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Abstract
The direct calculation of the Generalized operator entropy proves dif-
ficult by the appearance of rational exponents of matrices. The main
motivation of this work is to overcome these difficulties and to present a
practical and efficient method for this calculation using its representation
by the matrix continued fraction. At the end of our paper, we deduce
a continued fraction expansion of the Bregman operator divergence.

Keywords: Continued fraction, positive definite matrix, generalized operator
entropy, divergence operator.

1 Introduction and motivation

The basic idea of the continued fraction theory over real numbers is to give
an approximation of various real numbers by the rational. One of the main
reasons why continued fractions are so useful in computation is that they
often provide representation for transcendental functions that are much more
generally valid than the classical representation by, say, the power series.
Further; in the convergent case, the continued fractions expansions have the
advantage that they converge more rapidly than other numerical algorithms.
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Recently, the extension of continued fractions theory from real numbers to
the matrix case has seen several development and interesting applications, [6].
Since calculations involving matrix valued functions with matrix arguments
are feasible with large computers, it will be an interesting attempt to develop
such matrix theory. The real case is relatively well studied in the literature
[8, 9]. However, in contrast to the theoretical importance, one can find in
mathematical literature only a few results on the continued fractions with
matrices arguments [11, 14].

The theory of operator means for positive and bounded linear operators on
a Hilbert space was initiated by T. Ando [1] and established by him and F.
Kubo in connection with Loweners theory for the operator monotone func-
tions. It is started from the presence of the notion of parallel sum as a tool
for analyzing multi-port electrical networks in engineering, see [2, 3].

In 1850, Clausius, introduced the notion of entropy in thermodynamics. Since
then several extensions and reformulations have been developed in various dis-
ciplines [12, 15]. There have been investigated the so called entropy inequalities
by some mathematicians, see [16, 17] and references therein.

The relative operator entropy of strictly positive operators A, B was intro-

duced in noncommutative information theory by Fujii and Kamei [4], it is
defined by

S(A| B) = AY?In(A"Y2BAY2) A2,

For any real number ¢ € R, We also consider a path

fq(A,B) _ A1/2(A71/2BA71/2)QA1/2.

If 0 < ¢ < 1, the previous path f,(A, B) is the generalized geometric mean of
A and B.

In the present paper, we also study the representation of the generalized oper-

ator entropy which is defined for two positive operators A and B on a Hilbert
space and any real number ¢ €]0, 1[, by

S,(A| B) = AY2(A7Y2BAY2) 9 In(A"/2BATY/2) A2,
The Bregman operator divergence introduced by Petz [15] is defined by
D(A|B)=B—-A—-S(A|B).
In [7], Isa et al. have generalized D(A | B) as follows

Dq(A ‘ B) = f—q(BvA) - fq(AaB) - Sq(A | B)-
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At the end of our paper, we also express the continued fraction representation
of the divergence operator Dy(A | B).

For simplicity and clearness, we restrict ourselves to positive definite matrices,
but our results can be, without special difficulties, projected to the case of pos-
itive definite operators from an infinite dimensional Hilbert space into itself.

The computation of S(A | B,) S4(A | B) and Dy(A | B) from the original
definitions impose many difficulties by virtue of the appearance of the rational
exponents of the matrices. One fundamental of this paper is to remove this
difficulty and reveal a practical method, involving matrix continued fraction.
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2 Definitions and notations

The functions of matrix arguments play a widespreased role in science and
engineering, with applications areas from nuclear magnetic resonance [1]. So
for scalar polynomial p (z) = Y, a;2" gives rise to a matrix polynomial with
scalar coefficients by simply substitution A* for z*:

k
P(A) =) aA
=0

More generally, for a function f with a series representation on an open disk
containing the eigenvalues of A, we are able to define the matrix function f (A)
via the Taylor series for f, see [6].

Alternatively, given a function f that is analytic inside a closed contour I
which enclose the eigenvalues of A, f(A) can be defined, by analogy with
Cauchy’s integral theorem by

F) =g [ FEET -4

The definition is known as the matrix version of Cauchy’s integral theorem.
Let M,,, be the algebra of real square matrices, we now mention an important
result of matrix functions.

Let A € M,,, A is said to be positive semi-definite (resp. positive definite) if
A is symmetric and
Vee R™, < Az,x > >0 (resp.Vez € Rz #0, < Az,x > > 0).

where < .,. > denotes the standard scalar product of R™.

We observe that positive semi-definiteness induces a partial ordering on the
space of symmetric matrices. Henceforth, whenever we say that A € M,,
is positive semi-definite (or positive definite), it will be assumed that A is
symmetric.

A
For any A, B € M,, with B invertible, we write 5= B~'A, in particular, if

I
A = I, where I is the m'" order identity matrix, then 5= B L If A#0,it

is clear that for any invertible matrix C' which don’t commute with A and B,
we have
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Definition 1 Let (An),,>¢, (Bn),>¢ be two nonzero sequences of My,. The con-
tinued fraction of (Ay) and (By) denoted by K(Bpn/Ap) is the quantity

B By B
AO"‘il: AO; 71’727... 3
Al + B2 A1 AQ
Ao+ --
too B P,
Sometimes, we use briefly the notation [AO; —n] . The fractions —n and LA
By, " . th . .
Ao; A, are called, respectively, the n*" partial quotient and the n' convergent
k

k=1
of the continued fraction K(Bpn/Ap).
When By =1 for all n > 1, then K(I/Ay) is called a simple continued fraction.

We now introduce some topological notion of continued fractions with matrix
arguments. Let A € M,,, we put

A2y o f1az]).

|
Il = {
Izl jap=
Let (A,,) be a sequence of matrices in M,,,.We say that (A,,) converges in M.,
if there exists a matrix A € M,, such that lim, . |4, — Al = 0.

The continued fraction K (B, /A,) converges in M,, if the sequence
(F,) = (gn ) converges in M, in the sense that there exists a matrix F' € M,,
such that lim,,—, 4o F,, — F = 0. In this case, we note

B r‘”

n=1

We note that the evaluation of n'” convergent according to the Definition
2.1 is not practical because we have to repeat inverse matrix. The following
proposition gives an adequate method to calculate K (B, /A,).

Proposition 1 The elements (Ppn),,~_q and (Qn),~_; of the nth convergent of
K(Bn/Ay) are given by the relationships B

P_i=1 Py=4 {Pn:AnPn—1+BnPn—2
and , n>1
{ Q-1=0, Qo=1 Qn = AnQn—1+ BnQn—2 -
Proof We prove it by induction. O

The proof of the next Proposition is elementary and we left it to the reader.
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Proposition 2 (i) For any two matrices C' and D with C invertible, we have

By, BiD  BC~' Bi]"

n
C|Ag; == D= |CAyD ; ; , .
{ 0 Ak:|k:1 { 0 A0t Az " Ap g3

(ii) If two matrices A and B are similar, with A = XBX ™', then f(A) and f(B)
are similar and we have f(A) = X f(B)X L.

Definition 2 Let (An), (Bn), (Cn) and (Dx) be four matrix sequences in My,. We
say that the continued fractions K (By/Apn) and K (D, /Chr) are equivalent if we have
Fpn = Gy, for all n > 1, where F;, and Gy, are the n'" convergent of K(By/A;) and
K(Dn/Chr) respectively.

In order to simplify the statement on some partial quotients of continued
fractions with matrix arguments, we need the following proposition which is
an example of equivalent continued fractions.

—+o00
Proposition 3 Let [Ao; E—:]k ) be a given continued fraction. Then we have

— n
P Bi1" XpBpX; 1,
— = |Ap; 1, = Aoy 0———
Q@n klr=1 XpApX, o1
where X_1 = Xg =1 and X1, Xo, - - --,Xn are arbitrary invertible matrices.
+oo
P P B
Proof Let == and =~be the nth convergent of the continued fractions {AO; —k
Qn Qn Ak J =1
X B X L, . g .
and |Ag; ——— respectively. By proposition 2, for all n > 1, we can write
XpARXp 2y k=1

ﬁn = XnAnX;_llﬁn—l + XanX;_lgﬁn—Za
which is equivalent to
erlﬁn = Ap (Anngllﬁn71> + Bn, (X;,lgﬁn72) .

This last result joined to the initial conditions prove that for alln > 1, X;Ellsn = P,.
A similar result can be obtained for @)y,. Consequently, both continued fractions have
the same convergent and Proposition 3 follows. ]
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Definition 3 Let A be a positive definite matrix in My,, X € M, and a a real
number such that 0 < a < 1. We define the matrix A® by the formulae

A% =exp(aln A),
where ” exp” is the matrix exponential given by the series

+oo X"

e = 3 A

n=0
and ” In” is the neperian logarithm defined by

“+o0 2n-+1
1 I1-A
mA==23 5 (m) -

3 Main results

3.1 Continued fraction representation of A91n(A),

This section is devoted to give a continued fraction representation of A?1n(A),
where A is a positive definite matrix.

Theorem 4 Let A € My, be a positive definite matriz and q a positive real number
+oo +oo

such that 0 < q < 1. If we put A? = [[; Aik] , InA= [0; %}k and ¢ (A) =
° 1 k= k =1

% then, the continued fraction

expansions of A?1n(A) is given by

~ “+oo

A1 +1 AA W Fy Enp 1 Fy

A91n(A) = Ly ,
Il( ) A1A1 E2*F2 En—Fn

0;

n=
where

A1 = (-1 = ap(A)p (A, Ay = % 0(a) 7",

_ 2_ 92 2 _ 2 —
Agy = 22N C BRI (4 1)p(a)), k22, W

— 2_ 2_ — 2 —
Aggyy = LU (4k + 1)p(A) 71 (A), k> 1.

For all n > 1, the expression of Ay, are given by the next relationships.

~ 1~ 61
Ay = (—2¢(4)) 1’A2 = m
Ape= 2R =2 oy, k2 @)

3252 ... (2k —1)2

3252 ... (2k — 1)2

Agpyr = 247 (2k)2 (—(k+1)p(A) 7!, k>1.




Springer Nature 2021 BTEX template

8 Continued fraction representations of the generalized operator entropy

We also define
En = QnQnﬁQn—QPn—l + Qn:an:2)7
= Qn—2Qn—2(QnPn—1 + Qn—an)~
The matrices P and Qn (resp.]gn) and @n) are the numerator and denominator of

the nt" convergent of A9 (resp. In(A)) which are defined for alln >1 by

{Pn:AnPn—1+Pn—27 nd En:gngn—l'i‘én—%
Qn = AnQn + Qn—2, Qn = AnQn—l + Qn—Q'

In order to prove Theorem 4, we begin by studying the real case.

3.1.1 Real case

We begin by giving some lemmas concerning the real continued fraction which
are important in the sequel. The following lemma characterizes equivalence of
continued fractions.

Lemma 5 ([8]) Let (an)p>0 and (bn)p>1 be two non-zero sequences of real numbers.
The continued fractions

b1 bo bn 1 1 1
AQ; ——5 Ty and 05 % Ho0 Ty TEo
a1’ ag an ay Qo ap
are equivalent, where
af =2 ah = b—lag
1 bl’ 2 bQ )
bibs - - - bog_1
T by by, 2 K22
b2b4 b2k
204 - - - 02k
a5p41 = 75— —aok41, k> 1.

b1b3 - - bag41

We now give a lemma which expresses the n'" convergent for the product of
two continued fractions.

Lemma 6 ([11]) Let C and D be two real continued fractions which are defined by

+o0 +oo
,D:{ 1 1]

1 1
do; IR ’
n=2 di dn],_o

C= |:C0; o T

Cl Cn
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where ¢, and dy, are non-zero real numbers. If we put

11 1 pn 11 1 Ly,
O, = LSS = d D, = ldy: —. — ... —| ="
n |:CO7 017627 7Cn:| an an n 05 d17d2, ’dn dq'n,7
then, for all n > 1, we have
CnDn = |:C()d0; col +d0d1 + 17 01d1f2 ) 62f3 st enilfn:| )
cidy ea—fo'es—f3 en — fn

where
en = “n dqn (CQn—2 “Pp—1+ dQn—l dpn—Z )

fn= “qn-2 “qn_2 (an P11+ %gn_1 pn

The following Lemma gives two equivalent continued fraction expansions of
A9, where \ and g are two strictly positive real numbers.

Lemma 7 (i) Let A and q be two positive real numbers, o(\) = %_T_—ﬁ The continued
fraction expansions of A4 is

2q¢ (M) (q2 — (k- 1)2) ¢’ (N "
—l—qp(N)’ —(2k 1)

(i) The simple continued fraction of A\ is given by

2= |1,
k=2

A = {1; i*, i*, ,i*, } where
c;lch ch
o= -1 —qp(N) & = —6q
2qp(N) 7 (42 = Dp(N)

Proof (i) See [13].
(ii) By appropriate iteration and by applying Lemma 5 we prove it. (]

>

Lemma 8 (i) Let A be a real number such that A > 0, X # 1 and ¢()\) = }_T_—/\ A
continued fraction expansion of In(\) is given by



Springer Nature 2021 BTEX template

10 Continued fraction representations of the generalized operator entropy
+
() = [0, 722 —p(N)? —2%0(V)? —nPp(N)?]"
1 3 5 om0
(i) The simple continued fraction of In(X) is

IH(A): |:07 %7%7...7%7...] where

1 6
&f = ———, db=—,
P20 TP e(N
. 2242 ... (2k—2)2 1
dap, = 12.32.52. ... (2k — 1)2 (2(4k = 1))p(N) ", k=2,
. 123252 ... (2k — 1)? _
d2k+1 = 22.42. .. ((2k)2 ) (_(4k + 1))()0()\) 17 k" Z 1

Proof (i) See [14].
(ii) We deduce it by applying Lemma 5. O

The next Theorem is a real version of the previous Theorem 4.

Theorem 9 With the same notations as bellow, let A and q be two strictly positive
real numbers such that 0 < q < 1. A continued fraction representation of the real
A 1n()N) is given by:

CT +1 (CTdT)fQ L en—1fn too

Cidy{ ’ 62—f2 ’ ’En—fn 'I’L=37

A7 In(A) = [0;

where B o
€n = dndn (Qn—2pn—1 + Qn—lpn—Q)
fn = @n—2Gn—2 (gnPn—1 + Gn—1Pn) -
pn and gn (Tesp. pn) and gn) are numerator and denominator of the nth convergent
of X! (resp. In(X\)). They are defined by
Pn = C;kLpn—l + Pn—2 Pn = d:Lan—l + qn—2
Gn = Cpdn—1 + dn—2 ’ Gn = dpdn—1+ dn—2.

Proof We apply Lemmas 6, 7 and 8 by putting C = A? and D = In(}\). d
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3.1.2 Proof of theorem of Theorem 4

Let A € M,, be a positive definite matrix. Then there exists an invertible
matrix X such that A = XDX~! where D = diag(\1, A2, -, Am) and \; > 0,
for 1 <i<m.
As the functions f(z) = 2% and g(z) = In(z) are continuous in the open interval
R, then we get

A%ln(A) = XD?In(D)X .
Let us define the sequences (P,) and (Q,) (the numerator and denominator
of the nt" convergent of D?In(D) by

{ Py=1,P=0,P=D+1,P=(E;—F)(D+1),
Q-1=0,Q0=1,Q1=D1D1,Q2 = (B — F5)Q1 + D1 D1 Fy,

and for n > 3,

n

P, = (E, — F))Py_i + E,, ,F.P,_,
Qn = (E;L - FrIL> anl + Eéleéan2

E, = Qn@n (Qn—QPn—l + @n_lﬁn_2>
F! = Qn9Qn s (ann—l + @n_lﬁn) )

The matrices Py, Qy, (resp. P,,Q,) are the numerator and denominator of the
n" convergent of D7 (resp. In(D)) which are defined by

P,=D,P, 1+ P> and ﬁnzﬁnﬁnfl+ﬁnf2
Qn = Dnanl + an2 Qn = annfl + anQ-

We recall that

_l-aeD) o Gdl
2qp (D) ' (¢ = 1)p(D)
=2 (¢* = 2%) -+ (¢* - (2% - 2)°)
(@*—1)- (¢ — (2k —1)?)
(qzl)'“éqz(%lf)
2q(q* = 2%) - -+ (q* — 4k?)

Dy, = (4k—-1)p Y (D), k>1

(4k+1)o 1 (D), k> 1.

Dojy1 =
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and

Dy = (-20(D))", Dy = 1

@(D)’

_ 2(24. - (2k —2))° I
Dy, = (1.3.5. - (2k — 1)) (4k — 1) 1 (D), k>2

~ (=135 (26— 1)) .

We see that P,, Qn, E/, and F) are diagonal matrices, so we put

{ P, = diag (p}l, P2, -,p;") { E! = diag (e}l, ez, -,enm) ,
Qn:dlag(qum q?m7q;n)7 F{L:dzag(%, T%avf;n)
We obtain for each 1 <7 <m,

Py =1py=0,pf =c;+1, ph=(eh— f3)(c;, +1),

qi—l = OaQ(Z) = 17‘]1 = ci{ldi{la % = (612 - fé)qi + C?ldjlféa
and for n > 3, we have

p; = (eiz - fﬁ) pfl—1 + eiz—l rilpil—zv

QZL = (e% - fﬁ) qu + efzflf:;q;fm
en = 4,4,

4L, (4l _ophy + @y 1Pl 2)

fi= oo (Ghpl_y + Gy PY)

By Lemma 3.2, we deduce that ==

= converges to A!In(\;) for 1 <i<m.It
dp
follows that the matrix Q—n converges to D?1n(D). So, we get

n

~ +oo
Di+1 D\D\Fy E,_,F;
DiIn(D) = [0; —Lit PPty Snoith

DD, Ej—Fy E;, —F), 3
n=
By Proposition 3.2, we have

A?%ln(A) = X(D?In(D))X !
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~ +
Di+ DX DiDiFX-' B F T

D1151X717 Eé_Fé 7E’;’L_F’I{L

= 10; (

n=3

Let us define the sequence (X,,))n>—1 by X_1 = Xo = I, and for all n > 1,
X,, = X. Then we have

Xi(Di+DX7IXZH 4 g
XlDlﬁlX_lXo_l Alﬁl’

Xo(DiDiFyX " NXgt A AR
Xo(Ey—F) Xt Ey—Fp 7

Xn(E:HlF:L)X;_lz _ E, 1F,
X, (El,—F!)X ! E.—F,

n—1

with XE/ X ' =E, and XF' X! = F, for all n > 2.

By applying the result of Proposition 3 to the sequence (X, )n>_1, we finish
the proof of Theorem 4.

3.2 Representation of the generalized operator entropy

Theorem 10 Let A and B be two positive definite matrices in M, q a positive real
number such that 0 < q¢ < 1. A continued fraction representation of the generalized
operator entropy Sq(A | B) is given by

— +oo
(A} + DAY? AlA A2 B, | F,

Sq(A| B) = |0; — , ,
a(4] B) AiA’lA*1/2 Ey — Fy En — Fyn

n=3
where A;C = Ay and Ek = Zk which are defined in Theorem 3.1 by the equalities
(0.1) and (0.2) by replacing (A) by
_ ~1/2p4—1/2y _ 41/2,A=B
P(A,B) = (AT 2BATY2) = AV

)A—1/2.
Proof We have
(A™YV2BAY 2 (A7 /2BA™Y2) = A7Y28,(A | B)ATY/2.
By applying Theorem 4 the continued fraction representation of Sq(A | B) is

— —+oo
Sy(A | B) = AV |o; (A +1) AJA\Fy En_1Fn 4172

q ) A’1:471’E2—F27En—Fn ,

n=

That is
~ +

oA | B) = [os DAY AARBAT BB ]
1 ' A/1:4571A*1/2 7 By — 13 " En — Fn n=3

which completes the proof of Theorem 10. O
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Let g € R, such that 0 < ¢ < 1 and n be an integer, we gave some properties
of S¢(A | B), which are shown in [7].

Lemma 11 Let A and B be two positive definite matrices in M, n € N*, then we
have

(i)Sn(A | B) = (BA™Y)"S(A| B) = S(A | B)Y(A™'B)"™.
(ii)S2n(A | B) = (BA™)"S(A | B)(A™'B)".
(i11)Sans1(A | B) = (BA™H"S (A | B)(A™'B)™.

Now we have the next result which gives a continued fraction expansions of
the relative operator entropy S, (4 | B).

Corollary 12 Let A and B be two positive definite matrices in Mm, n € N. A

continued fraction representation of the generalized operator entropy Sn(A | B) is

given by

2BA A (458) w24 (458) a0 ]
A+B A+B

Sn(A|B) = |0; - T

k=1

Proof In order to prove this Theorem, we recall a continued fraction expansion of
the relative operator entropy S(A | B) (see [14]).

2 +oo
oy o 28 (85
’ 1 ’ (2k+ 1)1
k=1
By applying Lemma 11 we complete the proof of Corollary. (]

3.3 Representation of the operator divergence

The Bregman operator divergence is D(A | B) = B— A — S(A | B). We see
that its positivity is assured by

S(A| B) = AY2In(A~Y2BAY2) A2 < AYV2(ATY2BATY2_AY? = B—A.
In Isa et al. [7] have generalized D(A | B) as follows

Dq(A ‘ B) = ffq(B,A) - fq(AvB) - Sq(A | B)‘
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where
fq(A,B) _ A1/2(A71/2B(A71/2)qA1/2.

Theorem 13 Let A and B be two positive definite matrices in Mm, q a positive
real number such that 0 < ¢ < 1. A continued fraction representation of the operator
divergence Dq(A mod B) is given by

P —~ +oo
LI+ AxgA*)AY2 A\ AX FFATY? Bl Fp

(
Dy(A|B) = |B— A; — , ,
q(A| B) A/IA*lA_l/Q E5 — F3 E} — Fp

n=3
For k > 0, A’y are the same as in Theorem 3.3. The matrices K*,Ez and Fy;
for all k > 1 are defined by the substitution of A;c by b A* in Theorem 3.3. with
Ay = A"V2BAY2 [ and AL = — A, for all k > 1.

Proof Since f_q(B,A) = fi4+4(A, B), then we have

Dy(A| B) = A1/2((A71/QBA71/2)q+1 B (A’I/QBA’I/Q)(I—
(A2 BA~/2Ya1 (A= 1/2 A= 1/2)) 41/
_ A1/2(A’1/2BA’l/z)q(fln(A’INBA’1/2)+
A2 a-1/2 I)A1/2

So, the proof of Theorem 13 is shown by the similar way of Theorem 10 by replacing
In(A=Y2BA™Y?) by (—In(A~Y2BAY2) 4 A~1/2BAY2 _ ). ]
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4 Numerical applications

This paragraph will provide some numerical data to illustrate the preceding
results. The focus will be on the results obtained for the generalized operator
entropy and the operator divergence.

4.1 Numerical example of the A?In(A),

We start this section by giving an example to illustrate the theoretical results
obtained in theorem 3.2.

X 1q [ MInh—F [ MXInx—F | MInx—F; | MInx— Fy | MInx— Fy
Bzample 1 2 % 0.04692481 | 0.1478 10—2 0.4462 10_1 0.1331 10;5 0.394 10—:

2 2 [ 0.03997739 | 0.1269 107 | 0.384510 % | 0.115 10 0.343 10~

3 1102361856 0.01855478 | 0.1369 10~2 | 0.9973 10~ % | 0.7224 107"

Now, we pass to a more general case than the previous one; matrix case.

Ezxample 2 Let A € My, be a positive definite matrix, such that

21
1=(1s)
We calculate the difference between the exact value of A%lnA and its first
convergent. We will take for example ¢ = %, we get

AlnA — Fy = (0.08867877674 0.1379741093)

0.1379741091 0.226652885

0.00934803094 0.0150871241
q —_ =
Alind = Fy (0.0150871239 0.024435154)
-3 -2
Al A — Fy = (0.9361897410 0.15145295 10 )

0.15145293 1072 0.2450718 102

0.9212614 10~ 0.1490607 103
0.1490605 1072 0.241186 103

0.90025410~° 0.14565510~4
0.14565310~* 0.2356710™%

AllnA — Fy = (

AllnA — F5 = (

4.2 Numerical example of the generalized operator
entropy

Now, we turn to the first main objective of this work; approximation of the
generalized operator entropy by using continued fractions
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Ezample 3 Let A and B be two positive definite matrices in M, such that

500 310
A=1021land B=1[141
015 013

We calculate the difference between Sq(A | B) and its first five convergents, we
will take for example g = %, we got the following results

0.054190989 —0.04186083842 0.0061362095
Fy — S4(A| B) = | —0.0418608386 —0.09860205655 —0.0089742420
0.00613620937 —0.0089742424  0.041304948

0.001377942 —0.00151980232 0.0002817516
Fy — S4(A| B) = | —0.0015198025 —0.00384514555 —0.0004732079
0.00028175148 —0.0004732083  0.000786263

0.000032775 —0.00005387752 0.8625410~°
F3 — Sq(A | B) = | —0.0000538777 —0.00014206055 —0.0000193084
0.862533107°  —0.0000193088  0.000014661

0.71810°%  —0.19096210~° 0.216210°%
Fy —Sq(A| B) = | —0.19098 1075 —0.51675510~° —0.727910~6
0.21615107% —0.7283107% 0.263106

0.131077 —0.672210~7 0.651078
Fs — Sq(A| B)= | —0.6741077 —0.18655107% —0.2721077
0.643107% —0.27610"7 —0.210783

4.3 Numerical example of the operator divergence

We end this paragraph by illustrating the theoretical results concerning the
divergence operator.

We keep the same data as we have in the previous example. We calculate
the difference between D,(A | B) and its first five convergents, we got the
following results

Example 4

—0.069264959 0.03318154762 —0.0099888506
F1 —Dy(A| B) = 0.0331815487 0.07019678255 0.0044140547
—0.00998885042 0.0044140552 —0.048288369

—0.001821578 0.00117926062 —0.0004227273
F> — Dy4(A| B) = 0.0011792617 0.00278467055 0.0003187543
—0.00042272712 0.0003187548 —0.000933848
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—0.000045885 0.00004116862 —0.0000132690
F3—Dy(A| B)=| 0.0000411697 0.00010356255 0.0000139272
—0.00001326882 0.0000139277 —0.000018017
—0.1115107° 0.144362107° —0.362910~6
Fy— Dg(A| B) = | 0.14447107° 0.378555107° 0.538010~F
—0.36272107% 0.538510% —0.350107°
—0.2710~7 0.506210~7 —0.10010~7
Fs —Dg(A|B)=| 05071077 0.1425510~% 0.2171077
—0.98210~8 02221077 -0.31078
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