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MODELING QUADRATIC FUNCTIONS IN THE SCHOOLYARD
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Abstract. Teaching in the schoolyard and using digital technologies is one of a lot of components of the
structure of mathematics lessons. One example of mathematical analysis lesson, which has been tested
in class, will be presented in this paper: a basketball throw in correlation with quadratic functions. 15-
year old pupils experience haptic mathematics, the functional graph arises using transparencies and
pins, the functional equation can be developed and tasks can be solved in the fields of sports’ application.
Pupils use their own smartphones (bring your own mobile device) to this lesson: They film their activities
and collect and evaluate the measured data of their video. Furthermore, this paper describes different
ways of execution of this lesson and one possibility of interdisciplinary teaching approach in physics.
The pupils compare the trajectory as a ballistic curve with a parabola of the quadratic function and they
calculate the initial velocity.
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THE BASKETBALL THROW - ONE EXAMPLE OF MODELING MATHEMATIC

To create a math lesson which is creative, varied, exciting, close to reality, based on
competences, differentiated and motivating for pupils is very difficult. A lot of pieces of the
puzzle have to interlock. One of these puzzle pieces is learning in the schoolyard. Outdoor
education may promote learning by improving pupils’ attention, interest and enjoyment on
acquisition of knowledge, and physical activity (Kuo & Jordan, 2019). If you have
experienced contents, you don’t have to learn them (Kramer, 2016).

Another puzzle piece is mathematics learning using mobile phones. The influence of the
mobile phones on pupils’ motivation is acknowledged in the literation (for example the study
“Students’ perceptions of Mathematics learning using mobile phones” of Baya’a & Daher).
The benefits are learning mathematics in authentic real-life situations, visualizing
mathematics and investigating it dynamically, performing diversified mathematical actions
using new and advanced technologies and learning mathematics easily and efficiently
(Baya’a & Daher, 2009).

In this described lesson, the mathematical modeling competence can be increased, a process
of formulating real world situation in mathematical terms (Gablonsky & Lang, 2005).
Mathematical modeling is a valuable and meaningful activity and it is important to introduce
to mathematics learners in school (Ang, 2019). The pupils can understand that mathematics
is useful and the basis for many professions, see the interdisciplinary nature of mathematics
and understand what mathematical modeling means (Borromeo Ferri 2018).

This lesson can be done if the pupils learned to graph quadratic equations in vertex form and
to determine equation parameters. The materials for each group of three are one basketball,
one smartphone, one pin, a part of transparency and one transparency pen.
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Stating the question

Does the trajectory of a basketball correspond to a parabola?

Fig. 1: Analysis of a basketball throw as a parabolic trajectory

This question was explored with a class of 15-year old pupils in Germany. The following
elements were included in this lesson:

The first part of the lesson takes place in the schoolyard. Two pupils
(first pupil and second pupil, see Figure 2) throw the ball to each other
and a third pupil films this with his or her own phone. The pupil who
films the action (third pupil, see Figure 2) should stand at the same
distance from the other group members in order to film an
undistorted trajectory. This pupil should also stand at a certain
distance from the thrower and the catcher so that the central
perspective approximately conforms to the parallel-perspective.

first
pupil

third
pupil

[t should be noted that the ball is tossed from left to right if the footage
is used for further researches. The pupils ought to throw a big ball
(for example a basketball or a medicine ball), so that the trajectory  Fig. 2: Position of the
can be seen clearly in the video afterwards. The ball should also be three pupils
heavy so that the air friction has a low impact on the movement. It is

possible that the pupils bring their own balls to school.

Curve fitting with quadratic function

After the basketball throws in the schoolyard, the class returns to the classroom and the
pupils meet in their groups. It is important to discuss the perfect position of the coordinate
system. Pupils can express their ideas and explain them mathematically. Effective
communication is critical for more precise instruction and deeper mathematic learning and
creating classroom environments in which pupils practice multiple forms of communication
is imperative (Sammons, 2018).
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Mathematic modeling: basketball throw

For teaching more mathematical or physical issues, the teacher and the pupils agree on the
origin of coordinates, which conforms the feet of the thrower. The body size (head and feet)
is marked on the transparency to illustrate the scale.

Now the question arises how to draw the trajectory parabola as a graph of a function onto
paper. The pupils take a transparency and place it on the screen of their phone. The learners
draw the flight curve onto the transparency by playing the video in slow motion. Multiple
loop and repeatedly stopping are another possibility. The pupils mark the points with little
circles because the coordinates are approximate values.

Fig. 3: The points are marked on a transparency put onto the screen

In a next step, the circles and the body size are transferred to millimeter paper, either with
pins or by projection.

Fig. 4: Pins are pierced through the transparency
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Alternatively, the pupils work with a document camera. They put their transparency onto
the document camera, hold their mathematics exercise books against the wall, draw the
projection of the trajectory in their exercise books and enlarge so their drawing to a
corresponding size.

The pupils estimate the coordinates of the point of throw-out and the highest point as vertex.
They substitute the points into the vertex form and reconstruct the quadratic function. Now,
the learners calculate points of the function and draw the parabola in the same coordinate
system.

A pupil’s solution; see Figure 5:
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Fig. 5: Trajectory (black) and parabola (orange)

Coordinate axes in unit of length

Interpret solution

The pupils detect the deviations from these two graphs. If the ball soars, the trajectory (the
ballistic curve) is almost identical in the parabola (reconstructed with only two points). If
the ball drops, the trajectory is below the parabola and the difference is greater, the longer
the ball flies. The deviations may be pronounced in environmental influences, such as the
friction between the air and the ball.

The learners can calculate the maximum height of the ball. The thrower tells his body size
(as marked onto the transparency) and the proportion is determined between the body size
and one unit of length of the squared paper or millimeter paper. Then they use the value of
the y-coordinate of the vertex and, together with the proportion, calculate the maximum
height.
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Mathematic modeling: basketball throw

A pupil’s solution; see Figure 6:

The thrower said that his body size is 1,76 m.

hpupin = 1,76 m 2 2,2 unit of length
one unit of length 2 0,8m
vertex's y — coordinate:

5,2 unit of length = 4,16 m

The maximum height of the ball is

Fig. 6: Drawing of the calculation of the maximum approximately 4,2 m.
height of the ball ( hpupi is the body size of the thrower)

Another possibility to investigation the proportion is the distance between the thrower and
the catcher. Both pupils mark their location with chalk in the schoolyard, measure the length
and calculate the proportion between the distance and one unit of length of the squared
paper or millimeter paper.

Another calculation is the study of the initial
velocity vo. The time of the throw is noticeable
in the film. The pupils draw a tangent at the
point of throw-out.

A pupil’s solution; see Figure 7:
s, = 3,2 m (determined by the drawing)
t = 0,922 s (determined by the video)

The velocity in x-direction v, is constant:

Sy 3,2m m
Uy = —

£~ 09225 >

Investigation vo: The pupils draw with the tangent
a rectangular triangle and measure the lengths of
the arrows for vo and vy.

Vo 55cm _ 55cm

v_x "~ 25cm Vo = 2,5cm Y Fig. 7: Drawing of the calculation initial velocity
_20CM o 4r™ — 763" The initial velocity of the ball imately 7,63 ~ 27,5 "

v°_2,50m AT =763 e initial velocity of the ball is approximately 7,63 —~ 27,5 —
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Second possibility to calculation the study of the initial velocity vo: The pupils measure the
angle between the arrows for vo and vx. This part requires knowledge of trigonometric
knowledge.

A pupil’s solution; see Figure 8:

a = 63°

Vx
cos(a) = —
Vo

m
- 3,47?
%™ cos (63°)

=7,64=
S

Fig. 8: A part of Figure 7

Third possibility for older pupils in use the first derivative:

A pupil’s solution:

e (y — 2 = (x — = f'
)=~ (227452 fx)= — g3 (x—22) tan(g) = f'(xo)
3475 m
- Fi : = ! ~ ~ o =————=8,05—
See; Figure 5: =01 f'(0,1) = 2,095 B = 64,48 Vg cos (64,48°) .

The quality of the results can be checked with video players for sports analysis. The program
determines a position of the ball every one or two milliseconds.
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Fig. 9: An example of a video player
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Mathematic modeling: basketball throw

This data can be transferred to a spreadsheet program.

A B G D E E G H 1 1 K L M N o P Q R s
1 video evaluation corvertion approximate function trajectory
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3 3 t k3 ¥ ‘ x ‘ ¥
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Fig. 10: Comparison of video data and calculated data

Video data are in columns A, B and C. The x and y values of the video data are transformed
using the maximum y value and the x value of the time of catching in columns D and E (see
Figure 10 black points). The approximation of the values can be shown with a trend line. (see
Figure 10 red curve). The x and y values of the approximate function f (see Figure 5) are in
the columns F and G (see Figure 10 blue curve).

The explicit equation of the trajectory in the space area considering the height h (h = f(0)) is

g@ = -2 %

—-= + x - tanf + h. The x and y values of g are in columns H and I (Figure
10 green curve).

2 vi-cos?p

Results

The lesson works well if the pupils divide themselves into groups of three. All pupils enjoyed
the work with their own smartphone and most pupils achieved good flight curves and good
quadratic function approximations.

One group used a handball because a girl from this group plays handball in her free time and
she brought her own ball to school. The handball was difficult to see in the video.

In another group, the trajectory was flat and this group had problems to reconstruct the
quadratic function. It is important for the teacher to announce that the pass must be thrown
up high into the air.

The evaluation with the computer shows that the different types of calculation,
approximation of measured values every one or two milliseconds, reconstruct the quadratic
function in use the point of throw-out plus the vertex and equation of the trajectory in use
the angle and the initial velocity, lead to a similarly good result.
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