EPiC Series in Computing EPiC

Computing

Volume 112, 2026, Pages 504524

Proceedings of the 26th Conference on Logic for Pro- %
gramming, Artificial Intelligence, and Reasoning (‘\

Simple Complementation of Generalized Biichi Automata*

David Dokoupil and Jan Strejcek

Masaryk University, Brno, Czech Republic
{xdokoupl,strejcek}@fi.muni.cz

Abstract

Transition-based generalized Biichi automata (TGBAs) can be substantially more com-
pact than equivalent Biichi automata, and they are produced or processed by most state-
of-the-art w-automata tools. Research on complementation algorithms for w-automata
focuses mainly on standard Biichi automata, with a few recent exceptions. We present
a complementation construction applicable directly to TGBAs based on the idea of “sim-
ple and optimal” Biichi automata complementation by Allred and Ultes-Nitsche. We also
provide an upper bound on the size of the complement. The bound is asymptotically bet-
ter than the upper bounds of other complementation approaches applicable to TGBAs.
Experimental evaluation shows that on complex random TGBAs with many acceptance
sets, our complementation clearly outperforms the complementation processes available in
state-of-the-art tools including Spot and Kofola.

1 Introduction

Automata over infinite words have applications in many areas of computer science, for exam-
ple, in decision procedures for several logics [11, 24], LTL model checking [43], and control
synthesis [36]. Various kinds of automata have been considered, ranging from the basic kinds
like Biichi, Rabin, or parity automata, to automata with generic acceptance called Emerson-Lei
automata [17, 5]. More complex kinds of automata can often represent languages with smaller
automata, which leads to faster executions of automata-based algorithms.

Complementation is a fundamental automata operation. Over the last sixty years, sev-
eral conceptually different approaches to the complementation of Biichi automata have been
introduced and gradually improved, namely Ramsey-based complementation [11, 41, 10],
determinization-based complementation [37, 35, 31|, and rank-based complementation [26, 42,
38, 19, 22, 21]. There also exist complementation constructions that do not follow any of these
approaches [30, 32, 3]. Further, there are complementation constructions designed specifically
for Biichi automata with certain structural or other properties which can be more efficient
than general complementation constructions. For example, there are specific constructions
for inherently-weak [34], deterministic [29], semi-deterministic [9, 13], or unambiguous [33, 18]
automata. There is also a technique that combines some of the mentioned constructions by
applying the most appropriate constructions to individual automata components [20].
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The research on complementation of more general automata classes attracted substantially
less attention. Rank-based complementation has been extended to generalized Biichi automata
(GBAs) [28, 23], to Streett and Rabin automata [27, 12|, and recently also to generalized Rabin
automata and some subclasses of Emerson-Lei automata [23]. Further, there also exists a com-
plementation procedure for transition-based generalized Biichi automata (TGBAs) where a given
TGBA is first semi-determinized [8], and a complementation procedure for parity automata [40].
A very recent contribution to the field is a complementation technique for Emerson-Lei au-
tomata [2] that generalizes the complementation technique [20] for Biichi automata mentioned
above: a given automaton is transformed into an equivalent elevator automaton and its com-
plement is then constructed from the complements of individual components of this elevator
automaton, which are obtained using selected complementation constructions.

In this paper, we extend the “simple and optimal” complementation construction [3] designed
for Biichi automata to TGBAs. A TGBA contains finitely many sets of accepting transitions
and its run is accepting if and only if it uses some transition of each of these sets infinitely often.
This automata class is natively supported by many tools producing or consuming automata,
including Spot [16], LTL3BA [6], and Seminator [8].

Further, we show that for a TGBA with n states and k sets of accepting transitions, our
construction produces a complement automaton with O ((2’“7?8)”) states. This is asymptot-
ically better than the best upper bound on the size of a TGBA complement known so far,
namely O (n(0.76kn)™) [23]. In comparison, if we first degeneralize a given TGBA into an
equivalent transition-based Biichi automaton (TBA) with kn states and then apply the “simple
and optimal” complementation [3], we would get the upper bound O ((0.7645k:n)k”).

Our complementation construction produces TBAs, which are TGBAs with a single set of
accepting transitions. A TBA can be easily transformed into an equivalent Biichi automaton
with at most twice as many states. As every GBA can be seen as a TGBA, the upper bound
@) (( 2_’“7’{8)") holds also for the complementation of GBAs and it is very close to the lower bound
for GBA complementation € ((£2)") identified by Schewe and Varghese [39].

We have implemented the presented complementation construction in a tool named StMCo.
We compared our tool against the following state-of-the-art tools which use different approaches
to TGBA complementation. Among the following tools, SIMCO is the only one to complement
TGBAs directly. As far as we know, constructions [28, 23] have not been implemented.

o AUTFILT of the library Spot [16] first checks if the input TGBA is very weak. If this
is the case, it complements the automaton using dualization (replacing nondeterministic
choice with universal transitions) and dealternation (done by the powerset construction).
In the opposite case, the TGBA is transformed into an equivalent deterministic parity
automaton which is then complemented.

e KoroLaA [20] decomposes a given automaton into strongly connected components, each
component is processed by the best-fitting construction, and the produced automata are
joined into a complement.

e SEMINATOR 2 [§] first transforms a given TGBA into an equivalent semi-deterministic
TBA and then applies the complementation method for semi-deterministic automata [9].

e Finally, our tool SIMCO implements the described construction working directly on TG-
BAs and also the complementation process where a given TGBA is first transformed into
an equivalent TBA, which is then complemented basically by the original complementa-
tion algorithm by Allred and Ultes-Nitsche [3].
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For the experimental evaluation, we used randomly generated TGBAs and “practical” TGBAs
obtained from formulae of the LTL-synthesis competition SYNTCOMP [25]. The experimental
evaluation shows that on randomly generated automata, our tool produces smaller complements
than the other tools, in some cases even by two orders of magnitude. On “practical” automata,
the results were not conclusive.

Contribution The main contributions of this paper are the following.

o We generalize the complementation construction of Biichi automata by Allred and Ultes-
Nitsche [3] to TGBAs, including the key concept of greedy runs and correctness arguments.

e We derive an asymptotic upper bound on the size of the produced complement, which is
lower than the bounds of current TGBA complementation techniques.

e We present two practical optimizations of the generalized complementation technique,
namely level jumping and component merging. The first one is inspired by similar op-
timizations used in TGBA degeneralization [4] and semideterminization [8]. The latter
one is a straightforward generalization of an optimization introduced with the original
complementation for Biichi automata [3].

e The TGBA complementation and the optimizations are implemented in a publicly avail-
able open-source tool called SIMCO, which was experimentally evaluated together with
the established tools mentioned above.

All these items were previously presented in the master’s thesis of the first author [14]. The
presentation given here is heavily revised, simplifies the notation, and streamlines both the
correctness arguments and the complexity analysis. The experimental evaluation has been
redone with newer versions of the tools, a larger set of randomly generated automata, and
extended with the automata obtained from SYNTCOMP.

Structure of the paper Section 2 recalls the basic automata terminology. Section 3 then
presents the complementation construction by Allred and Ultes-Nitsche [3] adjusted to TBAs.
The TGBA complementation and its complexity analysis are described in Sections 4 and 5, re-
spectively. Section 6 presents two optimizations of the complementation construction. Section 7
is devoted to the implementation and experimental evaluation of the TGBA complementation
technique. The paper ends with the conclusion in Section 8.

2 Preliminaries

In this section we recall some basic terms and notation, including the definitions of a transition-
based generalized Biichi automaton (TGBA) and a transition-based Biichi automaton (TBA).

Let s be a finite sequence of elements of an arbitrary type. We use |s| to denote its length,
and € to denote the sequence of length 0. For any infinite sequence s = sgsy ... and ¢ > 0, by
S<; we denote its prefix sg...s;_1 of length 1.

Definition 1. A transition-based generalized Biichi automaton (TGBA) is a tuple G =
(Q,%,9,¢in, T), where Q is a finite set of states, ¥ is a finite set of symbols called alpha-
bet, § C Q x X x @ is a transition relation, ¢;, € @Q is a distinguished initial state, and
T={0,0,...,@} is a nonempty finite set. Fach @ € T 1is an acceptance set of accepting
transitions @ C 6. If T is a singleton, the automaton is also called a transition-based Biichi
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automaton (TBA) and instead of T = {@} we identify T with ®@. An automaton is called
deterministic if for each p € Q and a € ¥ there exists at most one q satisfying (p,a,q) € 9.

We sometimes use § as a function 6 : Q x ¥ — 2% defined as §(p,a) = {q | (p,a,q) € §}. A
finite word v over X is a finite sequence of symbols v = vgvy ... v,—1 € I*. An (infinite) word
w over Y is an infinite sequence w = wowy ... € X*. We extend the function J to sets of states
and to finite words. Formally, we define § : 29 x ¥* — 2% recursively as

e §(S,e) =S5 and
* (S, va) = Upes(s,0) 0(p, a) for any v € % and a € X.

Finally, for each set @ € 7 we define an auxiliary function dg : 2@ x 3 — 29 that follows only
the transitions in @, i.e., dg(S5,a) =U,csia | (p,a,q) € @}

A finite run of G over a nonempty finite word v = vgvi...v, € "1 is a sequence of
transitions o = (qo,v0,q1)(q1,v1,42) - - - (@, Vn, gni1) € 6™ such that qo = ¢n. By oo we
denote the last state g,1 of the finite run.

An infinite run (or simply a run) of G over an infinite word w = wowy ... € ¥ is an infinite
sequence of transitions p = (go, wo,q1)(q1,w1,q2) ... € 0* such that gy = gin. Let inf, be the
set of transitions that appear infinitely many times in p. The run is accepting if inf, N @ # 0
for each @ € 7. We say that G accepts w if there exists an accepting run of G over w. Finally,
we define the language of G as the set of all infinite words over ¥ accepted by G, i.e.,

L(G) = {w € % | 3 accepting run of G over w}.

An automaton C is a complement automaton (complement for short) of G if it uses the same
alphabet ¥ and L(C) = £¥ \ L(G). The process of creating the complement automaton is called
complementation.

3 Complementation of TBAs

This section describes the complementation construction by Allred and Ultes-Nitsche [3] trans-
lated into the transition-based setting. While the original construction handles state-based
Biichi automata with a total transition function (i.e., each state has a successor under each
alphabet symbol), we adjust the construction to TBAs with an arbitrary transition relation.

For the whole section, we consider B = (Q, X, §, ¢in, ®) to be the input TBA for the com-
plementation. The cornerstone of the complementation construction is the definition of greedy
runs over an infinite word w. An infinite run is greedy if each of its prefixes is greedy. Intu-
itively, we say that a finite run o over v is greedy if there is no other finite run over v leading
to the same state that takes accepting transitions sooner than o.

Definition 2. A score function scr is the function assigning to each finite run o =
0001 ...0n—1 € 0" of B the binary number scr(c) = voy1 ... -1 € {0,1}"™ of the same length
defined as

0 otherwise.

{1 ifo; € @,
Yi =

Further, let <5 be the standard ordering on integers in big-endian binary representation (the
leftmost digit is the most significant). A finite run o of B over v is greedy if for each finite run
o’ of B over v it holds

0o =0, = scr(o’) <y ser(o).
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An infinite run p of B is greedy if each nonempty finite prefix o of p is greedy.

Figure 1 provides an example of a TBA and its three finite runs «, 8, A over aa. The runs
a and B both end in gg, but since scr(a) >2 ser(8), the run « is greedy and § is not. The run
A is greedy because it is the only run over aa that ends in the state g;.

It can be proven that a TBA B accepts a word w if and only if there exists a greedy accepting
run of B over w. We prove an analogous statement for TGBAs in the next section. Thanks
to this observation, the complementation construction can track only greedy runs or, more
precisely, finite greedy runs as prefixes of potential infinite greedy runs.

The complement automaton consists of two parts, the upper automaton and the lower
automaton, connected by transfer transitions. Intuitively, if no greedy run over the input word
is accepting, then the complement automaton waits in the upper part until all infinite greedy
runs stop using accepting transitions. Then it nondeterministically moves to the lower part
and checks that whenever a tracked finite greedy run uses an accepting transition, it cannot
be extended into an infinite greedy run over the input word. We first construct the upper and
lower automata, which are both deterministic. We mark the components of the upper and lower
automata by accents ‘”’ and ‘7, respectively.

The only task of the upper automaton is to track finite greedy runs over the read part of
the input word. The upper automaton is the TBA B= (Q, pIN 5, Gin, ) with empty acceptance
set. The elements of Q are called macrostates. Intuitively, a macrostate contains the states of
@ reachable over the read input and divided into groups according to the score of finite greedy
runs leading to them. The groups are called components, and they are ordered by the scores
of the corresponding finite greedy runs. Formally, a macrostate § = ¢[0]¢[1]...4[k — 1] is a
sequence of k > 0 components, where each component §[i] is a subset of Q. Components of
each macrostate of Q are nonempty and pairwise disjoint. The first component ¢[0] corresponds

Wb b Q: 3+8+ ser(a) =11 greedy
B ._a) scr(B) =00 not greedy
b A (%—> ser(A) =10  greedy

oN]
v
(-
Jz

a,b
b a b
5‘* ap
ok b 5

O3

Figure 1: An example TBA B (top left), all finite runs of B over aa with their respective
scores and greediness status (top right), and the complement of B (bottom) with the upper
automaton marked by the blue area, the lower automaton by the orange area, and transfer
transitions between them (unreachable parts of the complement are omitted)
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to the highest score. By «g[i] = Ui;g G[j] we denote the union of the components preceding
G[i]. The initial macrostate §;, = {¢;n} contains just one component with the initial state of 5.

For each p € Q and a € ¥, there is one transition (p,a,q) € 5. We construct ¢ with use of
an interim macrostate ¢. First, the successors of states in each component p[i] are divided into
two components ¢[2i], ¢[2i + 1], where ¢[2i] contains the successors obtained by an accepting
transition (and thus with a higher score), and ¢[2i + 1] contains the remaining successors. At
the same time, we remove from each component ¢[j] the states of <¢[j] as these are reachable by
another finite run with a higher score. Formally, ¢ has twice as many components as p, where

il = {50@[;] a) ~aqli] | if i is even,
(5(}3[% l,a) 50(13[%],(1)) ~<qli] = 5(13[%}@) N\ <4q[i] otherwise.

Second, ¢ is constructed from ¢ by removing all empty components.

An example of a construction of an upper automaton is provided in Figure 1. For example,
consider the transition from §;, = {qo} over a. The single component {go} generates ¢[0] =
0o ({q0},a) ~ <¢[0] = {qo} and ¢[1] = 6({go},a) ~ <¢[1] = {g1}. The resulting macrostate
G = {qo}{q1} reflects that the greedy run over a to gy has a higher score than the one to ¢;.

The lower automaton is constructed in a similar way. It tracks finite greedy runs and checks
that whenever some of these runs use accepting transitions, they do not extend to infinite greedy
runs. To this end, we add to each component a level [ € {0,—1, —2}. The components with level
0 are clear components. They track finite greedy runs of the original automaton that did not
use any accepting transition since the computation entered the lower automaton. The second
category are tainted components with level —1 or —2. They track finite greedy runs that passed
an accepting transition after the lower automaton was entered. The complement automaton
accepts only if every such greedy run eventually terminates, i.e., it cannot be prolonged under
the current input symbol or it ceases to be greedy. This is checked by a breakpoint construction.
Components with level —1 and —2 are called on-hold and terminal, respectively. If any terminal
component has a nonempty successor, all newly tainted components become on-hold. When all
terminal components disappear, the lower automaton marks the transition as accepting and all
on-hold components become terminal.

The lower automaton B = (Q, ¥, 0, Gin, ®) is a TBA with the set @ of macrostates of the
form G[0]¢[1] ... [k — 1], where k > 0 and each component G[i] € 2% x {0, —1, —2} contains a set
of states referred to as §[i].S and a level referred to as §[i].£. Agaln in each macrostate § € Q,
the sets [i].S are nonempty and pairwise disjoint. By <q[i] = [J'_ i—0 q[ j].S we denote the union
of the state sets in the components preceding §[¢]. For brevity, we sometimes write the levels
as the superscript of the state set of each component. Since the initial state ¢;,, of the lower
automaton is ignored in the final complement construction, it can be chosen arbitrarily.!

For each p € Q and a € ¥, there is one transition (p,a,q) € 4, which is again constructed
with use of an interim macrostate ¢. The macrostate ¢ has twice as many components as p.
Their state sets are defined as in the upper automaton with one change: tainted components
are not split as all greedy runs they represent have to terminate anyway. Instead, all relevant
successors of states in a tainted component p[i] are in ¢[24].S, while ¢[2¢ + 1].S is empty and
¢[2¢ 4 1] will be removed in ¢. Formally, we set

1.8 = {5@@“;]] JS,a) ~<«q[i] if i is even and p[%] (=0,
( H%H a) \ <q[i] otherwise.

INote that the complementation construction assumes that both Q and Q contain all possible macrostates.
A practical implementation constructs only the macrostates reachable from §;, via d, §, and transfer transitions.
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To simplify the level assignment, we define a predicate isBP(p,a) indicating whether the tran-
sition from p over a is a breakpoint. This happens when all terminal components of p turn into
empty components during this transition. Formally, isBP(p, a) is true iff for all components p[i]
satisfying p[i].£ = —2, it holds that ¢[2:].S = 0. The level of each component ¢[7] is defined as

-2 if p[[$]].6 = —1 A isBP(p,a),
il -2 if p[[£]]£ =0 A iiseven A isBP(p,a),
1.l = :
1 -1 if p[[5]].£ =0 A iiseven A —isBP(p,a),

?[L%J]f otherwise.

Again, ¢ is obtained from ¢ by removing all components with an empty set of states. The
accepting transitions are those with a breakpoint, i.e., @ = {(p,a,§) € 6 | isBP(p,a)}.

Finally, the complement automaton consists of the upper and lower automata, and transfer
transitions leading from the upper to the lower automaton. Given a macrostate ¢ € Q, by
zero(g) we denote the macrostate of @ arising from § by extending all its components with
level 0. Formally, the complement automaton is the TBA C = (Q¢, %, dc, Gin, @) with states
Qc = QW Q and transition relation dc = § U U {(p,a,q) | p € Q,aex, e 5(zero(p),a)}.

We illustrate the construction on the complement in Figure 1. For example, consider the
transition of the lower automaton from ¢ = {go}° over a. We get ¢[0].S = {qo} and ¢[1].S =
{¢1}. Since ¢ has no terminal components, isBP(g, a) holds trivially. The assigned levels are
d[0].£ = —2 and ¢[1].£ = 0, giving us the target state {go}2{q1}°. The transition is accepting.
As zero({go}) = {q0}°, there is also a transfer transition over a leading from {g} € Q to

{a0} a1}’ € Q.

4 Complementation of TGBAs

We now extend the TBA complementation to TGBAs, which constitutes one of our main
contributions. We use G = (Q, X, §, ¢in, T) as the input for the complementation.

The definition of greedy runs for TGBAs is also based on a score function. While the score
function for TBAs records every accepting transition in a given run, the score function for
TGBAs is rather based on the following observation. A run pgp;... € §* of a TGBA with
sets of accepting transitions 7 = {@, ..., @} is accepting if and only if there exists an infinite
increasing sequence of integers 0 < ng < n; < ng < ... such that for each j > 0 it holds p,, , €0
where ¢ = j mod |T|. The score function tracks the progress towards acceptance by recording
the first occurrence of a transition from @ in the run, then the first succeeding occurrence of a
transition from @, and so on. Once it records the occurrence of @, it looks again for the first
succeeding occurrence of a transition in @, and the situation repeats. Later we refer to this
moment by saying that the run completed a full pass through 7. We define the score function
for the considered TGBA G as follows.

Definition 3. A score function scr is the function assigning to each finite run o =
0001 ...0n—1 € 0" of G the (n + 1)-ary number scr(o) = Yoy1 ... Yn—-1 € {0,...,n}" of the
same length defined as

1 ifoo €@, Yic1+1 ifo; € @ forl = ;1 mod |T],
Yo = ‘ and ;= .
0 otherwise, Vi1 otherwise,

for each 1 < i < n. Let <,,+1 be the standard ordering on integers in big-endian (n + 1)-ary
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representation (the leftmost digit is the most significant). A finite run o of G over v is greedy
if for each finite run o’ of G over v it holds

0o =0l = scr(o’) <pi1 scr(o).

An infinite run p of G is greedy if each nonempty finite prefiz o of p is greedy.

Figure 2 provides an example of a TGBA and its four finite runs «, 8, A\, u over aab. The
runs «, 3, A end in gy. The runs o and 3 have the same score even though « contains one more
transition from @. The run A contains one transition from @, but since no transition from @
occurs before it, the score does not increment. The runs «, 8 have a higher score than A and
are greedy, while A is not. The run p is the only run over aab leading to ¢; and thus it is greedy.

Theorem 1. Let G be a TGBA and w € ¥¥ be an infinite word. An accepting run of G over
w exists if and only if a greedy accepting run of G over w exists.

Proof. As the implication ‘<==" holds trivially, we focus on the opposite one. Let w be a word
accepted by G and ¥ be the set of all accepting runs of G over w. For each i > 0, we set

U, ={p|p€ Py and p.; is a finite greedy run}.

The definition of greedy runs implies that every nonempty prefix of a finite greedy run is also
greedy. Hence, we have a sequence Wy 2O ¥, D Wy D ... of sets of accepting runs over w. We
prove that all these sets are nonempty. For the sake of contradiction, assume that ¥; is the first
empty set in the sequence. We know that ¥ is nonempty because w € L(G). Hence, i > 0.
Let p be an arbitrary run from ¥;_;. As U; is empty, we know that p.; is not greedy.
Hence, there exists another finite run over the same word as p.; ending in the same state with
a strictly higher score. Since the set of finite runs over we; ending in (p<;). is finite, there
exists a finite run in this set with the maximal score. Let o be such a run. Note that o is greedy
by definition. If we replace in run p the prefix p; by o, we get an accepting run p’ over w. As
p.; = o is a finite greedy run, we know that p’ € ¥;, which is a contradiction with ¥; = (.
Next we construct a tree 7' with the root e (0-th level) such that its nodes on levels i > 0
are the prefixes p.; of runs p € ¥;. A parent of each node p.; on level 7 is its prefix po;_1.
As the relation ¢ is finite, T is finitely branching. Further, at each level i > 0, we remove
from the tree the nodes that do not have the maximum score among all nodes on the level 3.
Crucially, every node with the maximum score at level ¢ must be a child of a node with the
maximum score at level ¢ — 1 (from the big-endian ordering of scores). Let T* be the pruned

: 6-»(3-»01)-» ser(a) =112 greedy

«
g’*/& b B 6*0b-> ser(B) =112 greedy
g ¢—'
_> Z @ A 3-» scr(A) =000 mnot greedy
b
TR (f)l-> ser(p) =111 greedy

Figure 2: An example TGBA G with 7 = {@, @} (left) and all runs of G over aab with their
respective scores and greediness status (right)
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tree. Note that tree T* is infinite as every level of the original tree has to have some nodes
with the maximum score. Konig’s lemma implies that 7™ has an infinite branch. Let p* be
an infinite run corresponding to this branch. Then p* is greedy because each of its nonempty
prefixes (p*)<; is a prefix of a run in ¥;. Since all nodes of T are prefixes of accepting runs,
the last digit of the maximum score at each level grows without any bound. As prefixes of
p* achieve the maximum score at every level, the last digit of their scores is also unbounded,
meaning that p* visits each acceptance set infinitely often. Thus, p* is an accepting greedy run
over w. O

The structure of the complement is the same as in the TBA case: it consists of two deter-
ministic automata, the upper and the lower, connected by transfer transitions. The purpose of
these automata remains unchanged. However, both automata now use components extended
with levels in order to track finite greedy runs. We use the accents ‘”’ and * as previously.

The upper automaton is the TBA G = (Q, X, 5, Gin, ), where elements of Q are macrostates.
A macrostate ¢ = ¢[0]¢[1] ... g[k — 1] is a sequence of k > 0 components, where each component
d[i] is a pair of a state set ¢[i].S5 C @ and a level §[i].¢ € {0,1,...,|T| — 1}. The state sets
of the components in each macrostate ¢ are pairwise disjoint and nonempty. We again use
i) = U] _0 4l7]-S to denote the set of states contained in the components preceding [i]. The
initial macrostate g;, consists of one component {g;,} with level 0, written also as {g;, }°.

The level of a component says which set of accepting transitions would increase the score of
the finite greedy runs represented by the component. The successors obtained by a transition
of this set form a separate component with the level increased by one. If the new level would
be |T|, the level is reset to 0. For each macrostate p € Q and each symbol a € X, there is one
transition (p, a, §) € 5. We construct the target macrostate ¢ with use of an interim macrostate
¢ with twice as many components as p. The components of ¢ are defined as

T o(;ﬁ[%] S,a) \<qli] if i is even, where | = p[£].L,
b5 = {6( p[52].9,a) \ <4[i] otherwise,

dlil.L = {@i
Pl

HN[\)

+ 1) mod |T| if ¢ is even,
N otherwise.

]

The macrostate ¢ is obtained from ¢ by removing all components with an empty set of states.

The lower automaton is the TBA G = (Q,X%,0, fin, ®), where elements of Q are again
macrostates. These macrostates are defined as in the lower automaton of the TBA complement
with a single difference: the levels range over {—2,—1,0,...,|7| —1}. The components with
nonnegative levels are called clear and they function as in the upper automaton until the level
is reset to 0. This moment is analogous to passing an accepting transition in the TBA setting.
Hence, the complement automaton accepts only if all reset components of the lower automaton
eventually terminate. Such components are called tainted, and instead of resetting their level
to 0, we set it to —1 or —2 using the same breakpoint approach as in the TBA complement.
We do not specify the initial state §;, as it plays no role in the complement.

For each p € Q and a € ¥ we construct one transition (p,a,q) € 4 with use of an interim
macrostate ¢, which has twice as many components as p. The definition of ¢[i].S combines the
principle of the upper automaton G with the fact that tainted components are not split:

w ‘

g [90@3]:8.a) N <ili] if i is even and p[§].£ > 0, where I = (3£,
qli].S = { 5(p H_ J]_S7a)\<]q[7;] otherwise.
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In the level assignment, we use the predicate isBP(p, a) as defined in the TBA complementation.

We introduce two new predicates: isReset(p,i) is true iff i is even and p[5].¢ = |T| — 1, and
isLevelUp(p,i) is true iff i is even and 0 < p[£].¢ < |T|— 1. The levels ¢[i].¢ are defined as

-2 if p[[£]].6 = -1 A isBP(p,a),
-2 if isReset(p,i) A isBP(p,a),

gli]£ =< -1 if isReset(p,7) A —isBP(p,a),
pli]l+1 if isLevelUp(p,i),

3]
[£]].6  otherwise.

Again, ¢ is obtained from ¢ by removing all components with an empty set of states. The
accepting transitions @ = {(p,a,d) € | isBP(j5,a)} are defined as in the TBA complement.
Finally, the complement of G is the TBA C = (Qc, X, dc, Gin, ®), where Q¢ = QuwQ
(macrostates of each part are formally distinct) and de = § Ud U {(p,a,q) | p € Q,a € £,q €
8(p,a) where p is the same macrostate as p but in Q}. The last set of the union defining ¢

represents transfer transitions.
Theorem 2. Let G be a TGBA. Then L(C) = X% \ L(G).

Proof (Sketch). The definition of dc guarantees that all greedy runs of G over w are properly
tracked by each run of C over w. Indeed, every successor of a state g € p[i].S lies in one of the
two components derived from p[i], or in an earlier component (the same holds for p). Therefore,
no finite greedy run is lost. Further, a finite greedy prefix p.; of an infinite greedy run p is never
absorbed into an earlier component, since that would require a finite run over the same word
as p<; with a higher score ending in the same state, contradicting the greediness of p. Hence,
the component tracking a finite prefix of an infinite greedy run p is always derived from the
component tracking the prefix of p shorter by one step. Moreover, the level of each component
of the upper automaton and each clear component of the lower automaton equals the last digit
of the score of the finite greedy runs tracked by the component modulo |7, which follows from
the definition of § and & by induction on the length of the tracked runs.

First, let w € ¢ be a word accepted by G. We prove w ¢ L(C). By Theorem 1 there exists
an accepting greedy run p of G over w. For the sake of contradiction let p be an accepting
run of C over w. We have that p is tracked by p. From the definition of C, there must exist
a position j such that p; is a transfer transition, otherwise p could not reach any accepting
transitions, as all accepting transitions are located in the lower automaton. Further, there
must exist £ > j such that the component tracking the prefix p.; becomes tainted because p
eventually completes a full pass through 7. Recall that tainted components are not split and
as p is infinite, this component has one nonempty successor at every step. If some successor
of this component in p becomes terminal, all its future successors are terminal as well, and p
never reaches a breakpoint from then on. In the other case the tainted components tracking
prefixes of p never become terminal, which means that no breakpoint occurs in the future. In
both cases, p cannot be an accepting run, which is a contradiction.

Second, assume w ¢ L(G). We construct an accepting run p of C over w. By Theorem 1, no
accepting greedy run of G over w exists, and hence every infinite greedy run over w completes
only finitely many full passes through 7. This moreover happens uniformly: there exists j > 0
such that each infinite greedy run p over w completes all its full passes through 7 within its
prefix p;. To show that such j exists, we focus on the run of the upper deterministic automaton
over w. More precisely, we focus on components in this run that track prefixes of some infinite
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greedy runs p of G over w. We call such components surviving. The first paragraph of this
proof implies that each surviving component has at least one successor component that is also
surviving. Thus, the number of surviving components in a macrostate cannot decrease by
any transition of 5. Further, each macrostate contains at most |Q| components. Therefore, the
number of surviving components in the macrostates of the run of the upper automaton stabilizes
at some point and in each future step, every surviving component has exactly one surviving
successor. If there existed an infinite chain of subsequent surviving components such that the
component level increases infinitely many times, there would be an infinite greedy run of G
completing infinitely many full passes through 7. This run would be accepting, contradicting
w ¢ L(G). Hence, there are at most |@| infinite chains of subsequent surviving components,
and the component level in each chain remains unchanged after some number of steps. We can
choose j as the maximum of these numbers of steps.

Let p be the run of C over w that follows § for the first 7 steps and then takes the transfer
transition p; to the lower automaton. The construction of C implies that p is fully determined
by j and all its transitions after p; are transitions of 5. A component in the macrostates of p
becomes tainted only if the finite greedy runs tracked by this component complete a full pass
through 7. By the choice of j, no such finite greedy run can be extended into an infinite greedy
run. Therefore, each tainted component eventually becomes empty.

If a macrostate p of p contains no tainted components, the transition from p is a breakpoint
and thus accepting. If p contains some tainted components, at least one of them is terminal. All
terminal components eventually become empty and all newly tainted components are on-hold
until then. When the last terminal component of p becomes empty, a breakpoint is reached
and the corresponding transition is accepting. Hence, an accepting transition is reached from
each p of p. This means that p is an accepting run of C over w and w € L(C). O

5 Complexity Analysis

We now analyze the complexity of our TGBA complementation. In particular, we focus on the
number of states of the complement.

First, we recall some relevant combinatorial concepts. A partition of an arbitrary set S is
a decomposition into nonempty pairwise disjoint sets Sg, 51, ...,S; such that their union is S.
A Stirling partition number {Zb} =3, % is the number of ways a set of m elements

can be divided into p nonempty pairwise disjoint subsets. The number of partitions of a set
with m elements is given by the m-th Bell number B, = Z;’;O {';L} Lastly, the m-th ordered

Bell number a,, = Z?:o p!- {7;} is the number of ways a set of m elements can be partitioned
when the order of the parts is considered.

In the rest of this section, n = |@| stands for the number of states of the TGBA G and
k = |T| for the number of its acceptance sets. We construct an upper bound on the number
of macrostates in the lower automaton. In our computation, we ignore the empty macrostate
¢ = € as it does not play any role in the asymptotic complexity. The same bound will apply
also to the macrostates in the upper automaton.

Each nonempty macrostate of the lower automaton contains 1 < m < n states, chosen from
the n states of G in () ways. The m states are divided into p < m components which form a
partition of the m states. The p components are ordered in one of p! ways and each component
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has an assigned level ranging over {—2,—1,...,k — 1}. Hence, we get

m

Q| < rni_l (Z) Eop!{rg}(kju 2)P.
A

To simplify the expression, we employ the m-th A-colored Bell number a;, as introduced by
Allred and Ultes-Nitsche in [3]. The number itself is defined as

- 2mm 1 "
=D v{m},\P with  a), ~ : :
a;, p! , i a,, ~ m
= p A+1)- ln(—kj\'l) ln(—Aj\'l) e

as its asymptotic approximation. By using an additional approximation (based on Taylor

expansion, which holds asymptotically as A — 00) ln(¥) =In(1+ %) ~ % we simplify the

approximation to
N V2rtm - N A "
N——|=m] .
m ()\ + 1) e
Substituting the m-th A-colored Bell number in our bounds gives us

B (;) apt?.

m=1

a

Further, Allred and Ultes-Nitsche [3] showed that
- A1
S (1) a2t
m A
m=1
If we replace a;} by its approximation, we obtain
= (n> v AFL V2N <)\ )" (An)"
Z a,~—— ——-|=n| =V2mn-|—| .
—\m A A+1) e e

Finally, substituting the expression above into our bound on \Q| results in
< E+2)-n\"
10| < vomn ((Jr)”> .
e

Therefore, we conclude that the upper bound on the number of states of the automaton pro-
duced by the presented TGBA complementation is

@el e 0 (i (LE21)),

We can relax the bound by observing that e ~ 2.71828 > 2.718. Thus, i < ﬁ, which allows
us to discard the factor outside the exponential to obtain

el eo((LL2)).
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Alternatively, for sufficiently large k, the same gap between e and 2.718 is large enough to
absorb both the polynomial factor and the reduction of k& 4+ 2 to k in the base, yielding

act <o (7))

The paper [39] shows that the complementation problem for (state-based) generalized Biichi

automata has a lower bound of at least (2 ((%”)n) Therefore, our construction is near-optimal

with respect to this established lower bound?.

6 Optimizations

This section presents two optimizations of the complementation technique introduced in Sec-
tion 4. The first technique is called level jumping and it is specific to TGBAs. The second
technique, called component merging, was introduced by Allred and Ultes-Nitsche [3] for TBA
complementation, and it can be easily adapted to TGBAs as well. Both techniques lead to the
production of smaller (on average) complement automata, and they can be combined together.

The optimization called level jumping is inspired by similar optimizations in TGBA degener-
alization [4] and semideterminization [8]. Intuitively, in the transition construction of both the
upper and the lower automaton, we enable components to increase their level by more than one
if they are obtained by a transition lying in several consecutive acceptance sets. Formally, the
change is only in the construction of the interim macrostate. Given a macrostate p of the upper
automaton and a € X, the interim macrostate ¢ is constructed such that for each component
pli] it contains k = |T|+ 1 components ¢[ki], ¢[ki + 1],...,¢[ki + |T|]. Each ¢[ki + j] is defined
as

ilki+ 1.8 = 5;7{(?[2'].5, a) \é(j[ki—l.—j] if0< j < |T|, where Il = p[i].£,
8(pli).S,a) ~<g[ki +j]  otherwise,
il . 0 <
pli].L otherwise,
where 0; ; = ﬂ ;)

i€{l, (I+1) mod |T1, ..., (I+|T|—=j—1) mod [T}

is the set of transitions that are in |7| — j succeeding acceptance sets starting with @ and
counted cyclically.

The construction of the lower automaton is similar. The state sets ¢[ki + j].S of individual
components are defined as above, only p is replaced by p and the condition 0 < j < |T] is con-
joined with p[é].£ > 0 such that tainted components are not divided. For the level assignments,
we first replace the predicate isReset(p,¢) by the predicate isReset(p,i,j) valid if and only if

n
2By replacing 2.718 with a closer decimal underapproximation of e, the bound approaches © ((%) ), at

the cost of requiring a larger threshold on k.
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plil.l + (T — j) > |T|.- The actual assignment is given by

-2 if p[i].¢ = —1 A isBP(p,a),

-2 if isReset(p,i,j) A isBP(p,a),
glki + jll =14 -1 if isReset(p,i,5) A —isBP(p,a),

P[]+ |T| —j) mod |T| if p[i]. >0 A —isReset(p,i,7),

pli].¢ otherwise.

To prove the correctness of this optimization, one needs to modify the score function in Defini-
tion 3 such that it increases by the value from 0 to | 7| saying how many succeeding acceptance
sets the used transition belongs to. Formally, for each finite run o = ogoy ...0,_1,

e o is the maximal 0 < j < |7 such that o9 € @ for each [ € {0,1,...,5 — 1},

o if 0; € @ for | = v;_1 mod [T, then v; = v;_1 + j where 1 < j < |T]| is the maximal
number such that o; € @ for each [ € {v;_; mod |T|, (yi—1 + 1) mod |T|,..., (vie1 + 7 —
1) mod |7}, and

o if a; ¢ 0 for | = Yi—1 mod ‘T|, then Yi = Yi—1-

This modification of the scoring function changes the set of greedy runs such that it again holds
that the complement automaton with level jumping tracks the finite greedy runs with the same
score in the same component. The rest of the correctness arguments are then similar to the
unoptimized case.

Component merging can merge adjacent tainted components in macrostates of the lower
automaton. This reduces the number of macrostates in the lower automaton as two macrostates
can be transformed into the same one. More precisely, whenever a macrostate ¢ € ) contains
two adjacent components §[i]g[i + 1] satisfying either

il =qi+1)4=1andl € {-2,—-1}, or g[i].£=—1and g[i+ 1].L = -2,

the components are merged into one component with the set of states ¢[i].S U ¢[i + 1].S and
the level min(g[i].¢, ¢[i + 1].£). This operation is repeated until no more components can be
merged. Note that the resulting macrostate does not depend on the merging order. This
optimization is correct for the reasons given by Allred and Ultes-Nitsche [3] in the context of
TBA complementation.

7 Implementation and Experimental Evaluation

Our complementation construction is implemented in a prototype tool named SiMCoO (Simple
Complementation). The tool is written in Python 3.14.4 using the Spot 2.14.5 library [15]. Tt
is available under the GNU GPLv3 license together with the experimental evaluation presented
in this section at https://github.com/DavidDokoupil/SimCo.

The entry point is the file complement.py, which expects a path to a file containing one
or more TGBAs in the HOA format [5]. The complements are written to standard output
again in the HOA format. By default, input automata are preprocessed using Spot’s function
scc_filter, which removes dead states and also acceptance from transitions outside accepting
SCCs. The following flags can be used to enable some optimizations.

e Flags --jump and --merge enable the optimizations level jumping and component merging
described in Section 6, respectively.
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e Flag --post-process reduces the produced complement by Spot’s automata simplifica-
tion technique on the --low setting.

The following evaluation uses two benchmark sets, both focused on TGBAs with at least
two acceptance sets. The first set called RANDOM contains automata randomly generated by
the tool randaut of Spot. We used the flags -A2, -A3, -A4, -A5 to produce TGBAs with
two to five acceptance sets. For each of these flags, we generated 200 TGBAs divided into four
groups of 50 automata with 2, 3,4, and 5 atomic propositions. We always used -Q2..7 to get
automata with two to seven states, and -e0.5 to control the density of the generated automata.
In total, we generated 800 random automata. Finally, we called autfilt to remove automata
representing the empty language. We were left with 491 TGBAs in RANDOM.

The second benchmark set, called SYNTCOMP, is based on the automata translated from
LTL formulae used for the LTL-synthesis competition SYNTCOMP [25]. The formulae were
converted from TLSF files of the TLSF benchmark repository® using the tool syfco? and default
instances for the parametric formulae. The dataset contained 959 unique formulae which we
translated using the tool 1t12tgba of Spot with a one-minute timeout. Spot was compiled
with the flag --enable-max-accsets=256 to support up to 256 acceptance sets, which has a
negative performance impact. We discarded automata representing the empty language and
those with a single acceptance set. The final dataset SYNTCOMP contains 209 TGBAs.

We evaluated two configurations of our tool. One referred to simply as SIMCO uses the flags
--jump --merge --post-process. The second configuration referred to as SIMCO-DEGEN is
in fact a pipeline that first degeneralizes a given input TGBA to a TBA using autfilt -b
and then runs SIMCoO with flags --merge --post-process. We also evaluated three state-
of-the-art complementation tools, namely AUTFILT of the Spot library [15], KoroLa [1], and
SEMINATOR 2 [7]. These tools were run with the same postprocessing configuration. Note that
the other tools were not restricted to producing TBAs and may output automata with more
general acceptance conditions, which can result in fewer states. The comparison of state counts
is therefore favorable to them. We chose not to restrict them, as we regard the ability to output
automata with a more general acceptance condition as a genuine strength of those tools.

The evaluation was done on a CachyOS Linux system equipped with an i7-13700F processor
and 64 GB of RAM. We used Spot’s autcross to gather statistics and, on a subset of the results,
to verify the correctness of the complementation. The correctness check was restricted to the
complements produced by SIMCO and was not run on all cases, as it is resource intensive
(autcross was run with a 16 GB memory limit). For the benchmark RANDOM, 481 results
out of 491 were verified. In the remaining 10, autcross exceeded the memory limit. For the
benchmark SYNTCOMP, we ran the check only on results obtained by SIMCoO in under 5
minutes: out of the 209 cases, 92 results were verified, while the remaining ones were either
timeouts by SIMCO (86) or cases where autcross was unable to complete the check within the
memory limit (31). All checks were successful.

In our analysis, we focus solely on the number of states of the complements. As SIMCO is
a Python-based prototype, execution time comparisons against highly optimized C++ imple-
mentations do not provide a meaningful algorithmic evaluation.

For the benchmark RANDOM, we used a one-minute timeout and a 16 GB memory limit.
For the SYNTCOMP benchmark, we increased the timeout to one hour per automaton due
to the fact that the input automata are much larger in terms of their state counts or number of
acceptance sets. The timeouts and out-of-memory errors are presented in Table 1. The failure

3https://github.com/SYNTCOMP/benchmarks/tree/master/t1sf
4https://github.com/reactive-systems/syfco
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Table 1: The numbers of timeout and out-of-memory (MO) cases on the benchmark sets
SiMCo SmmCo-DEGEN AUTFILT KoroLA  SEMINATOR 2

Timeouts in RANDOM 0 41 5 9 54
MOs in RANDOM 0 0 0 0 6
Timeouts in SYNTCOMP 97 109 1 1 41
MOs in SYNTCOMP 6 6 30 67 51

rate was a real issue in the SYNTCOMP benchmark as is evident from the 97 timeouts and
the 6 out-of-memory errors out of 209 cases.

Figure 3 compares the sizes of complements produced by SIMCO against those produced
by the other considered configurations for individual automata. On the RANDOM benchmark,
SMCo is clearly outperforming the others, often by orders of magnitude. The SYNTCOMP
benchmark is not as favorable for SIMCO as the previous one, since only SIMCO-DEGEN pro-
duces consistently larger complements than SIMCO. The reason for the improved performance
of the other tools may be a different structure of the input automata. Many of the automata in
SYNTCOMP are deterministic, very weak, or elevator automata, to which the other tools ap-
ply optimized complementation procedures. Still, the performance of SIMCO remains competi-
tive and against each tool there exist automata where SIMCO produces a smaller complement.
For example, in subplot (e) there are two cases where the differences are substantial.

8 Conclusion

We have shown a direct approach for complementing TGBAs based on the construction by
Allred and Ultes-Nitsche [3]. For a TGBA with n states and k acceptance sets, the approach
produces a complement with at most O ((Qkﬁg)") states. This bound is asymptotically better
than the bounds for previous complementations and it approaches the lower bound {2 ((’%‘)")

The approach has been implemented in a tool called SIMCO. Experimental results on the
RANDOM benchmark show a clear advantage of using the direct technique over the state-of-the-
art tools. Despite the high timeout rate due to the Python implementation, the results remain
competitive on the SYNTCOMP benchmark.

The next step is to move SIMCO out of the prototype stage with a performant compiled
implementation, which would enable fairer evaluation against state-of-the-art tools. Such an
implementation would also allow potential integration into the Spot library or KOFOLA’s mod-
ular framework. Other research directions are to explore further optimizations (e.g., using a
simulation relation on input automata states), or to further extend the notion of greedy runs
to handle more complex acceptance conditions.

Disclaimer on the use of Al

Portions of the experimental pipeline code were written or modified with assistance from Claude
(Anthropic). The implementation of SIMCO itself is the authors’ own work. Claude was
also used interactively for feedback on the wording and presentation of the text, including
suggested reformulations of passages, which the authors reviewed and revised. All experimental
design, benchmark selection, tool configuration, result interpretation, and paper content are the
authors’ own work, and the authors take full responsibility for the contents of this paper.

019



Simple Complementation of Generalized Biichi Automata Dokoupil and Strejéek

(a) Autfilt (b) Kofola
MO
TO
o 10°
£
v 4
< gl
©
e 107 Acc. sets
<
[} e 2
c
v . _ m 3
a] (c) Seminator 2 (d) SimCo-Degen
£ MO /. / ¢ 4
[®)
-8 TO / A 5
I
§ 104 / 2 2
> I ¢
(p] ;/. 0 2 ) ¢
102 i 2
102 10* 108TO MO 102 10* 108TOMO
(e) Autfilt (f) Kofola
MO N / 7
TO o= ¢ //: «QoiE|- - = 2 2 // L
o 10°
w0 (@)
v = . / / H Acc. sets
p £ 104 ove/  * e v "
© " ,/ ,/ e 2
£ 102 a8 . . " 3
= EOd oS 2
O () go® @
s [ * 4
[an] A 5
CEL (g) Seminator 2 (h) SimCo-Degen -
MO ° o
o /
(@] TO @HQE < & - -8 l/ + 8
E o 10° / ® 9-16
(@)
o E., / . = 17+
.= 10 ve <
= ]
102 H 3
102 10* 10°TOMO 102 10* 10°TOMO

Figure 3: Plots compare the size (i.e., state counts) of complements produced by the considered
configurations for individual TGBAs from the sets RANDOM (top) and SYNTCOMP (bottom).
The axes are logarithmic. The marks show the number of acceptance sets in the input automata.
The labels TO and MO correspond to timeouts and out-of-memory errors, respectively.
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