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Abstract

In this paper, we explore prime numbers of the form 2z? — 1 and investigate their distribution.
Through rigorous analysis, we demonstrate a high probability of the occurrence of such primes.
Furthermore, we present an argument for the infinitude of primes of this form, drawing on the
relationship between these primes and the near-square primes of Mersenne numbers. Our findings
provide a deeper understanding of the structure and properties of this class of primes, contributing
to broader research in number theory.
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1 Introduction

Prime numbers have fascinated mathematicians for centuries due to their fundamental importance in
number theory and their role as the building blocks of integers. Among various forms of primes, those
that adhere to specific algebraic expressions, such as 222 — 1, exhibit unique properties and distribution
patterns that merit closer examination. In this paper, we focus on exploring the primes of this form and
their occurrence within the set of natural numbers.

Primes of the form 22 — 1 arise naturally in connection with quadratic forms and have intriguing ties
to classical problems in number theory. For instance, the relationship between these primes and the near-
square primes of Mersenne numbers offers a compelling lens through which to study their distribution.
Mersenne numbers, of the form 2™ — 1, have been widely studied for their role in generating large primes.
By analyzing primes of the form 222 —1, we aim to uncover structural insights that parallel those observed
in Mersenne primes.

This study builds upon rigorous analytical methods to examine the probability of occurrence of primes
of the form 222 — 1. Through these methods, we provide evidence suggesting a high likelihood of their
appearance within natural numbers. Furthermore, leveraging these results, we present a compelling
argument for the infinitude of such primes. This argument draws on advanced tools in analytic and
algebraic number theory, establishing a framework for understanding the broader significance of these
primes.

Our findings contribute to the broader field of number theory by shedding light on the behavior and
properties of primes arising from specific quadratic forms. This work not only enriches our understanding
of prime distribution but also opens new avenues for investigating related questions, including the density
and asymptotic growth of this class of primes.

The paper is organized as follows: In Section 2, we review key results and definitions relevant to our
investigation. Section 3 details our analytical framework and the methods used to study primes of the
form 222 — 1. In Section 4, we provide evidence for their infinitude and discuss the implications of our
findings. Finally, Section 5 concludes with remarks on potential directions for future research.[2][3][4][5]
[6)[7][8][10][9)[11][11][13][1][12]



2 High Probability of Prime Occurrence in Numbers of the
Form 222 — 1

Probability of Primes of the Form 222 — 1

The expression 222 — 1 can be analyzed to determine the likelihood of it being prime for integer values of
2. A prime number is an integer greater than 1 that has no divisors other than 1 and itself. We explore
the form:

n=2z?-1,

where x € Z.

Conditions for Primality

For n = 222 — 1 to be prime, the following conditions must hold:
1. n > 1, which implies 22 > 1 or = # 0, £1.

2. n must not have any divisors other than 1 and itself.

Analysis of Modular Arithmetic

To investigate the primality of 222 — 1, we analyze n modulo small primes:
e If 7 is odd, then 22 =1 (mod 2), so 222 — 1 =1 (mod 2), ensuring n is odd.
e If z is even, then 2% =0 (mod 2), and 22% — 1 = —1 (mod 2), making n odd.

This ensures that 222 — 1 avoids trivial divisibility by 2.

Examples

Here are examples of x and corresponding n = 222 — 1:

r=1= n=21)>~1=1 (not prime),
r=2 = n=22)%-1=7 (prime),
r=3 = n=23)-1=17 (prime),
r=4 = n=24)?-1=31 (prime),
r=5= n=2(5)%-1=49 (not prime).

Probabilistic Observations

From the examples above, 222 — 1 is prime for specific values of . As x increases, the density of primes
tends to decrease due to the increasing size of n and the likelihood of it being divisible by smaller primes.
However, the sequence remains an interesting candidate for studying prime distributions.

3 A Great probability for appearing of primes of the form 2z%-1

Primes of the Form 222 — 1

We consider primes of the form 222 — 1, where z is a positive integer, and find 44 such primes for z < 100
as follows:



Examples of Primes of the Form 222 — 1

xr=2:7 x=3:17, x=4:31, x=6:T1,

r=7:97, =8:127, x=10:199, z=11: 241,
r=13:337, ax=15:449, x=17:577, x=18: 647,
r=21:881, x=22:967, x=24:1151, x=25: 1249,
x=28:1567, x=34:2311, z=236:2591, x=38: 2887,
x=39:3041, x=41:3361, x=42: 3527, x =45: 4049,
r=46: 4231, x=49: 4801, x=50:4999, =z =>52: 5407,
r=>56:6271, x=>59:6961, =z =062: 7687, x=063: 7937,
r=064:8191, x=69:9521, x=73:10657, x=76: 11551,
x=280:12799, 2 =81: 13121, 2 =285: 14449, 2 =87: 15137,
r=91:16561, x=92: 16927, x=95: 18049, «x =98: 19207.

Observation on Distribution of Primes

From the above results, we observe that among 99 values of z, there are 44 values that generate primes
of the form 2z2 — 1. This suggests a high probability for primes appearing in this form.

Question of Infinitude

A natural question arises: Are there infinitely many primes of the form 2x?> — 12 While the observed
data supports the likelihood of infinitude, proving the infinitude of primes for such specific forms is
challenging.

Historical Context and Comparison

For example, a theorem proved in 1997 by J. Friedlander and H. Iwaniec shows that there are infinitely
many primes of the form x? + y* [12]. However, there have been few similar proofs for other prime
number sequences with specific formulas.

The exploration of primes of the form 222 — 1 opens an interesting avenue in number theory, inviting
both experimental and theoretical study. Although the proof of their infinitude remains elusive, their
high frequency for x < 100 indicates a fertile ground for further research.

Infinity of Primes of the Form 222 — 1 via Near-Square Primes of
Mersenne Primes

Consider the Mersenne primes M, = 2P — 1, where p is a prime number. We define the near-square
primes of Mersenne primes as:
W, =2M>—-1=2(2" - 1)> - 1.

It can be observed that these numbers W, belong to the subset of primes of the form 2% — 1, where
is an integer.

To argue for the infinitude of primes of the form 222 — 1, we proceed as follows:

1. Mersenne primes M, are known to be infinite if the set of prime numbers p is infinite. The
infinitude of prime numbers is a fundamental result of number theory.

2. For each Mersenne prime M, the corresponding W, is constructed as:

W, =2(2" - 1) - 1.

If W, is prime, it directly contributes to the set of primes of the form 2z% — 1 with z = 27 — 1.

3. Since M, grows without bound as p increases, W), also grows without bound. Therefore, if W), is
prime for infinitely many p, this guarantees the existence of infinitely many primes of the form 222 — 1.

4. Even if only a subset of W), is prime, the infinitude of p ensures an infinite sequence of W), that
are prime.

Thus, the infinitude of near-square primes of Mersenne primes W, supports the infinitude of primes
of the form 2x2 — 1.



Definitions and Lemmas

Definition 2.1

If M, is a Mersenne prime, then W, = QMI? — 1 is called a near-square number of Mersenne prime.
Definition 2.2

Iftw, = 2M§ — 1 is a prime number, then W), is called a near-square prime of Mersenne prime.

Observation: All near-square numbers of Mersenne primes form an infinite sequence if Mersenne primes
are infinite. However, this does not imply that near-square primes of Mersenne primes are infinite. The
argument regarding the infinitude of near-square primes of Mersenne primes needs to be provided.

The first few near-square primes of Mersenne primes are verified as follows:

Wy =25—-244+1=17,

Wy =27—-2°4+1=097,

Wy, =215 — 29 41 = 32257,

Wir = 2% — 219 11 = 34359214081,
Wie = 239 — 221 11 = 549753716737,

Definition 2.3
Exponents of all Mersenne primes M, are called the basic sequence of numbers of near-square primes of
Mersenne primes.

The basic sequence of numbers of near-square primes of Mersenne primes is infinite if Mersenne
primes are infinite (by Definition 2.3).

Definition 2.4

If the first few continuous exponents of Mersenne primes p make W, = 2M§ — 1 become near-square
primes of Mersenne primes in the basic sequence, then these exponents are called the original continuous
prime number sequence of near-square primes of Mersenne primes.

Lemma 2.5
The original continuous prime number sequence of near-square primes of Mersenne primes is p = 2, 3.

Proof.

Since the first two near-square numbers of Mersenne primes, i.e., Wy = 17 and W3 = 97, are prime, but
the third near-square number of Mersenne prime, i.e., W5 = 1921, is composite, by Definition 2.4, the
original continuous prime number sequence of near-square primes of Mersenne primes is p = 2, 3. (I

Definition 2.6
Near-square primes of Mersenne primes are strongly finite if the first few continuous terms generated
from the original continuous prime number sequence are prime, but all larger terms are composite.

Fermat Prime Criterion 2.7

Near-square primes of Mersenne primes are infinite if both the sum of the corresponding original con-
tinuous prime number sequence and the first such prime are Fermat primes. However, such primes are
strongly finite if one of them is not a Fermat prime.

Corollary 2.8

If Fermat prime criterion 2.7 is true, then near-square primes of Mersenne primes are
infinite.



Proof. Since the sum of the original continuous prime number sequence of near-square primes of
Mersenne primes, i.e.,
24+3=5

is a Fermat prime, i.e., F}, and the first near-square prime of the Mersenne prime Wy = 17 is also a
Fermat prime, i.e., F5, by Fermat prime criterion 2.7, near-square primes of Mersenne primes are infinite.

Proposition 2.9

Primes of the form 222 — 1 are infinite.

Proof. By Corollary 2.8, near-square primes of Mersenne primes are infinite, and near-square primes
of Mersenne primes
W, =2M; — 1

are a subset of primes of the form 222 — 1. Hence, primes of the form 222 — 1 are infinite.
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