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1 Introduction
A positive integer n is called a balancing number ([2]) if the Diophantine equation
142+ +(n—-1)=Mn+1)+n+2)+ -+ (n+7r) (1)

holds for some positive integer r which is called balancer corresponding to n. If n is a balancing
number with balancer r, then from (1)

B —2n—14+vV8n2+1
— ; )

r (2)
From (2) we note that n is a balancing number if and only if 8n? + 1 is a perfect square. Though
the definition of balancing numbers suggests that no balancing number should be less than 2. But
from (2) we note that 8(0)*> + 1 = 1 and 8(1)* + 1 = 3? are perfect squares. So we accept 0
and 1 to be balancing numbers. Let B,, denote the n'" balancing number. Then By = 0, B; = 1,
By =6and B,,1 =68, — B,,_; forn > 2.



Later Panda and Ray ([14]) defined that a positive integer n is called a cobalancing number if
the Diophantine equation

142+ +n=mn+1)+n+2)+ -+ (n+r) 3)

holds for some positive integer » which is called cobalancer corresponding to n. If n is a cobal-
ancing number with cobalancer r, then from (3)

_ 2n—1+V8n?+8n+1
- 5 )

r

“4)

From (4) we note that n is a cobalancing number if and only if 8n? 4 8n + 1 is a perfect square.
Since 8(0)% + 8(0) + 1 = 1 is a perfect square, we accept 0 to be a cobalancing number, just like
Behera and Panda accepted 0, 1 balancing numbers. Cobalancing number is denoted by b,,. Then
bp =b; =0,b =2and b, = 6b, —b,—1 +2forn > 2.

It is clear from (1) and (3) that every balancing number is a cobalancer and every cobalancing
number is a balancer, that is, B, = r,,; and R,, = b, for n > 1, where R,, is the n'" the balancer
and 7, is the n™ cobalancer. Since R,, = b,,, we get from (1) that

p 2B 14 \EBTHT o 214 \/BR §8h, 11
n = an = .
2 2

(&)

n

Thus from (5), we see that C,, = 1/8B2 + 1 and ¢,, = /8b2 + 8b,, + 1 are integers which are

called the n™ Lucas-balancing number and n™ Lucas-cobalancing number, respectively.

Let o« = 1 ++v2and B = 1 — v/2 be the roots of the characteristic equation for Pell and
Pell-Lucas numbers which are the numbers defined by Py =0, P, =1, P, = 2P, 1 + P, > and
Qo= Q1 =2,Q, =2Q,_1 + Q,_o forn > 2. Then Ray ([17]) derived some nice results on
balancing numbers and Pell numbers his Phd thesis. Since x is a balancing number if and only
if 822 + 1 is a perfect square, he set 82 + 1 = y? for some integer y > 1. Then he get the Pell
equation ([1, 3, 9])

y? —8x% =1. (6)

The fundamental solution of (6) is (y1, 1) = (3,1). So ¥, + £,v/8 = (3 + v/8)" for n. > 1 and
similarly y, — 2,v/8 = (3 — v/8)". Let y = 3+ v/ and § = 3 — /8. Then he get z,, = L=~

y—4
77:5 . Since o? = ~ and

B2 = 4, he conclude that the Binet formula for balancing numbers is B,, = QQZ:/’S%
a2n—1752n—1 1

T =10 =2 and ¢, = 8 forn > 1 (see also [10, 13, 16]).

Balancing numbers and their generalizations have been investigated by several authors from

which is the Binet formula for balancing numbers, that is, B, =

. Similarly he

getb, =

many aspects. In [7], Liptai proved that there is no Fibonacci balancing number except 1 and
in [8] he proved that there is no Lucas balancing number. In [20], Szalay considered the same
problem and obtained some nice results by a different method. In [5], Kovacs, Liptai and Olajos
extended the concept of balancing numbers to the (a, b)-balancing numbers defined as follows:
Let a > 0 and b > 0 be coprime integers. If

(a+0)+---+(a(n—1)+b)=(aln+1)+b)+ -+ (a(n+7)+0b)



for some positive integers n and 7, then an + b is an (a, b)-balancing number. The sequence of

(a, b)-balancing numbers is denoted by B

for m > 1. In [6], Liptai, Luca, Pintér and Szalay
generalized the notion of balancing numbers to numbers defined as follows: Let i, k, [ € Z* such
that y > 4. Then a positive integer = with = < y — 2 is called a (k, [)-power numerical center for
yif 1"+ +(z—1)=(z+ 1)+ + (y — 1)". They studied the number of solutions of
the equation above and proved several effective and ineffective finiteness results for (&, [)-power
numerical centers. For positive integers k, x, let IIx(z) = z(x + 1)...(x + k — 1). Then it was
proved in [5] that the equation B,, = IIi(x) for fixed integer £ > 2 has only infinitely many
solutions and for k € {2,3,4} all solutions were determined. In [23] Tengely, considered the
case k = b, thatis, B, = x(z + 1)(x + 2)(z + 3)(x + 4) and proved that this Diophantine
equation has no solution for m > 0 and x € Z. In [15], Panda, Komatsu and Davala considered
the reciprocal sums of sequences involving balancing and Lucas-balancing numbers and in [18],
Ray considered the sums of balancing and Lucas-balancing numbers by matrix methods. In [12],
Panda and Panda defined the almost balancing number and its balancer. In [21], the first author
considered almost balancing numbers, triangular numbers and square triangular numbers and in
[22], he considered the sums and spectral norms of almost balancing numbers.

2 Balcobalancing Numbers.

In this work we define a new balancing number called balcobalancing number, Lucas-balcoba-
lancing number and balcobalancer and determine the general terms of them.
If we sum of both sides of (1) and (3), then we get the Diophantine equation

I+2+-4+n-—1+14+24+--+(n-1)+n=2[n+1)+n+2)+ -+ (n+r). ()

So a positive integer 7 is called a balcobalancing number if the Diophantine equation (7) holds for
some positive integer r which is called balcobalancer. For example, 10, 348, 11830, 401880, - - -
are balcobalancing numbers with balcobalancers 4, 144, 4900, 166464, - - - .

From (7), we get

—2n—1++vV/8n2+4n+1
- > . (8)

Let B% denote the n™ balcobalancing number and let 2% denote the n™ balcobalancer. Then

r

from (8), we get B is a balcobalancing number if and only if 8(B%)? + 4B% + 1 is a perfect
square. Thus

Ol = \/8(Bte)2 4 4B + 1 )
is an integer which are called the n™ Lucas-balcobancing number. For example 29, 985, 33461, - - -
are Lucas-balcobancing numbers (Here we notice that balcobalancing numbers should be grater
that 0. But 8(0)? + 4(0) + 1 = 1 is a perfect square, so we assume that 0 is a balcobalancing
number, that is, B{¢ = 0. In this case, R} = 0 and CJ° = 1).

In order to determine the general terms of balcobalancing numbers, Lucas-balcobancing num-
bers and balcobalancers, we have to determine the set of all (positive) integer solutions of the Pell
equation

2 — 2yt = —1. (10)

3



We see from (8) that BY is a balcobalancing number if and only if 8( B%)2 4 4B% + 1 is a perfect
square. So we set 8(B%)? + 4B% + 1 = y? for some integer y > 1. If we multiply both sides of
the last equation by 2, then we get 16(B%)2 + 8 B + 2 = 2y? and hence (4B% +1)% + 1 = 232
Taking x = 4B + 1, we get the Pell equation in (10).

For the set of all integer solutions of (10), we can give the following theorem.

Theorem 2.1. The set of all integer solutions of (10) is {(cy,2b, + 1) : n. > 1}.
Proof. For the Pell equation 22 — 2y? = —1, the set of representatives is Rep = {[+1 1]} and

3 2 . . .
M = [ 43l In this case [—1 1]M™ generates all integer solutions (x,,, y,,) for n > 1. It can

[ ¢, 2B

be easily seen that the n™ power of M is M" = " | forn > 1. So
4B, C,
C, 2B, |
n Unl=[-1 1 " "1 =[-C,+4B, —2B,+C,].
o =1 11| 2 < e

Thus the set of all integer solutions is {(—C,, + 4B,,, —2B,, + C,,) : n > 1}. But we notice that

a?n + B2n &2n - 52n a2n—1 + ﬁQn—l
and similarly —2B,, + C,, = 2b,, + 1. So the result is clear. O]

From Theorem 2.1, we can give the following result.

Theorem 2.2. The general terms of balcobalancing numbers, Lucas-balcobalancing numbers
and balcobalancers are

4bop1 — Copg1 + 1
4

w1 — 1
B = 2 O =2y + 1 and RS =

forn > 1.

Proof. Notice that we multiply the equation 8( BX)?*+4B%+1 = y? by 2 and since x = 4Bl +1,
we get

Topy1 — 1 Copg1 — 1
B = =
" 4 4
for n > 1. Thus from (9),

Ol = /BB + 4B + 1

-1 -1
- \/8(%)2—#4(%) +1

4 4

— C%n+1 + 1
V 2

B (a4n+1;ﬁ4n+1)2 + 1
B 2




B aintl — gan+l B 1 2
_ \/{2(—N§ oFs

= 2byp 1 +1
and from (8), we conclude that
e _ “AEET) — 14 2o 1 by — o+
" 2 4 '

This completes the proof. O]

We can also give the general terms of balcobalancing numbers, Lucas-balcobalancing num-
bers and balcobalancers in terms of balancing and cobalancing numbers as follows.

Theorem 2.3. The general terms of balcobalancing numbers, Lucas-balcobalancing numbers
and balcobalancers are

Bre = 22 0t coe _gp 4 gng Rre — 22 0o

2 2
forn > 1.

Proof. We proved in Theorem 2.2 that B = %. So we easily deduce that

be Con4+1 — 1
B)f = ————

4
adntl g gantl
n ofl n -1

a4 g ()
a 2 4

a4n_184n Oé4n+1_64n+1 1
) + 442 T2

2

_ BQn + b?n—H

—

C% = 2by,,,1 + 1 is already proved in Theorem 2.2. Similarly we get R* = —_BQ”J;’Q”“. [

Recall that the general terms of all balancing numbers can be given in terms of Pell numbers,
namely,
Py, Py, 1—1
= 727671 = %,Cn = P2n+P2n—17cn = P2n—1 +P2n—2-

Similarly we can give the following theorem.

B,

Theorem 2.4. The general terms of balcobalancing numbers, Lucas—balcobalancing numbers
and balcobalancers are
Py, Py, —1 Pyy1 — Py, — 1
B = 4+1+44 O — Pyy and B = An+1 44

forn > 1.



Proof. Notice that

aAn+l | gantl Qdntl(1 4 q1) — gAn+l(] 4 g1
Con+1 = 2 = ( ) 5 ( b >:P4n+1+P4n'

2 2\/5

So from Theorem 2.2, we get

Cony1 — 1 _ Py + Py, — 1

Bbc —
" 4 4

The others can be proved similarly. ]

We notice that n is a a balancing number if and only if n? is a triangular number (triangular

numbers denoted by 7,, are the numbers of the form 7,, = 2t for > 0). Indeed from (1) we

(n+r)(n+r+1) 2
2

get = n?, that is,

Tp,+r, = B

n:

Similarly we can give the following theorem.

be
n

Theorem 2.5. B is a balcobalancing number if and only if (B%)? + BT is a triangular number,

that is, ,
B C
Ty e = (By)* + -
Proof. From (7), we get n? = 2nr + r(r + 1) and hence
(n+r)(n+r+1) a2l
2 2
So the result is obvious. U

As in Theorem 2.5, we can give the following result.

Theorem 2.6. BY is a balcobalancing number if and only if (R%)? + 2B Rt + Rb + BTZC is a

triangular number, that is,

Bbc
Toperrye = (B)* + 2B Ry + Byt + -

Proof. Since n? =2nr +r(r +1) & w =12+ 2nr +r+ %, the result is clear. [

We notice that the sum of n™ balancing number and it is balancer is equal to the half of the
Cp—1
2

n™ Lucas-balancing number —1, that is, B, + R,, = . Similarly we can give the following

result.

Theorem 2.7. The sum of n™ balcobalancing number and it is balancer is equals to the (2n+1)*
cobalancing number, that is, B% + R = b, .1, and the difference of n™ balcobalancing number
and it is balancer is equals to the (2n)" balancing number; that is, B® — R = By,,.

Proof. From Theorem 2.3, we get the desired result. U

Theorem 2.8. R' is a perfect square for every n > 1.



Proof. Notice that Rt = _B%b%“ by Theorem 2.3. So we get

\/— | —Bay, + b2n+1

a4n ﬁ4n adn+1_ B4n+1 1
42 2

B \/a4n + ﬁ4n _
B 8

as we wanted. ]

Further we can give the following theorem.

Theorem 2.9. The ration of the n' balcobalancing number to the n' balancing number is

Bbc
Bn - 4bn+1 + 2

and the ration of the n™ Lucas-balcobalancing number to the n™ Lucas-balancing number is

C_ff _ 2bgpp +1
C, 2B,+2b,+1

forn > 1. The ration of the n'* balcobalancer to the n™ balancer is

8C2 Bn
o for evenn > 2
Rbc Z
R, 2(2bnT+1+1)2ch+1
— foroddn > 3.
2
Proof. It can be easily derived from Theorem 2.3. ]

3 Binet Formulas, Recurrence Relations and Companion Mat-
rix.

Theorem 3.1. The Binet formulas for balcobalancing numbers, Lucas-balcobalancing numbers

and balcobalancers are

Bzc _ a4n+l + 64n+1 B 1’ CZC _ a4n+1 _ 64n+1 nd ch _ O/ln + 6471 B 1
8 4 22 8 4

forn > 1.



2n—1762n—1

Proof. Note that B, = =" ™ and b, = — % So we get from Theorem 2.3 that

4\f 42
Bhe By, + bapt1
" 2
044”’754” a4n+1764n+1 1
__ 42 42 T2
2
_ ot (32) + () 1
2 4
V2(1+v2) n(V2(1—v2
oA gin (YD)
N 2 4
a4n+1 +B4n+1 1
8w

The others can be proved similarly.

Theorem 3.2. B, C% and R satisfy the recurrence relations

BZC = 35(320—1 - Bzc—z) + Bgc—s
RZC = 35(R2i1 - chd) + quchzs

forn > 3 and
Cle = 3400, — Ol

forn > 2.

Ol4n+1 +ﬁ4n+1

Proof. Recall that B = . — 1 by Theorem 3.1. Since 3502 — 350" + o™ ! =
and 35573 — 35877 + 71! = 3, we conclude that

35(Byty — Buty) + Byl
4n—3 4n—3 1 4n—7 4n—T7 1 4n—11 4n—11 1
— 35 (w__)_(%__) L2 + _ -
8 4 8 4 8 4

a4n(35a—3 _ 35Oé_7 + Oé_ll) + 5471(355—3 _ 355—7 + 6—11) B 1
8 4

a4n+1 + 6471-‘1-1

1
B 8 4

— Bbc

The others can be proved similarly.
Recall that the companion matrix for balancing numbers is
M = [ 6 - ] .
1 0
It can be easily seen that the n'" power of M is

Bn+l _Bn
Bn _anl

M" =




for n > 1. Since BY = 35(BY , — B ,) + B% , and R = 35(R" , — RY ,) + R% , by
Theorem 3.2, the companion matrix for balcobalancing numbers and balcobalancers are same
and is

35 —35 1
MF¢=11 0 0
0 1 0

and since C% = 34C% | — (% ,, the companion matrix for Lucas-balcobalancing numbers is

Abe — 34 -1
1 0 |
Hence we can give the following theorem.

Theorem 3.3. The n'" power of M" is

n n—2 -
2 n 2
> Biiy1 =) Bain Byiys
i=0 i=1 i=0
n—2 1 n—2
beyn __ 2 n- 2
(M ) - Z B4i+3 - z BQ'H—I Z B4i+1
=0 =1 =0
71772 n—2 TLT74
Z B4i+1 - z B2i+1 Z B4i+3
L =0 =1 =0
forevenn > 4 or
r n—1 n—1
2 n 2
Buiys —> Baina Byita
=0 =1 =0
n—1 1 n—3
be\n __ 2 n—- 2
(M ) - Z B4i+1 - z B2i+1 Z B4i+3
i=0 =1 =0
%4 n—2 %4
Z B4i+3 - Z BQZ'+1 Z B4i+1
L =0 =1 =0

for odd n > 3, and the n™ power of N* is

for everyn > 1.

n+1

> (=1)"" By

i=1

=1

Proof. Tt can be proved by induction on n.

> (=1)"*" By 4

=1

n—1

> (1) Byisy = (—1)" By

=1




We can rewrite the n™ power of A% and N’ in terms of balancing and Lucas-balancing
numbers instead of sums of balancing numbers. For this purpose, we set the integer sequences

—8B5, + 3C5, — 3 —288B,,, — 102C%,, + 102
= and [, =
96 96

for n > 0. Then we can give the following theorem.

Ky,

Theorem 3.4. The n™ power of M is

kn—i—? ln kn—i—l

(Mbc)n = kn—l—l ln—l kn

kn ln—2 kn—l _

for every n > 2, and the n™ power of N is

- -
kn+2 - kn+1 kn - kn+1
forevenn > 2

| _kn + knJrl _kn + knfl i

kn+1 - kn+2 knJrl - kn

foroddn > 1.
\ L _kn—i-l + kn _kn—l + kn i
Proof. It can be proved by induction on 7. [
4 Sums of Balcobalancing Numbers.
Theorem 4.1. The sum of first n—terms of B, C* and R is
iBbc _ bony2 —2n — 2
i=1 8
zn: Cbe — Cony2 — 7
i=1 8
inc _ Bopy1 —2n—1
i=1 8
forn > 1.
Proof. Recall that B = w — 1 by Theorem 3.1. So
n N S TS |
Bbe — - 7 ). 11

=1 i=1

10



Here we notice that Y o = i 7 ) and Z prtt = 4—\/'?) So (11) becomes
i=1

n nooltl gttt
Bbe — S
T
—a’(1-a’) + BE(1-p*)
42 42 N
8 4
Ot4n+3 _ 64n+3 _ 043 + BS n
321/2 -

oAt _ gints 5 n

322 16 4
a4n+37 An+3
(G — —3) 3 5
B 8 16 4
. b2n+2 —2n —2
B 8
The others can be proved similarly. ]

In [13], Panda and Ray proved that the sum of first 2n — 1 Pell numbers is equals to the sum
of n® balancing number and its balancer, that is,

2n—1

Y Pi=Bu+ R (12)

i=1

Later in [4], Gozeri, Ozkog¢ and Tekcan proved that the sum of Pell-Lucas numbers from 0 to
2n — 1 is equals to the sum of the n™ Lucas-balancing and the n'" Lucas-cobalancing number,

that is,
2n—1

=0

As in (12), we can give the following theorem.

Theorem 4.2. The sum of even ordered Pell numbers from 1 to (2n) is equals to the sum of the

th balcobalancing numbers and its balancer, that is,

2n
> Py =B+ R

Proof. Recall that P, = %= O‘(l ™) and Z B2 = w, we observe
i=1
that
2n 2n 2 2%
o —
Py =
22
—a(1—a) _ —pa—pin)
3 2




a4n+1 _ 64n+1 1

12 2

a4n+1(1 +Oé_1) +ﬁ4n+1(1 +B—1) 1

8 2
a4n+1 _’_ﬁ4n+1 1 a4n +B4n 1
A e - S
— Bzc‘i‘ RZC
as we claimed. ]

Similarly we can give the following theorem which can be proved similarly.

Theorem 4.3. For the sums of Pell, Pell-Lucas and balancing numbers, we have

1. the sum of odd ordered Pell numbers from 1 to (2n) is equals to the difference of the n™

balcobalancing number and its balancer, that is,

2n

Z Pgi,1 - BZC - RZC

i=1

2. the half of the sum of Pell numbers from 1 to (4n) is equals to the n™ balcobalancing

number, that is,

4n

2P

= =B
2

3. the sum of Pell-Lucas numbers from 0 to (4n + 1) is equals to the sum of the twelve times
of the ™ balcobalancing number, four times of the its balancer plus 4, that is,

An+1

> Qi=12BY + 4R + 4.

=0

4. the sum of Pell-Lucas numbers from 1 to (4n) is equals to the two times of the n" Lucas-
balcobalancing number mines 1, that is,

4n
> Qi=2(Clr—1).
i=1

5. the sum of balancing numbers from 1 to (4n + 1) is equals to the product of the three
times of the n™ balcobalancing number, its balancer plus 1 and the four times of the n'"
balcobalancing number plus 1, that is,

4n+1

> B;=(3BY + R + 1)(4B +1).
=1

12



In [19], Santana and Diaz-Barrero proved that the sum of first nonzero 4n + 1 terms of Pell
numbers is a perfect square, that is,
4dn+1

Sn-[s ()]

In fact this sum equals to the square of the (n + 1)* Lucas-cobalancing number, that is,

An+1

_ 2
E :}% = Cpta-
=1

Similarly we can give the following result.

Theorem 4.4. The sum of Pell numbers from 1 to (8n + 1) is a perfect square and is

8n+1

> b= (4B +1)
=1

Proof. It can be proved as in the same way that Theorems 4.1 and 4.2 were proved. ]

Also they proved that

2n
zzjféifl-

=1

2n
ZP%H and P,

1=0

F5n+1

Similarly we can give the following result.

4n
Theorem 4.5. C% |>" Py, .
i=0

Proof. It can be easily derived that

ZPQZH Cre(4Bl +1).

So the result is obvious. L]

Apart from Theorem 4.4, we can give the following theorem which can be proved similarly.

Theorem 4.6. For the sums of Pell, Pell-Lucas, balancing and Lucas-cobalancing numbers, we
have

1. the sum of Pell numbers from 1 to (8n + 3) plus 1 is a perfect square and is

8n+3

1+ Y P = (4B +20% + 1)%

2. the sum of odd ordered Pell-Lucas numbers from 1 to (4n + 2) is a perfect square and is

An+2

Z Q2i—1 = (8BL + 20 4 2)°.

=1

13



3. the half of the sum of odd Pell-Lucas numbers from 0 to (4n) is a perfect square and is

4n
ZQ%—H
= = (4B +1)%

4. the sum of odd ordered balancing numbers from 1 to (2n + 1) is a perfect square and is

2n+1
S B = @B a1

i=1
and the four times of the sum of odd ordered balancing numbers from 1 to n is a perfect

square and is

43 " Byi1 =Ry  (by Theorem 2.8)
=1

5. the sum of Lucas-cobalancing numbers from 1 to (4n + 2) plus 1 is a perfect square and is

An+2
1+ ) ¢ = (8BY +4RY +3)”.
=1

5 Relationship with Square Triangular Numbers.

Recall that there are infinitely many triangular numbers that are also square numbers which are
called square triangular numbers and are denoted by .S,,. For example, 1, 36, 1225,41616, ... are
square triangular numbers.

For the n'" square triangular number S,,, we can write

to(tn +1
S, =52 = —( i ),
2
where s,, and t,, are the sides of the corresponding square and triangle. Their Binet formulas are
an 4n_2 2n _ Q2n 2n 2n_2
gn:%’%:u and tn:% (13)

32 42 4

forn > 1 (see [2, 11]).

In [21], the first author gave the general terms of almost balancing numbers in terms of square
triangular numbers. Similarly, we can give the general terms of balcobalancing numbers, Lucas-
balcobalancing numbers and balcobalancers in terms of squares and triangles as follows.

Theorem 5.1. The general terms of balcobalancing numbers, Lucas-balcobalancing numbers

and balcobalancers are

phe _ 289n41 — topy1 — 1

" 2
O = —289, 41 + 2toni1 + 1
_452n+1 + 3t2n+1 +1

Rbc —
" 2

forn > 1.

14



Proof. Since Bff = BQ"J“TI’Q"“ by Theorem 2.3, we find that

Bbe By, + baptq
" 2

a4n _ﬂ?n a4n+1 _ﬂ4n+l 1

_ 42 142 2
2
B a4n+1 + 54n+1 )
B 8
B a4n+2($ _ i) + 54n+2(_ﬁ§ _ }1) _ %
B 2
a4n+2_ 4An+2 Oé4n+2 4n+2

Iy (alhegitay
B 2
_ 289p41 — topy1 — 1

2
by (13). The others can be proved similarly. ]

Finally we can give the following result.

Theorem 5.2. S,, = RTZC forn > 1.
Proof. Appyling (13), we get

4dn 4dn 1
S_a4n+ﬁ4n_2_a§ﬁ _Z_er)zc
n = = =

32 4 4
by Theorem 3.1. L
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