discussed in Sect. 5; thus
for this section it is sufficient to consider a trivial empty selection function VC.sel(C) = ().

Uwa, as used in side conditions like (o,&) = UwA(s,t), is an alternative to Unification
modulo a background theory — in our case modulo AC — which is defined in terms of an
abstraction oracle ao [8]. It returns (o,&), a set of literals £ and a substitution o, such that
€ = s0 =ac to, or it returns L if s,¢ are not unifiable modulo AC. An example could be

7
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A = Aeq U Aineq AC={z+y~y+uz}

Aineg ={z <yhy<z—z<z} U{z+(y+2)~(x+y)+2z}
Ufe<y—a+z<y+z} Aeqg = AC
U{z<yVvVz>yVzmy} U{jat+krm(j+kz|jkeQ}
U{=(z <)} U {j(k(z)) = (jk)z | j,k € Q}
U{z <y (@<yVaermy)} U{l(z) ~ x}
U{>0—-kx>0]|keQk>0} U{k(z+y) ~kzx+kyl|keQ}
u{l> 0} U{z + 0= z,0z ~ 0}

Figure 3: The axiom set A of the ALASCA calculus from [29]. All axioms are implicitly
universally quantified. We note that this axiomatisation has both R and Q as models.

applying FM to —g(z,y+ z) +¢ > 0 and g(a,b+c¢) > 0, resulting in o = {x — a},E ={y+ 2 #
b+ ¢}, and thus in the conclusion ¢ > 0V y+ z % b+ ¢. We can read this as “if y + z and b+ ¢
are equal (unify), then ¢ > 07”. °

Similarly to literal selection, orderings serve to guide proof search. They help limiting the
number of applicable inferences, by restricting the literals and terms to use for inferences. For
example, the rule FM only resolves maximal terms s (as defined by the syntax ks + t). Thus,
if the ordering asserts that a > b, then a FM inference can be performed with a + b > 0 and
—a > 0, but not with a +b > 0 and —b > 0. We require the term ordering to fulfil Def. 1
and 25, ensuring behaviour analogous to the completeness proof in [29], while making our new
simplification rules compatible with the calculus (see Lem. 1). The concrete orderings used in
our implementation are given in Sect. 3.3.

Definition 1 (ALASCA Term Ordering). We say a relation < is an ALASCA term ordering iff
1. it is a simplification ordering modulo AC,

2. for any ks +t € gTrm, where s is atomic, we have s > f%t, and

3. foranys~te Agc, and ground substitution 0 we have s > t0, where AQTC = A\ AC.

Definition 2 (ALASCA Ordering). We say < is an ALASCA ordering iff for any s, s;,t,t; € gTrm
1. < is an ALASCA term ordering
2. s<t=500=<t00

3. < is closed under ground substitutions, and for glLit it is an AC-compatible well-founded
strict partial ordering that is total modulo AC.

4. 81 <83 =751 +t010=<ksy +ucoy0 whereo; € {>,>,~,%#}

5 Vit <s=kit1 + ... kyt, 01 0 < ks +t o9 0 where o; € {>,>,~,#}

5Appendix B gives the concrete ao we use in our implementation which fulfils the properties required for
abstraction oracles from [8].
6Proof in Appendix C
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Fourier-Motzkin

C1V+js+t1 210 CaV —ks +13 220
(Cy VOV Ekty + jta >0)0VE

(FM)

where

o (0,E) = UWA(s,s")
js+t1 210 2% Ch
—ks' +1t2 220 £Z, Co
> C{znz2} € {>.2}
j,k>0

Superposition
CiVks+t=0 Cy V L[s']
(C1V OV L[—1t])o Vv E

(Sup)

where
o (0,€) = Uwa(s,s’)
ks +t=~0 2% C1
(s")o < u € lead((L[s'] V C2)0o)
(ks +t=~0)o ¥ L[s'|o
s is atomic

Equality Factoring

OVjs+ti~0Vks +ty~0
(CVkty —jtaz0Vjs+t; =0)oVE

(EF)

where
o (0,&) = Uwa(s,s")
o ks +1lam~0 AL CVijs+ti~0

Normalization
C
C'V Lits]
where
oty du € lead(L[t:] vV C)
Ou =~ 0, 0l +u~u,

j(ku) =~ (jk

o bty e IR0 =GR
k(u+v) = ku + kv,

ju+kut+ox(+Eku+to,

1(u) ~u, |u,v € Trm
JkeQ

Abstraction
Cleg—=1
———=—— = (Abs)
ClylVkz+tsy
where
e eV

e y is a fresh variable
e (o] is an uninterpreted clause context
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Tight Fourier-Motzkin

Ci1V+js+t1>0 sz—kﬁ__/+t220
(Cl\/CQ\/kt1+jt2>0\/7/f8/+t2%0)0\/5

(TFM)

where
o (0,€) = Uwa(s,s")
e js+it1 >0AL Ch
o —ks' 41ty >0 A Co
e j k>0

Inequality Factoring

CV+js+t1210V+ks. +1t2220
(Cthlfjtz 230V+]€i+f,2 220)0‘\/5

(IF)

where

o (0,E) = UWA(s,s")

. ks’ +t2 22 0 A% CVis+t1 210
or js+1t1 21 0A% CVks +1t2220
21,226 {>,>}

{2 if 21=>, and Z>=>
Rs=

> else
e j. k>0

Term Factoring

(LI + F)s +t] VC)oVE (TF)

where
o (0,&) = Uwa(s,s")

(VE)

Njes(CV Cy)

where
o Vio; € {~,#,>, >}
o {CJ ‘ JjE J} = QEI(Vigl(klx +tioi 0))
e QE, is the universal quantifier elimination of the vari-
able , for details of this rule we refer to [29]
e x € V is unshielded in the premise

Contradiction
Cygs0 (Ctd)
C
where
°qeQ
e o€ {> 2%}
e QlEqo0

Figure 4: Inference rules of our revised calculus ALASCASj' parametrized by an ALASCA-
ordering < (Def. 2) and an ALASCA-compatible selection function sel (Def. 6 in Sect. 5).
Notation L ¢Z, C stands for “Either VL' € C.Lo ¢ L' and ) = sel(Lo V Co), or Lo €

sel

sel(Lo vV Co)”. We consider arbitrary C,C; € Cls,L € Lit,j,k,q € Q,s,s',s; € Trm \
Vat7ti € Trm,<>,<>i € {>, 23%77%} >a Zie {>7 Z}
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6. ks +t~0=<js+uo0 whereo e {#,> >}
7. lkls +t210<—|jls +u 220 where Z,€ {>,>}
8 ks +t#%0=<js+uo0 whereo e {>,>}

9.t>0<t>0

3.3 The Skeleton Ordering

Our term ordering is inspired by QKBO from [29], an extension of the Knuth-Bendix Order-
ing (KBO) [28]. In contrast to QKBO, our new ALASCA® ordering can not only be parametrized
by a KBO, but by an arbitrary simplification ordering, (including e.g., LPo [27]).

We define our new ordering as a comparison function cmp that maps two terms to less,
greater, equivalent, or incomparable. For combining the results of comparison functions, we
introduce the operator @ defined as (equivalent ® y) = y, and (z @ y) = z if © # equivalent.
For any comparison function emp of a relation <, we introduce its multiset extension cmp™!
which corresponds to the comparison function of the multiset extension <™ wrt equality up to
AC [37], and cmp'®* corresponding to the lexicographical extension respectively. We compare
natural numbers cmpy by the < relation, and signs + € {0,+, —} by the comparison function
cmpgg, of the total ordering 0 < + < —. Rationals j, k are compared by the comparison function

cmpg(J, k) = cmpgg, (sgn(y), sgn(k)) & cmpy(den(j), den(k)) & cmpy(num(j), num(k)),

where sgn is the sign, den is the denominator, and num is the enumerator of a number.

Our new ALASCAS ordering (Def. 4 and 5) extends a simplification ordering < for uninter-
preted terms to terms, and literals containing interpreted symbols. In the first steps, the two
terms s, ¢ which should be compared are transformed into terms that do not contain interpreted
symbols using the function skel. Then, skel(s) and skel(¢) are compared using the simplification
ordering, and only if that comparison returns equal, we take into account the full terms s,¢
with their interpreted content.

Definition 3 (Skeleton). Let ¢;,t,s € Trm, k € Q, < some preorder, and [ an arbitrary
uninterpreted function. We call skel(t) the (uninterpreted) skeleton of t wrt <:

skel(f(t1...tn)) = f(skel(t1) ... skel(t,)) skel(t) if skel(s) < skel(t)
skel(kt) = skel(t) skel(s +t) = < skel(s) if skel(t) < skel(s)
f(..undefined...) = undefined undefined else

Definition 4 (Skeleton Term Ordering). Let <o be some simplification ordering and s,t be
terms. We define the skeleton extension <o of < for terms to be s <o™ t iff cmpg (s, t) = less.
Here:

cmp_, (skel(s),skel(t)) © cmpgeq(s,t)  if skel(s) # unde fined # skel(t)
incomparable else

cmpy (s, t) = {

10
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where

Cmpseq(87 S) = equivalent
cmpseq(s7 t) = incomparable

CMPpgeq(1,1) = less

else (trmg)

st NMIPMgk  \mLLAAImR\Y /)y Ll

cmpseq(]s kt) = cmpseq(s )& cme(], k) else (trmg)

CMPgeq (78, 1) = CMpgeq (s, 1) © greater else (trm7)

cmpseq(s kt) = cmpgeq (s, t) © less else (trmg)

CMPgeq (f(sl -8 ) ( n)) = Cmpseq(slv 3 ) - D cmpseq(STH tn) else (ter)

Definition 5 (Literal Extension). Let <o be an ALASCA term ordering, and L, M € Lit. We

define the literal extension <" of <q for literals to be L <o"* M iff cmpy, (L, M) = less:
cmp (805 0,t0: 0) = incomparable if smnds.(s) NV # smnds.() NV (lity)
cmpyi (505 0,20, 0) = cmp,, ™ (atmsjic (s 0 0), atmsyc (¢ o4 0)) (lity)

© cmp_ (s,1) (lit2)

atmsjit (I + 7 © 0) = atms (I © 0) U atmsji(r < 0)
atms“t(Ot o 0) 0
atmsge (kt ~ 0) = {{t, (~))} if ~€ {~, %}
atmsye(kt > 0) = {{t, (2))} ifk>0&2€e {>,>}
atmsye(kt > 0) = {{t, (X))} ifk<0&>e {>,>}
atmsji(t ¢ 0) = {(t, (o))}

Cmpat(<85 l>’ <t7m>) = cmp, (Svt) D cmpsym(l’m)
(R) Zsym (#) <sym () <sym (>) Zsym () <sym (<)

Example 2. To illustrate Def. 4 and 5 we give some examples of how literals and terms are
being oriented using the literal extension of the skeleton extension of a KBO ordering with weight
function w(s) = 1 for every function symbol and every variable using an arbitrary precedence
relation. In what follows f is a function, a is a constant, x,y are variables and 2, 2'€ {>,>1}.

F@) 20 5f(@) +a 20 3/(x) - f(2)
—f(z) = 0=<5f(x)+az0 3f(z) < f(z)+3
fl@) 20 f(z)+2~0 3f(z)+1> f(z)+3
fl)=0=< f(z) +z~ r+y<z+yty
—fx)=0< f(z)+2=0 r+2y<zcz+y+y
fl@)0>=—f(x)+x=~0 Z + y incomparable z + a
—f(z) >0>==Tf(x) >0 f(z) incomparable f(y)
fl)>0=7f(z) >0 f(z) + f(y) incomparable to any term

11
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4 Simplification and Redundancy in ALASCA

Simplification and redundancy elimination are essential techniques for improving reasoning in
saturation-based theorem provers. Redundancy elimination is used to delete redundant clauses
from the search space, while simplification rules are inferences that replace some clause C' in the
search space by a set of “simpler” clauses D: by clauses D that make C' redundant. The aim of
both of these techniques is to keep the search space small and tractable in order to speed up proof
search. In this section, we introduce our new inferences rules ALASCA Demodulation (Dmd)
and Inequality Merging (IM) (Fig. 5), handling redundancy elimination and simplification in
ALAsCA®. Dmd is a variant of the demodulation inference rule [33], adjusted for UFLRA. IM
is a combination of a simplification rule and a redundancy elimination technique that extends
classical tautology deletion to work when reasoning in UFLRA.

Simplification rules must be compatible with the calculus, meaning that newly derived
clauses and side premises make the main premise redundant. Speaking more formally we say a
simplification rule (C ... 05, D) is compatible with ALASCAsj' iff for any ground substitution 6
it is the case that VC' € Cs.C'0 < C,,0 and Csf = C,,0 where Cs = {C4,...,Cr_1, D} \{T}.

ArascA Demodulation (Dmd). In the standard superposition calculus, demodulation is
an inference rule that rewrites clauses by unit equalities s &~ ¢, such that the rewritten clause
becomes redundant [33]. For example, the unit equality f(z) ~ x, where 2 € V, can be used to
rewrite g(f(a)) > 0 to g(a) > 0. Variants of demodulation are heavily used in proof search, as
evidenced by our experiments: when running VAMPIRE without ALASCA enabled on arithmetic
benchmarks forward demodulation (rewriting newly derived clauses by previously derived unit
equalities) is used in 21.16% percent of all proofs, whereas backward demodulation (rewriting
old clauses with newly derived equalities) is used in 5.39%; notably, standard superposition
inferences only occur in 18.55% of all proofs found. Thus proof search in ALASCASS should
clearly benefit from making use of demodulation.

In ALASCAiel unit equalities s = ¢ that would usually be used by demodulation, are normal-
ized to s —t &~ 0, which in general will prevent the application of classic demodulation. Take

Inequality Merging AvrAscA Demodulation
CVsos0 Cl—+to]
where where

e S=acC (s')i
e 0 E{>>}= 0 €{>>}

U ifd=—0=2€{>>}
o O3 =

o1 Loy else

o LUR=set !(set(L) Uset(R)),
e set(T)=0Q
o set(o) ={g€Q[qo0}
foro e {>,>,< <, ~, %}
e the conclusionis T if o3 =T

(ks +t~0)o < C[so]
s is atomlc
s€V

Figure 5: Simplification rules of ALASCAsj'. « denotes C' is deleted from the search space.
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for example the unit equality f(z) ~ x from above. In our signature this literal will only be
present as f(z) —x & 0, which will block the application of demodulation to rewrite the clause
g(f(a)) > 0, as none of the subterms can be matched with f(x) — .

As a remedy, we introduce our inference rule ALASCA Demodulation (Dmd) (Fig. 5). Dmd
differs from standard demodulation: it uses unit equalities ks + ¢ =~ 0 to perform rewrites
5 = fft whenever s is the <-maximal summand of ks + ¢, instead of performing rewrites
ks +t :> 0. This also allows not only for rewriting atomic terms, but automatically also
rewriting sums of multiple terms. Consider for example a + b ~ ¢, with a = b > ¢, and the
clause f(a+b) > 0. The equality will be normalized to a+b— ¢ ~ 0 and then Dmd will rewrite
a=c—bin f(a+b) > 0, deriving f((c —b) + b) > 0 which is next normalized to f(c) > 0.

To save computation time, Dmd can also be used in a preordered mode: replacing the rule’s
does only depend on the left premise of the rule, thus it can be evaluated once per clause, and
does not have to be evaluated for every pair of clauses the rule could be applied to. Nevertheless,
this change makes Dmd less applicable. Our experiments allow for both of these Dmd variants
(Sect. 6) .

Inequality Merging (IM). The other simplification rule we introduce is Inequality Merg-
ing (IM), as introduced in Fig. 5. IM is inspired by tautology deletions to delete trivially
redundant clauses of the form C' Vv LV —L. However, negative inequality literals, like =(¢ > 0),
are normalized in ALASCA( to positive ones —t > 0, and hence tautology deletions cannot be
applied. To overcome this limitation, IM combines any two literals ¢; ¢1 0 and t5 <5 0 that define
a bound on the same term t = ¢, = t;t, by merging them into one equivalent literal ¢ 3 0. For
combining the inequality symbols ¢1, ¢ to get ¢3, we use a join operation U defined by semantic
set union of the respective relations.

For example, —a+b > 0Va—b = 0 is rewritten to —a + b > 0. This merging of inequalities
can detect tautologies, like —t > 0V t % 0 = T, in which case the clause will be deleted from
the search space. )

In order to turn IM into an actual simplification rule, we need to enforce that {t; ©1 0, t3 o2
0}>=mu'{¢, 03 0}. This is ensured by ALASCA Ordering (Def. 2). In order to see this for the sake
of simplicity consider cases where ¢; = a is a constant. Cases where ¢35 = T do not need to be
considered, as the rule will just delete a tautology without introducing a new clause then. Cases
where ¢3 € {01,029} obviously hold as these cases amount to a literal deletion. Otherwise, if

=#t, then it must be that ¢5 = +a, thus {a > 0, +a > O} = {a> O}>—m”'{a # 0} by Def. 2.8.
Further if 03 =>, then ty = +a, thus {a > 0,4a ~ 0} = {a > 0}="""{a > 0} by Def. 2.9.

Lemma 1. IM and Dmd are compatible with ALASCAS‘j'.7

5 Literal Selection in ALASCA

Literal selection is a mechanism to guide proof search: it selects subsets of the literals of a
clause and restricts the application of inferences to only selected literals. This refines the idea
of standard superposition to restrict inferences to only <-maximal literals.

Example 3 (Superposition and Maximal Literals). Consider the superposition inference rule
CVs~t,DVL[s|-CVDVL[t]. Take the set of clauses c 2 bVd~cVc=a and d# c, with
term ordering d > ¢ = b = a. A side condition of superposition ensures that the rule is applied

"Proof in Appendix D
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only when L[s] is maximal wrt <, that is L[s] = D. Applied to our clause set, this means we
only apply rewriting d — ¢, but not rewriting ¢ — a, in d % ¢, deriving only the conclusion
c&bVemaVceec.

The completeness proof of superposition [2] shows that whenever a clause contains at least
one negative literal, we can select some of these negative literals and only make inferences
with these selected literals, skipping all other inferences involving this clause. Based on this
observation any superposition inference that has a side condition of the form “L is maximal in
C” is then replaced by the condition “either L € sel(C), or sel(C) = @) and L is maximal in C”.

Example 4 (Superposition and Selection). In Ez. 3, we can select the negative literal ¢ % b in
the first clause; that is, sel(c %2 bVd~cVecma)={c# b}. No inferences can be performed
with the selected literal ¢ % b and the other clause d % ¢, thus the set of clauses is saturated
without computing any new inferences.

Selection of negative literals cannot be however easily used in ALASCA, as negative in-
equalities =(s > 0) are normalized to positive ones —s > 0. As such, selecting arbitrary negative
literals in ALASCAiel would not work with inequality literals. Our work therefore introduces the
concept of selectable literals (Def. 6), allowing to extend selection functions also to non-negative
literals.

Selection in Superposition. We first explain selection principles in superposition, after
which we detail which inequality literals are selectable in ALASCAsj'. We illustrate this by
outlining the refutational completeness proof of superposition with selection [2]. Completeness
of (ground) superposition is usually shown by first constructing a model functor I, which is
a function that maps sets of ground clauses N to candidate models Iy. Next, superposition is
proven to be a counterexample-reducing inference system wrt. Iy. This means that, for every <-
minimal C' € N such that Iy & C, there is some superposition inference ¢ = (C1,...,Cy, C, D),
with D < C and Vi.C; < C, such that Iy £ D; we say that ¢ reduces the counterexample
C to D. Any inference system that satisfies this property for a well-founded ordering < is
refutationally complete [4].

Consider now some clause C' that contains a negative equality C = C' Vs % t. If Iy [~ C,
then Iy [~ s % t, which is the case iff In(s) = In(t). A candidate model Iy for superposition
is constructed to be a convergent rewrite system. This means that either s = ¢, or there must
be some (u — v) € Ix such that s or ¢ can be rewritten by v — v. In the former case, C' can
be reduced to C’, while in the latter case, by construction of Iy, there must be some clause
Cy = C%Vu =~ v such that C can be reduced by a superposition inference to C'VC%V (s % t)[u/v].
Thus, for any such negative literal s % ¢, the clause can be reduced by some inference rule,
thus we can select this negative literal to be the only one used within an inference. The same
argument is however not applicable for positive literals s ~ ¢: they might not be reducible by
any inference when they are so-called productive literals, which are always true (Iy = s =~ t)
by construction of Iy and thus cannot be a counterexample.

Selection in ALASCASj'. Even though no completeness proof for ALASCAsj' is given in this
paper, we motivate the definition of selectable literals by investigating the completeness proof
of ALASCA( from [29]. In ALASCA( equalities are treated almost the same as in superposition,
thus we only pay attention to inequalities here. Inequality literals with a maximal negative
term —ks + ¢ > 0 can never be productive. Consider some clause C = C'V —ks +t > 0. If
Iy [~ C, then one of the following cases occurs: ; (i) if s is strictly maximal and In(s) # s, then
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s can be reduced by superposition, NF, or TF; (ii) if s is strictly maximal and Iy (s) = s, then
Iy E ks—t > 0, which in turn means that there is some s > [ € Iy such that Iy =kl —t >0,
and Cy = +js—jl 2 0VC4 € N. In case (ii), we use FM, which reduces C to C'V —k(jl)+jt > 0
using C5. In summary, if we select some inequality literal with a negative maximal term, we do
not need to perform any inferences with any other literal. The same idea applies to non-strict
inequalities >, and disequalities % can be selected for the same reason as in superposition.

Non-Ground Selection in ALASCA®®.  As selection needs to be lifted to non-ground clauses,
the following two issues need to be considered.

First, there might be multiple maximal terms in an ALASCA sum. We can only select
non-ground literals where every ground instance is selectable. Consider for example the literal
—f(x) + g(y) > 0. Such a literal cannot be selected since, depending on the choice of  and y,
either the first or the second summand could be maximal, thus in some instances the maximal
term has a negative summand, while in other instances the maximal term has a positive sign.

The second issue comes from the treatment of top-level variables in ALASCA. As inferences
with variables as maximal terms cannot be lifted easily, they will be processed by VE during
proof search. Since inferences with these variables cannot be lifted directly, we cannot select
literals with maximal variables either.

Both of these conditions are fulfilled by stably negative literals Lit™. We thus introduce
selectable literals and ALASCA-compatible selection functions to be used in Fig. 4.

Definition 6 (Selectable Literal). A literal L is selectable iff it is stably negative L € Lit™. A
selection function sel is ALASCA-compatible if, for any clause C, every L € sel(C) is selectable.

Selection Strategies. The notion of selectable literals does not yield a unique selection
function. Thus as there is no single best selection strategy for how many and /or which selectable
literals should be selected, we implemented the following selection mechanisms:

e total: selecting all literals (including both selectable and non-selectable ones);
e mazimal: selecting no literals, thus always using maximal literals only for rule applications;
e random: choosing a random selectable literal;

e best: choosing the “best” selectable literal, where best means it is maximal wrt some measure
<, as defined in Def. 7;

e [ookahead: choosing the selectable literal which unifies with the least number of terms that
are currently present in the search space, adjusting results of [25];

e incomplete: for every strategy which chooses from the set of selectable literals, there is also
an incomplete version that chooses from the set of all literals of the clause instead.

Def. 7 gives the ordering < for the selection strategy best. Using <, we select literals
to yield as few rule applications as possible, but, in contrast to lookahead selection, without
looking at the entire search space. The measure < of the selection strategy best is defined
lexicographically in Def. 7, by comparing tuples of multiple values and using the following
functions:

e prob: is a measure that reflects how likely it is for a term to unify with a ground term,
assuming that the probability distribution of terms is P(X = f(t1...t,)) = ﬁ(P(X =
t1)-...- P(X =1t,)). As a greater prob will potentially yield more unifiers, we prefer terms
that minimize prob.
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e cnty: is the number of 4+ symbols occurring in a literal. Due to AC, more occurrences of +
will potentially yield more unifiers, thus we prefer terms that minimize cnt, .

e negEq: is 1, if the literal is a negative equality, and 0 otherwise. The idea of this measure is that
negative equalities are mostly introduced by UWA, and thus represent unifiability constraints.
It is unclear whether terms with negEq being 0 or 1 should be prefered in general. Thus our
portfolio approach (Sect. 6) uses both these options.

Finally, in every literal ¢ ¢ 0, only the terms trms (¢) are used to compute inferences, and the

thus first compute the measures m € {cnty, prob} for the maximal terms m™** and then for

all terms m2".

Definition 7 (Literal Selection Measure). Our measure < used within the (best) literal selection
mechanism is parametrized by the option + and defined below:

Ly < Ly <= measure(L;) <'** measure(Ls)

measure(L) = (£negEq(L), —prob™ (L), —prob®" (L), —cnt, ™*(L), —cnt 2" (L))

cnty(ty+...+ty) =1+ jenty () prob(t) = (%l)sz(t)—l{vev\vgt}\
t t1...tn)) = X enty (¢ ) =
enty (fltn ) = Digenty(0) oo (1) = ()
cnty(z) =0 0 else

max _sim o cosz(f(ty.. . ty)) =1+ X7 sz(t;)
m(to0) =B{m(t) |t € tis(t)}f sz(t 4 t2) = 1+ sz(ty) + sz(t2)

m(t 6 0) = Z{m(t) |t € trms(t)} sz(v) =1

Delayed VE. The rule Variable Elimination (VE) removes literals kx + t ¢ 0, since inferences
involving unshielded variables x cannot be lifted easily. If a clause contains a selected literal,
though there are no inferences involving x, that would need to be lifted. Thus the rule VE needs
to only be applied if there are no selected literals in a clause, and can be skipped if there are
selected ones. We call this skipping of VE inferences using delayed variable elimination, and
implemented an option to enable or disable this behaviour.

6 Implementation and Experiments

Implementation. We implemented® ALASCAS with all additions described in the paper in
the theorem prover VAMPIRE [7].  Our implementation handles a vast option space of various
literal selection strategies (Sect. 5), enabling/disabling IM (Sect. 4), Dmd (Sect. 4), delayed
variable elimination (Sect. 5), and running Dmd in preordered mode.

To accommodate the many options and strategies in ALASCAsj'7 we created a portfolio of
randomized option combinations. For this we chose a randomized subset B of 50% of our full
benchmark set. Then, the following was repeated: (i) select a timeout within [1, 10] seconds; (ii)
generate 80 random option combinations; (iii) run options on the current set B. We chose the
strategy that solved most problems of B and added it to the portfolio, after which we removed all
solved problems from B. We repeated this process for 12 hours. In our experiments, ALASCAsj'
refers to the resulting portfolio® setting.

8 Available at https://github.com/vprover/vampire/tree/alasca-lpar-2026.
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Figure 6: The cumulative number of bench- Figure 7: Number of problems solved

marks solved by each solver. uniquely by each solver.

Benchmarks (#) || ALasca’® | Anascag| Cvch 73 YICES SMTRAT VAMPIRE | IPROVER | SMTITP || solved
all (6291) 5799 (19) 5715 (1) |5547 (29)] 5537 (2)| 5418 (8)| 5342 (0)|4953 (0) [4709 (1) |4525 (1)|| 5882
LRA (1629) 1594 (0) |1571 (0) | 1346 (2) | 1412 (1)|1611 (8)| 1530 (0)] 856 (0) | 624 (0) | 619 (0)|| 1616
NRA (3814) 3801 (0) |3797 (0) |3803 (0) |3812 (0)| 3807 (0)|3812 (0) 3802 (0) |3782 (0) |3718 (0)|| 3812
UFLRA (13) 10 (0) | 10 (0)| 10 (0) 10 (0) 0 (0) 0 (0)] 10 (0)| 10 (0)| 10 (0) 10
TRIANGULAR (34) 25 (0) 24 (0) 7 (0) 1 (0) 0 (0) 0 (0) 8 (0) 5 (0) 0 (0) 25
LimrT (287) 116 (14)| 102 (0) | 91 (0) 81 (0) 0 (0) 0 (0)] 82 (0)| 82 (0)| 0 (0)] 116
SH (514) 253 (5) | 211 (1) | 290 (27)] 221 (1) 0 (0) 0 (0)| 195 (0) | 206 (1) | 178 (1)|| 303

Figure 8: Number of problems solved by each solver in each problem group. Column 1
lists the names and the number of problems of each group. In columns 2-8, a cell “s (u)”
for a solver and a benchmark group denotes that the solver solved s benchmarks, of which
u benchmarks were uniquely solved by that solver.

Benchmarks. We use the state-of-the-art benchmark set of [29]°. We only consider unsatisfi-
able problems, as these are the only relevant ones for ALASCAsj'. Our benchmark set is split into
multiple groups, as summarized in Fig. 8 and detailed next: NRA (non-linear real arithmetic),
LrA and UFLRA represent the respective SMT-LIB logics [6]; TRIANGULAR and LIMIT contain
mathematical properties from [29]; SH contains Sledgehammer proving problems from [15].

Solvers. We compare ALASCASeI against all solvers that entered the Arith division of the
SMT-COMP 2025 system competltlonlo. We also compare ALASCA® to the original calculus
AvAscag from [29], and VAMPIRE without ALASCA enabled.

Benchmarking Setup. Our experiments were conducted on an AMD EPYC 7252 8-Core
Processor with 16 cores and 2 threads per core and a RAM of 125Gi. Benchmarks were run for
120 seconds on 4 cores in parallel.

Results. Experimental results are summarized in Fig. 6-Fig. 7. As evidenced in Fig. 6, our
implementation ALASCAsj' vastly outperforms all other solvers: already after about 1 second,
ALASCAS_SI solves substantially more benchmarks than all other solvers at that time. Looking
at the raw data reveals that ALASCASjl solves 5716 problems within only 4330 milliseconds,
which is more than any other prover solves in the full timeout of 120 seconds. Fig. 8 shows

9 Available at https://github.com/vprover/vampire_benchmarks/tree/master/alasca-lpar-2026.
10See https://smt-comp.github.i0/2025

17


https://github.com/vprover/vampire_benchmarks/tree/master/alasca-lpar-2026
https://smt-comp.github.io/2025

Enhancing Avrasca through Selection and Simplification Schoisswohl, Kovacs, Korovin, and Voronkov

that ALAscA®® outperforms ALASCAg by 84 (1.46 %) more solved problems and dominates
ALASCAq in every problem category. ALASCAsj' also outperforms VAMPIRE in every problem
category. Fig. 7 lists the number of uniquely solved problems by ALASCASj', demonstrating

ALASCA-based reasoning solves problems no other solver is able to prove.

7 Related Work

The most prominent approaches for (restrictions of) UFLRA are SMT solving [14, 5, 10] and
first-order theorem proving [19, 3, 45, 32, 29|.

SMT-based reasoning for UFLRA. SMT solvers naturally support reasoning in quantifier-
free UFLRA using dedicated decision procedures in linear real arithmetic. As quantified UFLRA
is undecidable [32], incomplete quantifier instantiations are used to instantiate universally quan-
tified variables with pragmatically chosen terms, trying to reduce the problem of solving quan-
tified UFLRA problems to quantifier-free UFLRA instances. Various quantifier instantiation
heuristics emerged, notably E-matching [16] and model-based quantifier instantiation [21]. Fur-
ther, [42, 26| introduce strategies for the order of enumerating all potentially useful instances.
These approaches are restricted to heuristic-driven instantiations, limiting their applicability to
quantified UFLRA.

When only considering quantified linear real arithmetic (LRA), quantifier elimination meth-
ods via Fourier-Motzkin elimination [20, 35|, conflict resolution [31], Cylindrical Algebraic
Decomposition (CAD) [1, 11], and virtual substitutions [44] have emerged to decide LRA. The
work of [30] combines virtual substitutions with Cooper’s method [12] to create a quantifier
elimination procedure for linear mixed integer-real arithmetic, and hence LRA as well. A re-
lated, model-driven approach for solving LRA problems using quantifier elimination is intro-
duced in [9]. Recently, the approach of [24] introduces the first singly-exponential quantifier
elimination for linear integer arithmetic, improving doubly-exponential complexities known be-
fore; yet, practical use of this computational improvement is not yet evidenced. ALASCA [29]
implements a form of quantifier elimination via its Variable Elimination (VE) rule (Fig. 4). Our
enhancements upon ALASCA inherit quantifier elimination for LRA, yet extends them with ded-
icated selection and simplification rules for quantified UFLRA. As such and in contrast to the
aforementioned techniques, our work enables efficient reasoning with quantifiers, uninterpreted
functions and linear real arithmetic (see Sect. 6).

First-order theorem proving for UFLRA. Saturation-based theorem proving using the
superposition calculus [37, 2, 46] is the leading and refutationally complete technology for
automating reasoning in first-order logic with equality. Superposition proving is however noto-
riously bad when faced with interpreted symbols, that is functions or predicates with a fixed-
semantics in a background theory, such as transitive relations or associative and commutative
(AC) functions. This is due to the fact that the naive approach of adding AC or transitivity
axioms to the input problem explicitly leads to an intractable blow-up of the search space [17].
In order to circumvent this, various approaches have been introduced: In [19] the concept of
ground joinability was proposed to skip inferences involving AC axioms. Using the AVATAR
architecture [38] and theory instantiation [41], SMT solving can be used within saturation in
order to reason about subsets of formulas from the search space. SMT solving helps to detect
AC functions in input problems [18], enabling specialized reasoning techniques like ground join-
ability for these functions. Various incomplete simplification rules [39] and guiding proof search
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by clause selection [23]| have also been shown to greatly improve practical performance for in-
terpreted problems in first-order theories. Unlike these methods, our work supports arithmetic
reasoning via dedicated inference rules in superposition.

By improving the underlining inference systems of saturation-based provers, the chaining
calculi [3] was proposed for arbitrary transitive relations that bypass the need for a transitivity
axiom. Chaining with AC reasoning is combined in [45], creating a calculus for totally ordered
divisible Abelian groups. Going further, a ground extension of the superposition calculus was
introduced in [32] for UFLRA. Fusing ideas of [3, 45, 32], the ALASCA calculus has been proposed
in [29] in combination with unification with abstraction (Uwa) [8]. Our work enhances [29] by
improving selection, simplification and redundancy elimination during proof search, improving
automated reasoning in quantified UFLRA (see Sect. 6).

8 Conclusions

We introduced the calculus ALASCASj' enhancing ALASCA( with Literal Selection and the new
simplification rules ALASCA Demodulation and Inequality Merging. We implemented ALASCAS®!
in a standard saturation loop and demonstrated experimentally that our work outperforms the
state-of-the-art. We aim to further improve literal selection by finding an accurate probability
of a term unifying with other terms modulo AC which could be a promising heuristic for literal
selection. We are also interested in instantiations and generalizations modulo AC, increasing
applicability of demodulation.

Acknowledgements. This research was funded in whole or in part by the Austrian Science
Fund — FWF Grant ID 10.55776 /EFP2661725 and SpyCoDe Grant 10.55776/F85, the ERC
Proof of Concept Grant LEARN 101213411, the TU Wien Doctoral College SecInt, and the
WWTF grant [ForSmart Grant ID: 10.47379 /1CT22007].
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A Comparison to original ALASCA

For the most part the revised ALASCAS matches the original ALASCA( from [29]. The main
conceptual change in our updated calculus is the following: In ALASCA( reasoning modulo Aeq
(see Fig. 3) is implicitly performed using UwA. This requires the ordering to be Aeq-compatible,
which leads to breaking the subterm property, which we would like to have in our calculus. We
will describe this issue in more details in Sect. A.1. To resolve this instead of using UwA for Aeq,
in our updated calculus ALASCAsj' we use UWA for the subset AC only and introduce additional
simplifications to cover the rest of the axioms in Aeq \ AC (Sect. A.2). This conceptual change
requires us to introduce (i) a different approach to normalization (Sect. A.2.1), which in turn
requires generalizing the rule Term Factoring (TF) and adding a new generating inference rule
Abstraction (Abs); (ii) a new term and literal ordering that is AC-compatible, and possesses the
subterm property modulo AC (Sect. C); and (iii) a new approach to unification with abstraction
(Uwa) so that it works modulo AC (Sect. B).

Before explaining the issues around ALASCAq’s ordering in detail, let us go through each of
the rules of ALASCAS (repeated on Page 24) and explain how they relate to ALASCA. If not
stated otherwise the rule is the same in both calculi.

¢ Fourier-Motzkin (FM) joins inequalities to simulate transitivity. For example it can use
—a+b>0and a+c¢>0toinfer b+c > 0.

e Tight Fourier-Motzkin (TFM) is a version of FM for non-strict inequalities, that allows for
deriving necessary equalities from them. It can use —a > 0 and a > 0 to infer —a ~ 0V 0 > 0.

e Superposition (Sup) rewrites clauses using equality literals, similarly to our simplification
rule Dmd (Sect. 4) rule (Sect. 4), but generating additional clauses instead of simplifying
existing ones. With this rule we can derive f(z,y) — g(y,x) = 0,g9(a,z) > 0+ f(x,a) > 0.
This rule is essentially the same as in ALASCAg, but using the notation u € lead(...), which
more concisely represents multiple side conditions and also makes sure that only selected
literals are rewritten if any are selected. Further the rule does not use the notation & from
ALASCAq, which is not needed in this paper as we do not consider additional uninterpreted
sorts.

e Inequality Factoring (IF) combines multiple inequality literals in one clause in such a
way that they can properly be used with FM and TFM. For example, we use f(a) + a >
0V f(a)+b> 0 to derive both f(a)+b>0Va—>b>0and f(a) +a>0Vb—a>0.

e Equality Factoring (EF) is similar to IF, but instead of inequalities, it combines multiple
equality literals such that they can properly be used by Sup. It derives, for example, 2f(a) +
a~0V3f(a)+b~0F 3a % 2bV2f(a)+ a~ 0. This rule is essentially the same as in
ALASCAg, but without using the notation &, which is not needed in this paper as we do not
consider additional uninterpreted sorts.

e Contradiction (Ctd) is used to remove trivially unsatisfiable literals, deriving a > 0V —5 >
OFa>0.

e Normalization (NF) performs one step of simplifying a literal to a normal form, like %(6(1 +
2f(y) ~b+a+ f(z)F...F2a+b+ f(x) + f(y) = 0. This rule does not exist in ALASCAq
as in that calculus normalization is performed implicitly by unifying modulo Aeg.

e Term Factoring (TF) add up unifiable summands in a clause, deriving for example g(2f(z)+
3f(y)) > 0F g(5f(x)) > 0. This rule is a generalization of the corresponding rule in ALASCAq
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Figure 9: (Repeated Fig. 4) Inference rules of our revised calculus ALASCASj' parametrized
by an ALAsCA-ordering < (Def. 2) and an ALASCA-compatible selection function sel (Def. 6

in Sect. 5). Notation L o7

sel

C stands for “Either VL' € C.Lo ¢ L'c and () = sel(Lo V Co),

or Lo € sel(Lo Vv Co)”. We consider arbitrary C,C; € Cls, L € Lit,j, k,q € Q,s,5',s; €
Trm\ V,t,t; € Trm,o,0; € {>, >, =, %} 2, 2.€ {>,>}.
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as it is also used to add up terms occurring nested in subterms (e.g. g(f(z) + f(y)) > 0+
g(2f(x)) > 0), and not only on the top level (e.g. f(x)+ f(y) > 0 F 2f(xz) > 0) as in
ALASCAg. This is needed as in this paper unification is performed modulo AC instead of
modulo Aeq.

e Abstraction (Abs) is needed for cases where normalization cannot be lifted to clauses with
variables properly (see Sect. A.2.1). It derives for example f(3z+a) > 0F f(y) > 0V3z+a %
y. This rule is not needed in ALASCA( as in that calculus normalization is performed implicitly
by unifying modulo Aeq.

e Variable Elimination (VE) is needed to process so-called unshielded variables, that is
variables which occur only on the top level of a clause and are not shielded under some
uninterpreted function. For this it uses a quantifier elimination procedure. An example is
f)+z>0Vvb—z>0Ve>0F f(y)+b>0Ve>0.

A.1 Ordering Issues in ALASCA

The clause ordering < of ALASCA( is defined in terms of a term ordering, also referred to as <.
As the rules of ALASCA( are formulated modulo Aeq, in order for the calculus to be complete,
its term ordering < needs to be formulated in such a way that any two ground terms s, t that are
equal modulo Agq are in the same <-equivalence class. This leads to the fact that, in contrast to
standard simplification orderings used in superposition [37], the simplification ordering (QKBO)
used in ALASCA( does not have the subterm property — the property that s < ¢ implies s < ¢
— but only a weaker form of it. The reason for this is the additional requirement that the
ordering is stable under ground substitutions (s < t implies s < tf), as illustrated by the
following example:

Example 5 (Orderings and Subterms). Consider the terms x and f(x + y). Even though x
is a subterm of f(x +vy), it cannot be the case that x < f(x +vy), as explained next. Consider
the substitution 0 = {z — f(f(0)),y — —f(f(0))}. We get z0 = f(f(0)) and f(z + y)0 =

FUf(f(0)) = f(f(0))) =a, f(0). For these ground terms we have x0 = f(f(0)) = f(0) =
f(z+ )0, thus it cannot be the case that © < f(x +y).

This fact is unfortunate, as we would like to orient equalities f(z + y) & x in order to
use them for our simplification rule ALAsCA Demodulation (Dmd) (Sect. 4). Therefore, we
introduce changes in ALASCAieI such that its term ordering possesses the subterm property
modulo AC.

A.2 Reasoning modulo AC

To achieve a term ordering that allows for simplifications modulo AC, we make the following
main conceptual change in ALASCA®Y: instead of formulating inference rules modulo Aeq as
in ALASCAg, in ALASCAsj' we formulate them modulo AC only and implement the remaining
axioms A%C = A \ AC using dedicated inference rules (TF U NF) instead of handling them
by UwaA.

We therefore introduce normalization rules, that is, inference rules capturing A;%C. Further,

as the inference rules ALASCASj' are formulated modulo AC instead of Aeq, we adjust the term
ordering < as follows: (i) any two AC-equivalent terms need to be in the same equivalence

class of the ordering; and (i) the equations from A%C need to be oriented in the right way for
the newly introduced inference rules. Additionally, in order to make our simplifying inference
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Inequality Merging (IM) (Sect. 4) work correctly, our literal ordering is adjusted. Finally, we
also have to adjust UwA to unify modulo AC, instead of modulo Ae,.

A.2.1 Normalization

Most of the axioms in Aé_}qc can be processed in a straight forward manner without the need
for unification. These are all captured by the inference rule Normalization (NF). This rule can
be seen as a specialized Superposition (Sup) rewrite using implicit side premises s ~ ¢ € AQ‘C.
Therefore it inherits the side condition from Sup, that rewrites need to be only applied to
subterms (s <, 5 u) of leading terms of a clause (u € lead(C)).

The only axioms that need special care are {Vx.jo+kx = (j+k)z | j,k € Q}. For these the
rule Term Factoring (TF) is needed in order to unify candidate terms for x. To illustrate this,
consider the clauses —g(2f(a)) > 0 and g(f(z) + f(y)) > 0. TF will derive g(f(y) + f(z)) >
0F g(2f(x)) > 0, and then we use FM to derive —g(2f(a)) > 0,g9(2f(z)) > 0+ 0 > 0. This
rule was not required in the original ALASCA calculus [29] as such cases would be handled by
Uwa instead: Using FM with Uwa, we would derive —g(2f(a)) > 0,g(f(x) + f(y)) > 0F 0 >
0V f(z)+ f(y) —2f(a) % 0, which would then be processed by the rule Term Factoring. The
rule can be seen as a specialized superposition inference as well.

We point out that each of these rules is formulated modulo AC (using the underlining
syntax like ks +t), which means for example that f(0+b) = f(b), even though (b+0) does not
syntactically occur in the term. When constructing our new ALASCA ordering, we will make
sure that, for every ground substitution 6, and rule s &~ t € AQ]C we have s = t0 (see ALASCA
Term Ordering (Def. 1)), in order to ensure that the calculus is complete.

For ground clauses, NF and TF cover all necessary rewrites. However, to lift it to non-
ground clauses, corner-cases arise when clauses containing variables occur. For these cases, we
introduce the new inference rule Abstraction (Abs), as given in Fig. 4.

Abstraction. The rule Abstraction (Abs) is needed for lifting rewrites of non-trivial sums
kit1 + ...+ kut,, where some t; is a variable. To see why this is needed, take for example the
clause f(3x)+f(2z) > 0. Assume we want to lift the rewrite rules j(kt) = (jk)t, that is, perform
a non-ground inference that covers all ground instances of this rewrite rule. We would then
have to in particular use the rewrite 3(kz) = (3k)z, for any k € Q, resulting in an infinite set of
successors {f((3q)z)+ f(2(gx)) > 0| ¢ € Q}. Similar issues occur when lifting the other rewrite
rules. In order to resolve such issues, we introduce a new inference rule Abs (see Fig. 4), similar
to the one used in [45], which moves these subterms into new disequality literals where they can
later be processed by the rule Variable Elimination (VE) as in ALASCAg. For our example, we
would rewrite the clause to f(y) + f(z) > 0V 3z % yV 2z % z. VE will then produce the clause
to f(y) + f(z) > 0V 2y # z, and reasoning will continue with the literal f(y) + f(y) > 0 until
either of the variables y, z becomes unshielded and can be processed by VE. Note, that Abs can
be restricted to uninterpreted contexts C[o]. This helps avoiding infinite chains of applications
in Abs, where a chain f(3z) > 0= f(x1) >0V %3z = f(z1) >0V £ ax2Vas 3z = ...
would be possible if we would not restrict applications to uninterpreted contexts.

B Unification With Abstraction
In contrast to the original ALASCAg, our updated ALASCAsjI formulates rules modulo AC

instead of modulo Aeq. Thus, UWA needs to be updated in order to unify modulo AC as well. As
described in [8], the Uwa algorithm is parametrized by a so-called abstraction oracle: a partial
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function ao that takes two terms s, ¢t and either returns ao(s,t) = L, or ao(s, t) = (unif, constr).
Both unif and constr are sets of pairs of terms s’ ~ ¢ € unif U constr which signal the Uwa
algorithm that all terms s’,t’ need to unify in order to make s ~ t equal. More specifically,
our UWA algorithm will introduce a constraint s’ % t’ for pairs in constr, and recurse on all
pairs in unif, processing them in the main loop of the algorithm. If there are multiple different
unifiers for a pair s’ ~ ', it must be added to constr, as UWA can only compute one abstracting
unifier per pair of input terms s, t. If there is at most one unifier for s’ ~ ¢/, the pair should
be in constr as this ensures further processing and a more accurate unifier. If 1| is returned by
ao this means that the terms s,t are not unifiable, and if ao is undefined then the unification
algorithm should progress unifying by traversing subterms as in normal unification.

Definition 8 (Abstraction Oracle). We define the abstraction oracle (ao) as follows:

unde fined if sym(s) # + # sym(t) (aop)
a0(s,1) = 1 ifdo(s™,t7) =1 (aoq)
) (0,{s ~t}) if ao(s™,t7) = {smnds(s) ~ smnds.(t)} (a02)
({XL~XR|L~Reao(s,t7)},0) else (a03)
where u~ = smnds.(uv) \ (smnds.(s) N smnds.(¢))
ao(0,0) = 0 (ao1)
ao(S,0) =1L else (aog)
ao({z},T) = L else ifrateT (ao3)
ao({z},T) = {x ~ T} else (a0yq)
ao(S,T) = {S=F ~ T~/ | f € match} else if SV =TV = (), miss = () (aos)
ao(S,T) = L else if S¥ =TV =, miss # () (aog)
ao(S,T) = {S=/ ~T=F| f € match} elseif |S|>1,|SV|>1,TV =0, (aor)
U {SV U Semiss ~ Temiss} Vf‘S=f| < ‘T=f|, |SV U SEmiSS| < |T€mi55|
ao(S,T) = L else if |S| > 1,18V | > 1,7V = 0,df|S~/| > [T=F| (aog)
ao(S,T) = {S ~T} else if S| > 1,|SV| > 1,|T| > 1,|TV| > 1 (aoy)

ao(S,T) = ao(T, S)

={z|zeVnT} fns(T)={f| f(...) €T}
T=' ={t e T | sym(t) = f} match = {f € fas(SUT) | |S~/| = [T/}
TF = {t € T | sym(t) € F} miss = {f € fns(SUT) | |S~/| # |77/}

Def. 8 introduces the abstraction oracle ao used by UWA in our revised ALASCASEI calculus,
fulfilling the following properties. Before formally proving that it fulfils Lemma 2, let us give
some intuition for the individual steps in the rather lengthy Definition 8.

As we unify modulo AC of +, we want to treat sums as multisets Thus, we first use
s1+...+u+...4+ s, andt1+...+u—|—...+tm are equal modulo AC 1ff51—|—...+sn and
t1 + ...+t are equal modulo AC, we compute s~,t~ cancelling out all common terms in
smnds.(s) N smnds. (7).

In (aoz), the main function ao is used to implement the abstraction oracle, computing a
set of pairs L ~ R of multisets L, R of terms or L. The intended meaning of these pairs
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L ~ R is that when we have Y L =ac > R for all such pairs L ~ R, then s =a¢ t. Case
(ao3) is there for preventing infinite loops in the UwA algorithm by introducing a constraint if

The cases (ao1) - (a0y), are rather straightforward: Case (aop) reflects that two empty sums
are always equal, while case (aoz) asserts that an empty sum can never be equal to a non-empty
one. In case (aosz), we make sure that a variable 2 can never unify with a term ¢ that contains
the variable as a strict subterm (z < t), and case (ao4) returns the pair {x} ~ T back to the
Uwa algorithm which will make sure that @ — > T in the substitution of the final abstracting
unifier.

In the remaining cases some auxiliary definitions are used: X =7 is the multiset of all terms
in X that have the top level symbol f. By XV we denote the multiset of all variables in X.
We partition the set of all top level functions into the sets miss and match, match containing all
functions f where the number of terms with top level symbol f in both multisets S, T is equal,
and miss containing all other functions.

The multisets S, T are the arguments of ao that represent the summands of s, ¢ used for
ao with duplicates cancelled out. If there are no variables in S, T, then every term S must
unify with exactly one term T with the same top symbol. If this is not possible miss will be
non-empty and the S, T are not unifiable (aog). If miss = ), then S, T can unify exactly when
all the sub-sums with matching symbols unify (aos).

If the multiset S contains variables and T does not, then S and T can only unify if all the
subsums with matching symbol counts unify {S=F ~ T=/ | f € match}, while all the summands
with symbols in miss must unify with the variables SV U SE™Miss ~ TE€MSs (30,). If any of these
symbols f € miss an occurs in S more often than in 7', then two terms can obviously never
unify as T does not contain variables which is asserted by (aos).

In (aog), where both S,T contain variables and other terms, we introduce a constraint
S ~ T, as in this case multiple different ways of unifying these variables might be possible.

We will now give the intuition of the individual steps in the rather lengthy Definition 8,
before formally proving that it fulfils Lemma 2.

As we unify modulo AC of +, we want to treat sums as multisets. Thus, we first use
s1+...+u+...+s,,and ty +...+u+...+t,, are equal modulo AC iff s; + ...+ s, and
t1 + ... + t,, are equal modulo AC, we compute s~,¢~ cancelling out all common terms in

In (aoz), the main function ao is used to implement the abstraction oracle, computing a
set of pairs L ~ R of multisets L, R of terms or 1. The intended meaning of these pairs
L ~ R is that when we have > L =ac > R for all such pairs L ~ R, then s =a¢ t. Case
(ao3) is there for preventing infinite loops in the UwA algorithm by introducing a constraint if

The cases (ao1) - (a0y), are rather straightforward: Case (aop) reflects that two empty sums
are always equal, while case (202) asserts that an empty sum can never be equal to a non-empty
one. In case (abs), we make sure that a variable 2 can never unify with a term ¢ that contains
the variable as a strict subterm (x < t), and case (aoy) returns the pair {z} ~ T back to the
Uwa algorithm which will make sure that x — > T in the substitution of the final abstracting
unifier.

In the remaining cases some auxiliary definitions are used: X =7 is the multiset of all terms
in X that have the top level symbol f. By XV we denote the multiset of all variables in X.
We partition the set of all top level functions into the sets miss and match, match containing all
functions f where the number of terms with top level symbol f in both multisets S, T is equal,
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and miss containing all other functions.

The multisets S,T are the arguments of ao that represent the summands of s, ¢ used for
ao with duplicates cancelled out. If there are no variables in S,7T, then every term S must
unify with exactly one term T with the same top symbol. If this is not possible miss will be
non-empty and the S, T are not unifiable (aog). If miss = @), then S, T can unify exactly when
all the sub-sums with matching symbols unify (aos).

If the multiset S contains variables and T' does not, then S and T' can only unify if all the
subsums with matching symbol counts unify {S=F ~ T=/ | f € match}, while all the summands
with symbols in miss must unify with the variables SV U SEMss ~ TEMiss (307). If any of these
symbols f € miss an occurs in S more often than in 7', then two terms can obviously never
unify as T does not contain variables which is asserted by (aog).

In (aog), where both S, T contain variables and other terms, we introduce a constraint
S ~ T, as in this case multiple different ways of unifying these variables might be possible.

Lemma 2 (Abstraction Oracle). ao is AC-sound, AC-minimal, <-founded, terminating, and
captures AC for any ALASCA-ordering <.

Proof.  Let us expand the defintions from [8] of the properties in the lemma. For termination
we define the following ordering

s~t€s ~mte=s<d&t<tors<s &t =<t

and consider 6 to be a ground substitution.

ao(s,t) = (unif,constr) = AC, (unif U constr)™ s~

ao(s,t) = L = VO.AC }£ (s =~ t)

) = (unif, constr) = VO(sd =ac t0 = AC = (unif U constr)~0)

) = (unif, constr) = VO(s0 =ac t0 = (unif U constr)*0 < (s % t)0)

) =undef = HO(s0 =ac t0) or sym(s) = sym(t) is uninterpreted wrt. AC
) st st

=

AC-sound

(P1)

(P2) AC-minimal ao(s,t

(P3) <-founded ao(s,t

(Py) captures AC ao(s,t
(

or ao(s',t') = undef

(P vesminstng ( 3°0,0) funi conan)
or s',t' are trivially unifiable

We first observe that

(Ps) s~ C smnds(s) & ¢t~ C smnds (t)

(Py) Vs' ~t' €ao(s™,t7).s Cs™ &t/ Ct™

and as < is AC-compatible and has the subterm property (Def. 2.1) we know that
s~ s~

every element s’ ~ t' € unif we have s’ ~ t' # smnds(s) ~ smnds.(t). Thus by P,

e P53 <-founded: Follows from the fact that we only return AC-subterms of the original

by Pr and as < is AC-compatible and has the subterm property (Def. 2.1) we know that
Do EI NV LsEt

e P, captures AC: Obviously satisfied due to (aog).

e P, AC-minimality, and P; AC-soundness: Obviously AC = (D" s™ =Y t7 <= s = t).
Thus in the following it is sufficient to show all the equality properties for s—,¢7.
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30

We show this by going through the cases of the definition of ao. We sometimes will need
counter-models to show soundness. For this we consider the model Iaoc

Iac(1) = [1]ac

Inc(k)([tlac) = [kt]ac

Inc(+)([slac: [t]ac) = [s + t]ac

Inc(f)([t:1]ac, - [ta]ac) = [f(t1, ... . tn)]ac
Ianc(>0) =Iac(>0)=0

Obviously Iac = AC.

s ~ t, hence AC-soundness Pholds, and as ao(s,t) = ) in this case AC-minimality
Psalso obviously holds. B

case (aoy): Inthiscaset =ac s+t, thus obviousl Iac £ s & s+t, hence AC-soundness
’ Piholds. =

case (aoz): In this case obviously s~ <ac ¢, thus Iac(s) # Iac(t), hence AC-
’ soundness P;holds. -

case (aos): In this case obviously both AC-soundness Pjand AC-minimality Pohold,
’ by just unfolding defintions. -

case (3a05): Obviously each of the s’ ~ ¢/ € ao(s,t) are sub-sums of s ~ t. And as
miss = () all sub-sums of s,t are covered, thus AC-soundness P;holds.

We show AC-minimality Pycontra-positive. Consider an arbitrary ground subsitution
6. Suppose there is some model I, and some f € match such that I %= > S=/0 ~
S>T=f0. This means that there must be some s* € S=f0\ T=/0 t* ¢ T=/0\ S=/0
such that s* Zac t*. Thus obviously also Iac £ Y. S=70 ~ Y. T=/6, thus obviously
also Iac [~ s =~ t0, thus s #ac t, and thus AC-minimality Pyholds. -

case (aog): Let f € miss. This means that

s-=ac f(.)+...+f(..)+s0

m times

with n # m. And all summands of sg, ¢y are non-variables, do not have f as symbol.
Thus obviously Iac & > s~ ~ Y.t for any 6, thus AC-soundness P;holds. =

case (ao7): Obviously each of the s’ ~ t' € ao(s,t) are sub-sums of s ~ ¢, and all
sub-sums of s, t are covered, thus AC-soundness P;holds.
Consider an arbitrary ground subsitution 6.
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sT0=ac f(..)+...+ f(...)+s0

t70=ac f(...)+ ...+ f(...) +to

m times

with n > m, where sy ty do not have terms with f as function as symbol. Thus
obviously Iac f£ Y. s 60 ~ Y t 6, hence in this case s Zac t0. 5

positive. Consider some model I such that I j= ao(s,t)~.

case I £ > 5770 ~ > T=70 for some f € match : As in the case before this means
that there must be some s* € S:fH\_T:fG t* € T=F9\ S=/6 such that s* Zac t*.
Thus obviously also Iac ¥ Y. 5=/0 ~ >.T=70. By the case condition Vt €

and thus AC-minimality P>holds. B

case I [~ (ZSVY + XSMss)f) ~ ZTGmiSS: As in the case before this means that
—_——

T

l

s Zac t, and thus AC-minimality Pyholds. =

case (aog): Consider any §. Thus we know that

sT0=ac f(..)+...+f(...)+s0

t70=ac f(..)+...+ f(...)+to

m times

with n > m, where sg tg do not have terms with f as function as symbol. Thus
Iac £ s70 =t 0, hence s Zac t0. -

case (aog): In this case obviously both AC-soundness Pjand AC-minimality Pohold,
’ by just unfolding defintions. —
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C Ordering

In Sect. 3 we defined properties (Def. 1, and Def. 2) we require from the ordering < for
ALASCASj'. We introduced a concrete orderings used in our implementation in Sect. 3.3. The
main ALASCA Ordering used in the calculus is parametrized by an arbitrary ALASCA Term
Ordering. It is called the Literal Extension (Def. 5). The ALASCA Term Ordering we use as the
parameter for Def. 5 in our implementation is the Skeleton Term Ordering (Def. 4) introduced
in Sect. 3.3. It is in turn parametrized by an arbitrary simplification ordering for which we use
VAMPIRE’s default ordering, determined by the options used to run VAMPIRE.

Before showing that these orderings (Def. 4 and 5) satisfy Def. 2, we give an intution why
these properties are required at all.

C.1 ALrLASCA-Ordering Intuition

In ALASCA®, rewrites t[s] — t[s/] are performed by Superposition-like rewrite rules (Sup, NF,
and TF). These rewrites should result in smaller terms ¢[s] > ¢[s’]. At the same time, ALASCAS
must be compatible with AC. These properties are reflected in Def. 1

Definition 1 (ALAsCA Term Ordering; repeated). We say a relation < is an ALASCA term
ordering iff

1. it is a simplification ordering modulo AC,

2. for any ks +t € gTrm, where s is atomic, we have s >~ —%t, and

3. foranys=~te AQTC, and ground substitution 0 we have s6 = t0, where AQTC = A \AC.

Requirements for the literal ordering mirror properties needed from the ordering of ALASCAq
in order to make that calculus complete. Even though we do not proof completeness of
ALASCAsj', we believe that these properties are essential for making the calculus work propertly.
Thus we require that literals are ordered by their maximal summands (Def. 2.4, Def. 2.5), equal-
ities are smaller than inequalities and disequalities (Def. 2.6), lower bounds are smaller than
upper bounds (Def. 2.7), and disequalities are smaller than inequalities (Def. 2.8).

In addition to these requirements arising from the completeness proof of ALASCAg, they
also ensure that the new simplification rule Inequality Merging (IM) does indeed simplify its
premise; i.e.: that it’s premise is smaller than the conclusion (Def. 2.8).

Definition 2 (ALASCA Ordering; repeated). We say < is an ALASCA ordering iff for any
8, 8i,t,t; € gTrm

1. < is an ALASCA term ordering
2. s<t=3500<t00

3. < is closed under ground substitutions, and for gLit it is an AC-compatible well-founded
strict partial ordering that is total modulo AC.

4. 81 <83 =781 +t010=<ksy +uoy0 whereo; € {>,>,~,%}
5 Vit <s=kit1 + ... kyt, 01 0 < ks +t o9 0 where o; € {>,>,~,#}

6. ks +t~0=<js+uo0 whereo e {#,> >}
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7. |kls+t210<—|jls +u 20 where 2,€ {>,>}
8 ks +t20=<js+uo0 whereoe {>,>}
9.t>0<t>0

C.2 ALAscA-Ordering Proofs

To formally show that Skeleton Term Ordering (Def. 4) indeed fulfils ALASCA Term Order-
ing (Def. 1), we first introduce Def. 9, and Lem. 3.

Definition 9 (Ordering Helper). We define
rm(8) = {trm(t) if trm(t) # ¢

t else

() iftrm(t) =t

*(t) =
o ( ) {<C0eff(t)7 klv cee kn> else coeff” (t) = <k1’ Y kn>

cmp'ex(<51 e 8m)s (1 - tn)) = cmpy(m,n) & emp(s1,t1) B -+ D emp(sp, ty)
(cmp @ emp’)((s,1), (', 1)) = emp(s, ") © cmp(t, ')

cmpg(s,t) = (cmpg, ® cmpg ™) ((trm* (s), coeff*(s)), (trm* (), coeff*(t)))

Proof.

e The first equation can be easily seen by unfolding definitions.

e The second equation can be shown by induction along the subterm relation on s, .

Thus now we can show that Skeleton Term Ordering (Def. 4) is indeed an ALASCA term
ordering.

Lemma 4 (Skeleton Ordering). The skeleton ordering < is an ALASCA term ordering.

Proof. We use < for <.

1. Let s,t € Trm. We need to show that
(Pg) AC-compatible § =Ac s <Kt=act = s <*¢
Py well-founded T C Trm = dt € T't is <**-minimal in T
(
(P1p) monotonic s <t = us] < ult]
Ppp) irreflexive s £k s s,t, 8t uls] € gTrm
g
(Py2) transitive 5 <Kt <k = 5 <Ky
(Py3) total s<Ktort<Ksors=act
Py4) subterm propert sAt=s<%¢
( property
Pi5) closure s <Kt = s0 <*to
(
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We proof all these properties by induction on the multiset extension of the subterm
relation modulo AC. We define the function trm* as the least fixed point of trm. We
need to show the following

e P; AC-compatible: We proof this by induction on the subterm ordering of s, s', ¢, t'.
Suppose s’ =ac s < t =ac t'. Obviously skel(s) = skel(s"), and skel(t) = skel(t).
case skel(s) <o skel(t): Then obviously skel(s’) <o skel(t), thus if s <= ¢. -

case skel(s) = skel(t): Then obviously skel(t') = skel(s’).
case 1 =5 & 1 #t: Then obviously s’ = 1 <k ¢/ #£ 1. -

case + € {sym(s),sym(t)} = {sym(s’),sym(¢')}: Then we can use the indu-

’ induction hypothesis smnds (s') <% smnds (t). 4

case ) # QN {sym(s),sym(¢)}: Then we can use the indution hypothesis on
trm*, of s, s',t,t". By Ordering Helper (Lem. 3) we know that there can be two
cases

case trm*(s) < trm*(¢): In which case by induction hypothesis we know that
El <sk ¢/, 4

case trm*(s) =ac trm*(t) & coefF*(s)<5kleXcoefF*(t): Thus as coeff*(s") = coeff*(s),
’ and coeff* (') = coeff* (t) we know that s’ << ¢ o

e Py3 total modulo AC: We proof this property by induciton on the subterm relation
of s,t. Consider any two terms s,t such that s Zac t.

case skel(s) # skel(t): By totality of <o we know that s <t or ¢ < s. .

case skel(s) = skel(t):
case s =1 or t = 1: Then the other term cannot be 1 thus s < ¢ or t < s must
] hold. -

case + € {sym(s),sym(¢)}: Then we can use the induction hypothesis for terms
lin trms, and smnds, of s, t.
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know that smnds(s) < smnds(t), or smnds(s) > smnds (¢). =

case ) # QN {sym(s),sym(¢)}: Then we can use the induction hypothesis for
trm*(s), trm*(t).

case trm*(s) Zac trm*(t): Then by induction hypothesis and Ordering Helper (Def. 9)
| we know that s <tort<s. —|

case trm*(s) =ac trm*(¢): Then Ordering Helper (Def. 9) we know that coeff*(s) #
coeff*(t). Bay definition of o'* we know that it must be the case that s < t,
ort<s. -

case sym(s) = sym(t) = f is uninterpreted : Then we can use the induction
hypothesis for the arguments and compare lexicographically, thus obviously ei-
ther s < ¢, ort < s. B

e Py well-founded:
We proof this by induction on the multiset extension of the subterm relation on T'.
Consider its subset T3 of all terms in 7" with <g-minimal skel. By well-foundedness
of <( such a set exists, and by totality of <, the skeleton of all these terms must
be equal to a term skel.

case 1 € Ty;: Then obviously 1 is a minimal element of 77 C T =

modulo AC P;35 we know that any element in 75 C 7', is <% minimal in 7. =

case Ht € Ty.sym(t) € Q: Thus we can use the induction hypothesis on {trm*(¢) |
t e Tl}
Let thus by induction hypothesis 75 be the subset of 77 that where trm* is <-
minimal. Further let T5 be the subset of Ty that where coeff* is <'®*-minimal.
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Thus we know that all of the elements in T3 must be AC-equivalent. Therefore by
Ordering Helper (Lem. 3) and totality modulo AC P;3 we know that any element
in Ty C T, is <% minimal in 7. =

case Vt € Ty.sym(t) € QU +: Then by Skeleton (Def. 3) all terms in 77 must have
the same uninterpreted function f as top symbol. Thus all subterms are compared
lexicographically. We can use the induction hypothesis on the arguments, and as
the lexicographic extension of a well-founded ordering is well-founded we know
there is are minimal subset. -

e Py monotonic: We show this by induction on the subterm relation of wu[o].
We need to show that s < t = u[s] < u[t].
Firstly, it is easy to see that if skel(s) < skel(t), then skel(u[s]) < skel(u[t]). Thus
suppose skel(s) = skel(t) = skel. We case split on the context wu[o].

case ufo] = o: Then the property trivally holds. -

’ thus by (trms) u[s] < ult] =

case uf[o] = k(u'[o]): Then by induction hypothesis we know that «'[s] < «'[t], thus
’ by thus by (trmg) u[s] < u[t]. =

case uf[o] = f(u1,...,uy): Then by induction hypothesis we know that u;[o/s] <
’ u;[o/t], where wu; contains o, and equal otherwise. Thus by (trmg) u[s] < u[t]. -

e Py irreflexive: This follows from irreflexivity of <.

e Py, transitive: We proof this by induction on the subterm relation of s, ¢, u. Suppose

s<t<u.
case skel(s) = skel(t) # skel(u) or skel(s) # skel(t) = skel(u): Then obviously s <
’ u, by the skeleton comparison case. B

case skel(s) # skel(t) # skel(u): Then obviously s < u, by the skeleton comparison
’ case, and transitivity of <. -

case skel(s) = skel(t) = skel(u):
case + € {sym(s),sym(t),sym(u)}: Then we can use the induction hypothesis

case trms(s) < trms.(t) =ac trms.(u) or trms.(s) =ac trms(t) < trms.(u): Then

’ obviously by AC-compability Py we know that s < u. 4

case trms.(s) < trms.(¢) < trms(u): Then by transitivity of the multiset exten-
| sion s < . 4
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’ smnds.(t). Then by transitivity of the multiset extension s < u. a

case () # QN {sym(s),sym(t),sym(v)}: Thus we can use the induction hypoth-

esis on {trm*(s), trm*(¢), trm*(u)}. We implicitly use the lemma Ordering Helper (Lem. 3)
here.

case trm*(s) < trm*(t) =ac trm*(u) or trm*(s) =ac trm*(¢) < trm*(u): Then
obviously by AC-compability Ps and Ordering Helper (Lem. 3) know that

5 < u. —

case trm*(s) < trm*(t) < trm*(u): Then induction hypothesis and Ordering Helper (Lem. 3)
| know that s < . —|

case trm*(s) =ac trm*(t) =ac trm*(u) = up: Then by Ordering Helper (Lem. 3)
we know that coeff*(s) < coeff(t) < coeff*(u), thus obviously by the defini-
tion of o'* we know that s < u. =

case sym(s) = sym(t) = sym(v) = f is uninterpreted : That means that the
argumens are lexicographically compared, which means transitivity follows from
the induciton hypothesis. -

e Py, fulfils the subterm property: We proof this by induction on the subterm relation
of s,t. Consider some term s < ¢.

case skel(s) # skel(¢): Then it must be the case that skel(s) < skel(¢), thus by the
’ subterm property of <y we know that s < ¢. -

case skel(s) = skel(t):
case s = 1: Then ¢t cannot be 1 as s is a strict subterm, thus s < ¢. =

case + € {sym(s),sym(¢)}: Then we can use the induction hypothesis for terms
in trms, and smnds, of s,t.

subterm, thus by the induction hypothesis s < t. —

case ) # QN {sym(s),sym(¢)}: Then we can use the induction hypothesis for
| {trm*(s), trm*(¢)}.
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case trm*(s) # trm*(¢): Then it must be the case that trm*(s) < trm*(t), thus
’ by induction hypothesis and Ordering Helper (Lem. 3) we know that s < ¢. -

case trm*(s) = trm*(¢) = to: Then as s < ¢ it must be the case that coeff*(s) =
(k1...ky), and coeff*(t) = (j1 ... Jm, k1 ... k,) with m > 0, thus by Ordering
Helper (Lem. 3) we know that s < t. =

case sym(s) = sym(t) = f is uninterpreted : Then we know that s must be
a strict subterm of some argument of ¢, thus by the induction hypothesis and
lexicographic comparison we know that s < ¢. =

e Pj5 < is closed under ground substitutions: Consider s < ¢, and any 6. We proof

the property by induction on the subterm relation modulo AC on s, t.

case skel(s) < skel(t): Then by < being closed under ground substitutions, we
| know that s6 < 6. 4

case skel(s) = skel(t): Then it must be that case that skel(sf) = skel(t6).

case s = 1: Then ¢ cannot contain a variable as skel(s) = skel(t), thus obviously
’ 50 < th. 4

case + € {sym(s),sym(¢)}: Then we can use the induction hypothesis for terms
in trms, and smnds, of s,t.

We can use the induction hypothesis on s’60 < t'6. Further by Ordering
Helper (Lem. 3) there are two cases
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else :
Thus we know that t = ktg +¢'.

trms.(s6) < trms (¢0). =

case trms.(s) =ac trms.(t) & smnds(s) < trms(t): Can be done analogously

’ to the previous case.

C

ase 0 #£ QN {sym(s),sym(t)}: Then we can use the induction hypothesis on
trm*(s) trm*(t). Then by Ordering Helper (Lem. 3) there are two cases

case trm*(s) < trm*(¢): Then by induction hypothesis trm*(s)§ < trm*(s)6.

case trm*(sf) # trm*(sf): Then trm*(s) must be a variable . Thus by clo-
sure under ground subsitutions of trm*(¢) and the subterm property P4 we
know that = < trm*(¢).

case trm*(t0) # trm*(¢t6): Then ¢t must also be the variable x, so we have

| trm*(s0) = trm*(t0), but as trm*(s)0 < trm* ()8 we know by Ordering

39



Enhancing Avrasca through Selection and Simplification Schoisswohl, Kovacs, Korovin, and Voronkov

’ Helper (Lem. 3) that coeff*(t6) < coeff*(s), thus s6 < t6. =

case trm*(t0) = trm*(¢0): Then obviously trm(sf) = 26 < trm(t0), thus by
’ the subterm property Pi4 we know that sf < t6. 4

case trm*(s0) = trm*(s0):

case trm*(t0) # trm*(¢0): Then trm*(¢) must be a variable . Thus by
closure under ground subsitutions of trm*(¢) and the subterm property
P14 we know that it cannot be the case that trm*(s) < z. Thus this case
is not possible. 1

case trm*(¢0) = trm*(¢t0): Then obviously trm*(sf) < trm*(¢0). 4

L

case trm*(s) =ac trm*(t) & coeff*(s)<'*coeff*(t): Then obviously also trm*(sf) =ac
trm*(t6), and coeff* (s0)<'*coeff* (t9), thus by Ordering Helper (Lem. 3) s <
t0. 4

case sym(s) = sym(t) = f is uninterpreted : In this case the property holds
’ by induction hypothesis. -

2. for ground ks +t with atomic s we have s =% —1¢ by Ordering Helper (Lem. 3) (trms)
and (trmy).

3. Taking Ordering Helper (Lem. 3) into account it is easy to see that

e jr+ kx~ (j+ k)x is oriented correctly due to trms in (trms).

e j(kx) =~ (jk)x is oriented correctly due to (trmg), and (trmg).

o k(x+y) =~ kx+ ky is oriented correctly due to the comparison using trms. in (trms).
e Oz =~ 0 is oriented correctly due to (trmg).

e 1+ 0~z is oriented correctly due to (trms).

e lx = x is oriented correctly due to (trm7).

Lemma 5 (Literal Extension). The literal extension <"t is an ALASCA ordering.
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Proof.

(1) This obviously holds as <t extends <.
(2) Suppose s < t. By Ordering Helper (Lem. 3) we know that there are two cases

case trms(s) < trms(t): Obviously then also atmsji(s ¢ 0) < atmsi(t < 0). !

atmsy (¢ © O). Further from smnds(s) < smnds(f) it is easy to see that we get

atmsjit(s © 0) < atmsj(t ¢ 0). If atmsji(s © 0) < atms;it (¢ © 0), then the property holds.
If atmsjit(s © 0) =ac atmsi(t ©0), then s©0 < ¢t o0 by definition. -

(3) This can be easily shown from the respective properties of <%
(4) This follows from the definition of (lity).

(5) This obviously holds by (lity).

(6), (7), (8), (9) These all hold by (lit;), and the definition of <gym.

D

Simplification and Redundancy Proofs

. . . . . |
Lemma 6 (Inequality Merging). IM is compatible with ALASCA .

Proof.

Consider any ¢ € IM. Then

where
L Ccv 5050 o s=ac (s)F
CVso3z0 o o E{>>}=01€{>>}
o oo Jous ifE=—0=2e{>2>}
T JoiUos else

o LUR=set !(set(L) U set(R)),
o set(T)=Q

o set(o)={qeQ|qgo0}
foroe {>,>,<,<,~, %}

e the conclusion is T if o3 =T

case (01) = (02):
case () = (4): Then o3 = ¢; and s’ 03 0 =ac s©1 0 = s03 0. Thus the conclusion is
’ equivalent and by definition of the multiset ordering it is smaller. B

case (£) = (—):

case 01 =09 € {(~),(#)}: Then o3 = ¢; and s’ 020 =4 s$01 0 = s03 0. Thus the
’ conclusion is equivalent and by definition of the multiset ordering it is smaller. -

case (01) = (¢2) = (>): Then o3 = %, and thus (s > 0V s > 0) =4 s % 0 where
s~ =ac §'. Thus the conclusion is equivalent and by ALASCA Ordering (Def. 2.8) it is
smaller. 4
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case (¢1) = (¢2) = (>): Then o3 = T, and obviously § =4 (s’ > 0V s > 0) where
’ s’ =ac s~. Thus the conclusion is entailed by the empty set. n

C

ase (01) # (09):

case 01,09 € {>,>}:

case (£) = (+): Then o3 = > obviously the conclusion entails the premise, and it is
’ smaller by the definition of the multiset ordering. -

case () = (—): Then o3 = T, and obviously § =4 (s’ > 0V s > 0) where s’ =ac 5.
’ Thus the conclusion is entailed by the empty set. B

case ¢1,09 € {>,%}: Then o3 = %, and obviously the conclusion entails the premise as
DlEAz%# 04 (2 0Vr >0), and it is smaller by the definition of the multiset ordering.
4|

case 01,09 € {>,~}: Then by the side condition of the rule ¢; = > and ¢3 = ~. Thus
o3 = >, and obviously conclusion is equivalent to the premise as ) =4 >0+ (z > 0 =~
x =~ 0), and it is smaller by ALASCA Ordering (Def. 2.9). =

case ¢1,09 € {>,%}: Then o3 = T, and obviously the premise is an A-tautology as 0) =4
’ x>0V z+#0, and Cs from the definition of compatible is the empty set. -

case ¢1,09 € {>,~}: Then by the side condition of the rule ¢; => and o3 ==. Thus
03 =>, and obviously conclusion is equivalent to the premise as ) F4 x>0 (z > 0 ~
2 & 0), and it is smaller by the definition of the multiset ordering. —

case ¢1,09 € {#,~}: Then o3 = T, and obviously the premise is an A-tautology as ) =4
’ %0V z=0,and Cs from the definition of compatible is the empty set. —

Lemma 7 (Avasca-Demodulation). Dmd is compatible with ALASCAS.

Proof. For an inference + =

C1,05
D

we define sprem(t) = Cy, mprem(:) = Cs, and

| concl(t) = D. Consider any ¢« € Dmd. Then
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where
ks +t=~0 Clso o (ks +t=~0)o < Clso]
L=
C[—+to] e Vto € trms (t).too < so

e s is atomic

e s¢ZV

Obviously the left premise sprem(t) and the conclusion concl(¢) imply the right premise
mprem(¢).

Let 6 be some grounding substitution. By the side condition Vty € trmst.tgoc < so, and
Arasca Ordering (Def. 2.3) we know that Vitg € trmst.toof < sof. Thus ALASCA Term
Ordering (Def. 1.2) we know that —1t06 < sof. Therefore further by ALASCA Term Ordering
(Def. 1.1) and ALASCA Ordering (Def. 2.2) we know that C[—4t]6 < C|so]6. ad
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