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Abstract

Symmetry breaking in graph search problems remains challenging: complete symmetry
breaking constraints are typically exponential in size, while partial approaches trade pre-
cision for scalability. We introduce a strength-driven, redundancy-aware methodology
for constructing compact partial symmetry breaking constraints based on graph pat-
terns. Each pattern corresponds to a Boolean clause over equality literals and can be
integrated directly into CP or SAT models. Our approach incrementally selects strong,
non-redundant graph patterns, yielding partial symmetry breaks that achieve substantial
pruning of non-canonical graphs while remaining compact in size. This provides a princi-
pled framework for deriving lightweight partial symmetry breaking constraints which are
significantly more precise than all published state-of-the-art alternatives. We evaluate the
proposed constraints on graph instances with up to 25 vertices using a redundancy ratio
metric. The resulting partial symmetry breaks constitute only a small fraction of the size
of complete symmetry breaking constraints, while delivering significant performance im-
provements across several graph search benchmarks compared to previously defined partial
symmetry breaking methods.

1 Introduction

Graph search problems are about finding simple graphs with desired structural properties.
Such problems arise in many real-world applications and are fundamental in graph theory.
Solving graph search problems is typically hard due to the enormous search space and the large
number of symmetries in graph representation: Any graph obtained by permuting the vertices
of a solution (or a non-solution) is also a solution (or a non-solution), which is isomorphic, or
“symmetric”. To optimize the search we aim to restrict it to focus on one “canonical” graph
from each isomorphism class.

One common approach to eliminate symmetries is to add symmetry breaking constraints that
are satisfied by at least one member of each isomorphism class [11, 26, 28]. A symmetry breaking
constraint is called complete if it is satisfied by exactly one member of each isomorphism class
and partial otherwise. In many cases, symmetry breaking constraints, complete or partial, are
expressed in terms of “lex-constraints”. Each lex-constraint corresponds to one symmetry, o,
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which is a permutation on vertices, and restricts the search space to consider assignments that
are lexicographically smaller than their permuted form obtained according to o. If one considers
the set of lex-constraints corresponding to all permutations, then the corresponding symmetry
break is complete but too large to be of practical use.

Itzhakov and Codish [15] observe that a complete symmetry break for order-n graphs can be
defined in terms of a number of lex-constraints which is considerably smaller than n-factorial.
They succeed in computing complete symmetry breaking constraints of practical size for graphs
with 10 or fewer vertices. Danco et al. [12] obtain similar results in the context of finite models.
However, this approach does not scale. In subsequent work, Itzhakov et al. [5] introduce the
notion of “lex-implications”, which refine lex-constraints, and they compute complete symmetry
breaks that are considerably smaller in size. However, this approach still does not scale beyond
graphs with 11 vertices. It is known that breaking symmetry by adding lex-constraints to
eliminate symmetric solutions is intractable in general [1, 11]. So, we do not expect to find
a complete symmetry break of polynomial size that identifies canonical graphs that are lex-
leaders. Hence the interest in partial symmetry breaks.

Codish et al. [10, 9] introduce a partial symmetry break, which is equivalent to considering
the quadratic number of permutations that swap a pair of vertices (transpositions). Rintanen et
al. [24] enhance this approach for directed graphs. This approach is widely applied and turns out
to work well in practice, despite eliminating only a small portion of the symmetries. However,
when dealing with hard instances of graph search problems, this constraint does not suffice.
Over the past decade, there has been little progress in the research of partial symmetry breaking
constraints for graph search problems. Some attempts are made in [17] and in [6]. However,
there are no references in the literature to applications which make use of the symmetry breaks
defined in these papers.

In a recent paper, Codish and Janota [8] introduce the notion of a graph pattern for sym-
metry breaking. Graph patterns are simple atoms which provide a concise representation for
(large) sets of non-canonical graphs. This also facilitates a set-covering perspective on symmetry
breaking as described in [7]. A complete symmetry break should cover all of the non-canonical
graphs. A partial symmetry break should cover “most” of the non-canonical graphs.

This paper is about scalable and precise partial symmetry breaks for graphs constructed
using graph patterns. The idea is to repeatedly select graph patterns based on two notions:
strength of patterns, and non-redundancy of patterns with respect to those already selected.
The proposed construction results in symmetry breaks which are scalable both in terms of
the cost to compute them as well as in terms of their size. Precision is measured in terms of
redundancy ratio [14], p, that is the ratio between the number of graphs satisfying the symmetry
break, and the number of canonical graphs. This means that, for example, when enumerating
the solutions of a graph search problem with a symmetry breaking predicate with redundancy
ratio p, we can expect to encounter on average p solutions for every canonical solution.

Applying the techniques proposed in [10, 9] and in [5], one can obtain complete symmetry
breaks for graphs of order up to n = 10 and n = 11, respectively. For n = 10, the approach
of [5] results in a complete symmetry break which consists of 25,263 graph patterns which is
basically the same number of CNF clauses. Using involutions as reported in [8], one can obtain
a partial symmetry break for order-10 graphs with 12,616 graph patterns and a redundancy
ratio of 1.04. But this approach also does not scale. In this paper we show a scalable symmetry
break consisting of 2,273 graph patterns for n = 10 with a redundancy ratio, p = 1.34. That
means on average, for every canonical graph we get 1.34 graphs instead of 1. Moreover, we
demonstrate the feasibility of our approach for graphs of sizes up to 25.
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2 Preliminaries and Notation

Representing Graphs: Throughout this paper we consider simple graphs, i.e. undirected
graphs with no self-loops. The adjacency matrix of a graph G is an n x n Boolean matrix. The
element at row ¢ and column j is true if and only if (4,7) is an edge. The list of edge variables
of a graph G is denoted edges(G). It consists of the elements in the upper (or lower) triangle of
the matrix representation in some fixed order. Throughout this paper we assume that the list
consists of the (g) elements obtained as the concatenation of the columns of the upper triangle
of G. We will clarify the motivation for the column-wise ordering later in this section. In abuse
of notation, we let G denote a graph in any of its representations. An unknown graph of order-n
is represented as an n x n adjacency matrix of Boolean variables which is symmetric and has
the values false (denoted by 0) on the diagonal, or as the corresponding list of edge variables.
The following example specifies two order-4 unknown graphs as adjacency matrices and as lists
of edge variables.

Example 1. The following depicts two unknown, order-4, graphs G1 and G and their repre-
sentations as lists of edges.

0 =1 x2 T4 0 z1 xa =2

1y 0 x3 s 1 0 x5 x3 edges(G1) = (x1, z2, T3, T4, X5, T6)
G = Gy =

zo x3 0 xg re x5 0 @6 edges(G2) = (x1, T4, T5, T2, T3, T6)

re w5 x6 O x2 x3 xs O

Ordering Graphs: Let G1, G2 be known or unknown graphs with n vertices. Then, G; < Gs
if and only if edges(G1) <jer edges(Ga) where <., denotes the standard lexicographic ordering.
When G; and G5 are unknown graphs, then the lexicographic ordering, G; < Gs, specifies a
lexicographic order constraint over the variables in G; and Gs.

Example 2. Consider the two graphs, G1 and Gy from Example 1. The lexicographic order
constraint G1 < Gq is (x1, 22,23, T4, T5,T6) <jew (T1,T4,T5, T2, T3, Te) which can be simplified
as described by Frisch et al. [13] to: {xa,x3) <iex (T4, T5).

For Boolean strings @ = (ay, ..., a,) and b= (by,...,b,) and 1 < i < m, we denote
a <§ex bhe { (a1 = bl), ey (ai,1 = l)z',l)7 (CLZ' = 0), (bl = 1) } (1)

We sometimes refer to a <}, b as the set of equations on the right side of Equation (1). We
denote Gy <* Gy if edges(G1) <], edges(G2).

Example 3. Consider the two graphs, G1 and Gy from Example 1. Then,
G <3Gy & { (z1=m1), (w2=14), (23=0), (25=1) }

G1 <° Gy & { (m1=11), (12=14), (£3=15), (14=12), (£5=0), (x3=1) }
Observe that the second constraint (G <5 G is not satisfiable.

Permutations: The group of permutations on {1...n} is denoted S,. We represent a
permutation 7 € S, as a sequence of length n where the i*" element indicates the value of 7(i).
For example: the permutation [2,3,1] € S3 maps as follows: { 1—2,2—3,3—1 }

A transposition is a permutation that swaps two elements and leaves all other in place.
For example, [4,2,3,1] is the transposition that swaps elements 1 and 4. An involution is a
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permutation 7 such that 7 o 7 is the identity. Involutions are permutations that swap any set
of pairs of disjoint elements. For example, [4,3,2,1] is the involution which swaps the pairs
{ 1,4 }and{ 2,3 }

Permutations act on graphs and on unknown graphs in the natural way. For a graph and also
for an unknown graph G, viewing G as an adjacency matrix, given a permutation = € S,,, then
7(G) is the adjacency matrix obtained by mapping each element at position (4, j) to position
(w(i),7(j)) (for 1 < i,5 < n). Two graphs G, H are isomorphic if there exists a permutation
7w € Sy, such that G = w(H).

Let G be an order-n graph and m, a permutation on the vertices of G. Let edges(G) =
(x1,..., %) and edges(n(G)) = (y1,...,Ym) (for m = (})). The permutation 7. such that
Te({X1,. ., Zm)) = (Y1,...,Ym) is called the edge permutation corresponding to m,. Often we
write m, (or 7.) to indicate that a permutation applies on the vertices (or edges) of a graph.

Example 4. Consider the two graphs, G1 and Gy from Example 1 and consider the permu-
tation m, = [1,2,4,3]. Then Go = w(G1). Recall that edges(G1) = (x1,x2, T3, T4, x5, L) and
edges(Ga) = (x1, x4, %5, T2, T3,26). S0, . = [1,4,5,2,3,6] is the edge permutation correspond-
mng to my.

Symmetry Breaks: A symmetry break for graph search problems is a predicate, ¥(G), on
a graph G, which is satisfied by at least one graph in each isomorphism class of graphs. If ¥
is satisfied by exactly one graph in each isomorphism class, then we say that v is a complete
symmetry break. Otherwise, it is partial. In our setting, the canonical graphs, are the minimal
(lexleader) graphs of the isomorphism classes of graphs. In this setting, when lexicographic
order is defined in terms of the column-wise concatenation of edge variables, canonical graphs
of order n can be extended to canonical graphs of order n+1 [16]. This facilitates an incremental
approach when generating symmetry breaking constraints.

Heule [14] defines the notion of redundancy ratio, which we denote p(1)), to measure the
precision of . This is the ratio between the number of graphs that satisfy ¢ (G) and the
number of isomorphism classes. One can view p(¢)) as the average number of graphs per
isomorphism class that are not eliminated by .

Table 1 illustrates (some of) the current “state of the art” for partial and complete lex-
leader static symmetry breaks. All of the results presented in this table are obtained within
a 24 hour cutoff. The missing entries are timeouts. On the left, the columns titled trans are
about symmetry breaks based on transpositions as presented in [10, 9]. These are the most
widely applied partial symmetry breaks because (1) they are scalable (polynomial in size), and
(2) they are easy to implement by imposing a lexicographic order on the rows (or columns) of
the adjacency matrix. The problem with this symmetry break is that it is very imprecise.

On the right, the column titled comp is about the complete symmetry breaks described
in [5]. These are complete, so their redundancy ratio is 1.00. We have crossed out the entry for
n = 11. This result is given in [5] where it is reported to take 8.44 days to compute.

In the middle, the columns titled con inv, disj inv, and inv are about symmetry breaks
based on graph patterns derived from specific types of permutations: consecutive, disjoint
involutions and involutions, as defined in [8]. For each of the symmetry breaks, the columns
titled “size” report the number of lex constraints of the form G <® 7(G). The columns titled
“p” detail the redundancy ratio of the corresponding symmetry break. For smaller values of n,
p is computed using an exact model counter ganak-2.5.2 [25], and for larger values of n, p is
computed using an approximate model counter approx-4.2 [27]. In the latter case, the value
is annotated in the table by the symbol “x”.
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Table 1: State-of-the-art symmetry breaks compared in terms of size (number of lex constraints
G <" 7(@)) and redundancy ratio (sometimes approximately computed).

n trans [9] con inv [8] disj inv [8] inv [8] comp [5]

size p size p size p size p size
4 6 1.00 6 1.00 6 1.00 6 1.00 6
5 13 1.26 13 1.06 15 1.06 16 1.00 17
6 24 1.77 29 1.16 32 1.12 39 1.00 42
7 40 3.02 64 1.46 72 1.31 113 1.01 127
8 62 5.39 134 1.95 166 1.53 399 1.02 473
9 91 9.42 269 2.76 399 1.83 2014 1.03 2826
10 128 15.34 526 3.97 996 2.20 || 12616 1.04 25263

11 174 23.52 1005 5.71 2499 2.65 || 81439 | ~1.12 274109
12 230 | ~32.47 1891 ~7.39 6244 | ~3.02
13 297 | ~48.77 3511 | ~12.19 || 15447 | ~4.18
14 376 | ~69.44 6442 | =16.74 || 37721 | ~4.26
15 468 | ~T71.61 11693 | ~19.96 || 90876 | ~6.16
16 574 | ~106.25 21028 | ~28.33
17 695 | ~191.28 37509 | ~43.41
18 832 | ~221.25 66427 | ~49.64
19 986 | ~256.27 || 116888 | ~56.48
20 || 1158 | ~345.82

Table 1 illustrates the challenge for computing (partial) symmetry breaks. Complete sym-
metry breaks quickly become impractical, while the simplest partial break trans quickly leads
to high redundancy ratios. While involutions can generate very high quality partial symmetry
breaks, they also quickly become challenging to compute. The strongest form inv hardly scales
beyond the complete break; the disjunctive form disj inv scales a little further still with low
redundancy; and the weakest form con inv scales better but generates high redundancy ratios
as n grows.

3 Graph Patterns

Graph patterns were introduced in [7] and are similar to the notion of lex-implications intro-
duced in [5]. A graph pattern is a partially instantiated graph G (some elements are variables)
such that all instances of G are non-canonical. We typically represent a graph pattern G using
the list notation edges(G). Formally, graph patterns derive from permutations as stated in the
following definition which is adapted from [7].

Definition 5 (graph patterns [7]). Let m be a permutation, G be an unknown graph of order-n
with edges(G) = (x1,...,Zm), edges(n(G)) = (y1,...,Ym), and let 1 < i < m. The graph
pattern, pat;(m), is the (most general) solution of equations from the right side in Equation (1)
for the case of edges(n(G)) <i., edges(G). We will refer to these equations as the “graph
pattern equations”. If the equations have no solution, then we denote pat;(m) = L.

The graph pattern p = pat;(m) represents the set of (non-canonical) graphs G that get
smaller at position ¢ with 7. Namely, graphs G such that 7(G) <* G. If p represents G we say
that p covers G.
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Table 2: Graph patterns for order-5 graphs with corresponding strengths and equations.

Ty — @ p = pat;(my) str(p) (prefix)
3,2,1,4,5) -1 [LA0,B,C,D,BE,F.G,H 8
3,1,2,4,5/ -1 [1,0,A4,B,C,D,E,F,G,H] 8
1,2,4,3,5] -2 [A,1,B,0,C,D,E,F,G,H] 8
1,2,3,5,4) —4 [A,B,C,1,D,E,0,F,G,H] 8 2,3]
3,54,2,1 -2 [A,1,B,C,D,0,E,F.AG 7
2,3,1,4,5/ -2 [0,1,0,A, B,C,D,E, F,G] 7
2,1,3,4,5] -4 [A,B,B,1,0,C,D,E,F,G] 7 3,2]
1,2,3,5,4 -5 |[A,B,C,D,1,E,D,0,F,G] 7 2,3,7]
13,1,2,5 -3 [A,0,1,0,B,4,C,D,E,F] 6 4]
2,4,1,3,5]—3 [A,A,1,0,A,B,C,D,E,F| 6 1]
3,1,2,4,5] -4 [A,A,A,1,B,0,C,D,E,F] 6 3,1]
2,1,4,3,5] =7 [A,B,C,C,B,D,1,0,E,F| 6 5,4,3,2, 6]
1,3,2,4,5| -8 [A,A,B,C,D,D,E,1,0,F] 6 1,3,4,6,5,7]
[1,2,4,3,5/ -9 [A,B,C,B,C,D,E,F,1,0] 6 4,5,2,3,6,7,8]
3.1,4,2,5 -5 [0,0,4,4,1,0,B,C,D, E] 5 6,4,3]
2,1,4,3,5] -9 [A,B,C,C,B,D o 5 15,4,3,2,6,8,7]
2,3,5,1,4 -5 [A,0,4,A4,1,B D] 1 8,9.1]
3,5,1,2,4] — 6 [0,A,B,B,C,1 D] 4 ,2,7,3,8]

Example 6. Consider the two graphs, G1 and Gy from Example 1. As stated in Example 4,

form=11,2,4,3], Go = 7(G1) and as demonstrated in Example 3,

Gl <3 G2 iS4 { (1’1:.1‘1), (I2:$4), (IgZO), (.T5:1) }

Definition 5 sets pats(m) = [x1,22,0,z2,1,x¢] as determined by the (most general) solution of

the above graph pattern equations.

Note that pat;(7) is always a legal graph pattern (represents only non-canonical graphs)
because graphs that get smaller under some permutation are trivially non-canonical. Table 2
details, a set of 18 graph patterns for order-5 graphs. These 18 graph patterns form a complete
symmetry break for order-5 graphs. Namely, their instances are exactly all of the corresponding
non-canonical graphs. The first column specifies a pair consisting of a vertex permutation m,
and an index ¢. The second column details the corresponding graph pattern pat;(m,).

The strength of a graph pattern p = pat;(m,), denoted str(p), is a measure of the number
of (non-canonical) graphs that it represents. More precisely, it is the log of this number, or
equivalently, it is the number of (distinct) variables in p. The strongest graph patterns are
of strength (Z) — 2. The third column of Table 2 details the strength of the corresponding
graph patterns which is precisely the number of distinct variables in each p = pat;(m,). Every
instance of p is a non-canonical graph. The rows of Table 2 are partitioned to highlight different
patterns of the same strength. It is always the case that str(p) < (72') — 2. This is because, by
Definition 5, p will always contain at least one “1” and at least one “0”.

The fourth column of Table 2, titled 7, (prefix), specifies the length i — 1 prefix of the edge
permutation 7, corresponding to the vertex permutation 7,. This prefix determines a set of
graph pattern equations. For example, read the prefix [9,2,7,3,8] from the last row in the
table as the set of equations: eqs(p) = {x1=x9, xo=12, x3=27, x4=x3, T5=xg} (Without the two
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equations assigning the i‘" edges from G and 7(G) to 1 and 0). These equations determine
which positions in p are equal.

More formally, let 7, — ¢ specifiy a graph pattern p and let 7w, be the edge permutation
corresponding to m,. Then the set of graph pattern equations which determine p is eqs(p) =
{zj=anp| 1<i<i }.

Question: What weakens a graph pattern p = pat;(m)?
Answer: Each equivalence class in egqs(p) of size k replaces k distinct variables by a single
representative in p.

Example 7. Consider the graph pattern p = [0,0,A4,A,1,0,B,C, D, E] derived from m, =
[3,1,4,2,5] and i = 5 detailed in Table 2. We have str(p) = 5 and 0 = [2,6,4,3] the
length 4 prefix of w.. Here, the equations derived from o introduce the equivalence classes:
{ {z1, 22,26}, {3, 24} } The equivalence classes indicate that 8 variables are eliminated from

D (2 because of the first equivalence class and 1 because of the second) and so, the strength of p
is10—2—-3=5.

Incrementality: An interesting property of lex-leader canonical graphs, when lexicographic
order is defined in terms of the column-wise concatenation of edge variables, is the following:
An order-n canonical graph contains a canonical subgraph on the first & vertices for every
1 <k <n[l19]. As shown in [16], this property can be exploited when generating symmetry
breaking constraints, as the symmetry break for order-n graphs can be extended to one for
order-n + 1 graphs. The following demonstrates how this applies to graph-patterns.

Example 8. Observe in Table 2, the 9 graph patterns pat;(7) where m(5) = 5 and i < 6.
These are extensions of the following 9 graph patterns which are a complete symmetry break for
order-4 graphs.

[3a25174] 1 [17A7O7B7C7D] [47371a2]73 [A,O,l, 7B7A}
[33172,4]71 [LO’AvaCvD] [2747133]73 [AvA,]-a 7A,B]
[1,2,4,3] —2 [A,1,B,0,C, D] 3,1,2,4 —4 [A,A A 1,B,0]
[2,3,1,4]—2 [0,1,0, 4, B,C] 3,1,4,2] =5 [0,0, 4, A,1,0]
2,1,3,4 -4 [A,B,B,1,0,C]

CEGAR: In [15] and in [5] the authors compute complete symmetry breaks for graphs
which are based on permutations and on a refinement of permutations which they term “im-
plications,” respectively. A similar approach is applied in [12] to break the symmetries for
finite models. In [8], the authors adapt this approach to compute symmetry breaks consisting
of graph patterns. Common to all of these works is an algorithm based on counter-example
guided abstraction refinement (CEGAR) [4]. In a nutshell, in the context of graph patterns,
the CEGAR-based algorithm performs as follows: Let ¥ denote a set of graph patterns, which
is initially empty. The algorithm repeatedly seeks a counter-example to the statement: “W is a
complete symmetry break”. A counter-example takes the form: a graph G and a graph pattern
pat;(7) such that G is covered by pat,(7) but is not covered by any of the graph patterns in
¥. If such a counter-example is found then ¥ = ¥ U {pat,;(7)}. If no such counter-example is
found, then ¥ is a complete symmetry break. The search for counter-examples is implemented
using a SAT encoding and incremental SAT solving.

To encode that G is covered by a pattern pat;(7), denoting edges(G) = (z1,...,xn,) and
edges(m(G)) = (y1, - - ., Ym), we introduce clauses to capture that

(561 :yl)/\o~/\(1’i_1 :yi_l)/\(xi = I)A(yl :O) (2)
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Each equation (x; = y;) is encoded in the CNF so that the atom (z; = y;) can be viewed as
a propositional variable. To encode that G is not covered by the pattern pat,(m), we take the
negation of Equation (2) which, given the encodings of the equations (z; = y;), is a single CNF
clause. In this paper we make extensive use of a CEGAR-based algorithm.

4 Approximating the Strength of Graph Patterns

The aim in this paper is devise a SAT based approach to construct partial symmetry breaks
by repeatedly selecting graph patterns, strongest first. However, a SAT encoding to specify the
strength of an unknown graph pattern p is complex due to the need to capture the equivalence
classes of the equations egs(p). This requires an encoding of the transitive closure of the
unknown set of equations which is costly. As an alternative, we encode an approximation of
str(p). Underlying the approach is an analysis of a prefix of the edge permutation which governs
the specification of these equations. To this end, we analyze the positions j in the domain of
which occur before ¢ and reason about how they impact the strength of the pattern. We first
demonstrate with an example.

Example 9. Consider again, the graph pattern p = [0,0, A, A,1,0,B,C, D, E] of strength 5
detailed in Table 2 which derives from the vertex permutation 7, = [3,1,4,2,5] with indexi =5
(see also Example 7). The length 4 prefix, [2,6,4, 3] of the corresponding edge permutation gives
rise to 4 equations: equations rs=x4 and x4=x3 involve a pair of variables prior to i =5 and
corresponds to a swap in T.; equation r1=xo involves a pair of variables prior to i which is not
a swap, and equation xo=x¢ involves a single variable prior to i.

Let p = pat;(m,) be a grah pattern, let o be the length ¢ — 1 prefix of a permutation 7,
which corresponds to m,. We distinguish between four types of values in o. We say that values
j and k in o are pre-i-swap if such that j < k < i, m.(j) = k and 7.(k) = j. The value j < i in
o is pre-i-lower if w.(j) < i and 7. (7.(j)) # j. The value j < i in o is pre-i-upper if m.(j) > i.
All other values j < i in o are pre-i-fized-point, w(j) = j.

Each pair of pre-i-swap values j < k in 7. introduces exactly one equivalence (between
the variables x; and xj) and weakens the value of str(p) by one. Each pre-i-upper value j
in 7. introduces exactly one equivalence (between x; and a variable with index greater than
i) and weakens the value of str(p) by one. Each pre-i-fixed-point value in 7, introduces zero
equivalences and does not influence the value of str(p). A pre-i-lower value j < ¢ in 7, introduces
at most one equivalence, depending on the size of the path or cycle in which j resides.

Table 3 enhances the graph patterns detailed in Table 2 with the number of positions of three
types: pre-swap, pre-lower, and pre-upper. All other positions are pre-fixed-point positions.
Observe in the table that for all of the rows except that for the pattern [3,1,2,4,5] — 4 we have

str(p) = (Z) — 2 — #pre-swaps — #pre-lower — #pre-upper

We take the approach that, minimizing the values of (#pre-swaps + #pre-lower + #pre-upper)
is an approximation of maximizing the value of str(p).

Definition 10 (equivs, (s1, $2,53)). Let equivs,, (s1, s2, 3) denote the set of order-n graph pat-
terns p, such that the number of pre-swap (pairs), and the numbers of pre-lower and pre-upper
(values) in p are at most s1, 82, and s3 respectively. When clear from the context we omit the
subscript n. If pattern p belongs to equivs,, (s1, $2,83), we say that p is equivs, (81, S2,83).
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Table 3: Graph patterns for order-5 graphs with corresponding strengths and types of positions

(note for swaps we count pairs).

T—1 p = pat;(m) str(p) pre-swaps pre-lower pre-upper
3,2,1,4,5 -1 [LA0,B,C,D,E,F,G,H 8 0 0 0
3,1,2,4,5/ -1 [1,0,4,B,C,D,E,F,G,H] 8 0 0 0
1,2,4,3,5] -2 [A,1,B,0,C,D,BE,F,G,H] 8 0 0 0
1,2,3,5,4 —4 [A,B,C,1,D,E,0,F,G,H] 8 0 0 0
3,5,4,2,1] -2 [A,L,B,C,D,0,E,F,A,G] 7 0 0 1
2,3,1,4,5/ -2 [0,1,0,A,B,C,D,E,F,G] T 0 0 1
2,1,3,4,5/ -4 [A,B,B,1,0,C,D,E,F,G] 7 1 0 0
1,2,3,5,4 -5 [A,B,C,D,1,E,D,0,F,G] 7 0 0 1
[4,3,1,2,5] —3 [4,0,1,0,B,4,C,D,E,F] 6 0 0 2
2,4,1,3,5/ -3 [A,A4,1,0,A,B,C,D,E,F] 6 0 1 1
3,1,2,4,5| -4 [A,A,A,1,B,0,C,D,E,F] 6 0 3 0
[271743&5]77 [A,B,C,C,B,D,]., aEvF] 6 2 0 0
[1,3,2,4,5| -8 [A,A,B,C,D,D,E,1,0,F] 6 2 0 0
1,2,4,3,5/ -9 [A,B,C,B,C,D,E,F,1,0] 6 P 0 0
3,1,4,2,5] -5 [0,0,4,4,1,0, B, ] 5 1 1 1
[2,1,4,3,5] -9 [A,B,C,C,B,D,E E,1,0] 5 3 0 0
2,3,5,1,4 -5 [A,0,4,4,1,B,C, 4 0 2 2
3,5,1,2,4) — 6 [0,A4,B,B,C,1,B,C,0, 4 0 1 3

Encoding equivs,,(s1, 2, S3):

Step one (channelling).

Let n, i, and s1,$2,83 be given integer values such that
1 < i,81,82,83 < m where m = (Z) The SAT encoding that specifies that m, is an order-n
permutation such that m, — ¢ corresponds to a graph pattern in equivs,, (s1, S2, s3) is detailed in
Equations (3—35). In our implementation, the constraints from these equations are compiled to
CNF using the finite-domain constraint compiler BEE [21].

First we express in Equation (3) that 7, and 7, are corresponding

vertex and edge permutations. Both permutations are represented as lists of integer variables

which are constrained to be all different.

Ty = [P1,- -+, Pn) Te = [q1, -+ qm]
n
N\ integer(p;,1,n) N integer(q;,1,m) (3)
i=1
allDifferent(pi,...,DPn) allDifferent(qi,...,qm)
The integer variables in 7, specify a mapping [1,...,n] = [p1,...,pn] (the p; are variables). We
constrain 7. to express a corresponding mapping [1...,m] — [¢1,...,¢m]. To this end, denote

id, = [(1,2),(1,3),(2,3),..., (n — 1,n)].

This specifies the edge positions in the column-wise

order. So, ¢; = j if 7, maps the i*" element of id, to the j" element of id, as specified by the
constraints in Equation (4).

Step two (equivs(sy, 2, 53))-

AN =i o idfi]=(uv) A idel] = (uj,v;) A

(4)

(pui = Uj N Py, = Uj) \ (pui =Vj N Py, = uj)

Now we encode the parameters s, sz, s3 corresponding to the
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numbers of pre-swaps, pre-lower and pre-upper positions in the graph pattern corresponding to
7y — 1. Let me = [q1, ., @m]-

AN ZTape G=bAN@g=a > Tap < s1
a<b<i a<b<i
A Yap ¢ qu=0b xor g =a > Yab < 82 (5)
a<b<i a<b<i
N za < Go > > zq < 83
a<i a<i

5 Strength-driven, Redundancy-aware
Pattern Generation

We define a series of partial symmetry breaks WT7,..., U} for order-n graphs defined in terms of
sets of graph patterns £7, ..., ¢} where 7 is the set of all order-n transpositions and for j > 1,
0 = equivsn(s{, sg, sé) The sequence of partial symmetry breaks can be viewed as a sequence
of layers: each element is computed “on top” of the previous element.

To compute the symmetry breaks, we start from an empty set of graph patterns, ¥§ = ()
and apply in iteration, where j takes values from 1 to k:

U7 = generate((])

The procedure generate((j) is CEGAR-based. It initializes ¥} with the graph patterns from
the previous layer W7_; and then, so long as there exists a counter-example from K;P to the fact
that W’ is not a complete symmetry break, it adds the corresponding graph pattern to W7.

We note that when the computation of U7 terminates, U7 is most likely not a complete
symmetry break. However, no counter-example from (7 exists. We also note that the set of
graph patterns, 7, is not represented explicitly. It is represented as a set of constraints (a
propositional formula).

The idea is to design the sequence €7, ..., ¢} so that stronger graph patterns are selected
first and also to make layered based computation feasible. Note that we could simply define
the sequence (¢}) or the sequence (€7, £%) but this does not work computationally. The specific
sequence considered in our experimentation is the following:

trans, equivs(3, 2, 2), equivs(4, 3, 3), equivs(5, 3,2), equivs(6, 3, 3), equivs(7, 4, 3),
equivs(8, 4, 4), equivs(9, 5, 4), equivs(10, 5, 4), equivs(11, 6, 5), equivs(12,6,5),
equivs(13, 6, 6), equivs(14, 7, 6), equivs(15,7,7), equivs(16, 8, 7), equivs(17, 8, 8),
equivs(18,9,9), equivs(19, 10, 9), equivs(20, 10, 10).

However, for values n > 14, we only have calculated the symmetry breaks up to equivs(17,8, 8).
The general approach described above is the basis of our method, but in order to ensure efficient
execution we need to make use of additional heuristics and considerations.

Initialization (and incrementality): In fact, because we have chosen to order the edge vari-
ables by column, we can do better at the initialization phase in the definition of generate((3).

For n > 4, we initialize ¥7 = V7 _; U extend(\Ilyfl) where each graph pattern of order-n — 1 is
extended to one of order-n (by concatenating n — 1 fresh variables) [16]. See also Example 8.

An inner layer of iteration (and a heuristic): In the implementation, when iterating
over layers, when we compute generate((]), we iterate over all values 1 <i < (72’) where 1 is
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the index of the corresponding graph patterns pat,;(m) considered from 7. This simplifies the
encoding of “is there a counter-example from ¢7”. We encode, for each i: “is there a counter-
example of the form pat;(7) from ¢7” for the given i. In practice, especially for larger values
of n, the majority of indices 1 < i < (g) do not lead to counter-examples (do not add new
graph patterns). In practice, this leads to a large number of expensive SAT calls which are
“unsat”. We observe for n < 10 that there are only a few select values of ¢ for which there exist
counter-examples of the form pat;(7) from 7. Moreover, the set of such indices remains, more
or less, constant in £7 as n increases. Hence, we introduce a heuristic: First we determine which
values of ¢ contribute graph patterns in the computations for smaller values n < 10. Then, for
larger values of n > 10 we restrict the search to these specific values of i. It means that we
might not be adding all graph patterns that could otherwise be detected at layer (7.

Keeping the symmetry breaks “small” (a heuristic): For the specific layers in our
design, the number of graph patterns added at each iteration i for layer £} is usually small (less
than hundreds). In some cases it is huge (thousands, tens of thousands). As a heuristic, we
restrict the number of graph patterns added at each iteration ¢ for layer £7 to 1000. However,
we do not take the first 1000 counter-examples. We take the last 1000 counter-examples. These
have proven non-redundant given all of the previous ones.

The reduce procedure: An important detail regarding CEGAR-based algorithms is that
U may contain redundant elements. For example, if a graph pattern added at some point
becomes redundant in view of those added later. A second phase of the algorithm iterates on
the elements of ¥ to remove redundant permutations (similar to the iterative algorithm for
a minimally unsatisfiable set or monotone predicates in general [22, 20]). It is important to
note that the time to perform the second phase is costly. In our implementation we apply
the reduce algorithm between layers and also periodically inside layers (every n? x 40 graph
patterns derived).

On the selection of the specific layers: The specific values of s1, so and s3 chosen in the
layers are the result of trial and error. We did not start from equivs(1,1,1) as this resulted in
very few graph patterns. Clearly a more principled investigation of the sequence is warranted.

On the strategy: It is important to note that selecting graph patterns “strongest first”
is not guaranteed to make the best choice. Given a set of graph patterns already selected, a
strong graph pattern may cover only a small number of additional graphs.

Summary: We call our approach “strength-driven”, as we select patterns with decreasing
strength. We call it “redundancy-aware” because the CEGAR-based algorithm ensures that
every graph pattern selected is not redundant (at the time it is generated).

Table 4 details the sizes and redundancy ratios for several of the symmetry breaks generated
for order-10 graphs. On the left, transpositions which are currently the most widely applied
partial symmetry break (with redundancy ratio 15.34). On the right, a complete symmetry
break (with redundancy ratio 1.00). Notice that using equivs(10,5,4) we obtain a symmetry
break with less than 10% of the graph patterns required for a complete symmetry break with a
redundancy ratio of 1.34. This means that when using this symmetry break we will obtain on
average 1.34 graphs for every canonical solution.

6 Owur Partial Symmetry Breaking Constraints

This section details properties of the partial symmetry breaks constructed: their precision
(redundancy ratios), the times required to compute them, and their sizes.
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Table 4: Partial and complete symmetry breaks for order-10 graphs.

trans | equivs(10,5,4) | equivs(14,7,6) | equivs(15,7,7) | equivs(17,8,8) | complete
size 128 2273 3300 5802 7471 25263
p 15.34 1.34 1.21 1.14 1.07 1.00
—e— transp equivs10_5_4 F — —e— n=4 n=14
600{ —=— equivs3_2_2 equivsll_6_5 . 600 \ —=— n=5 n=15
—+— equivs4_3_3 equivs12_6_5 / \ —+— n=6 n=16
+ equivs5_3 2 equivs13_6_6 / 500 \ + n=7 n=17
500 equivs6_3_.3 —— equivsl4_7_6 / S~ \ + n=8 n=18
equivs7 43 —+— equivsl5_7_7 400 \\\ n=9 + n=19
400 equivs8 4 4  —e— equivsl6_8_7 [ e n=10 -=- n=20
equivs9 5 4 —e— equivsl7_8_ 8 4 2300 " n=11 —+ n=21
¥ . \" n=12 —e n=22
%300 200 o TN S\ n=13 -+ n=23
S\
\;\\*
100 NN\
200 =
0 +b———————— ; =t
100 Y5 A 5 s N N 6 5 6 0 A A
,O&Q AN ST IR TN I I S WA A A X
0 1 CEEEEELELE PP
X X X XXX XSS QS S
456 7 8 91011121314 151617 18 19 20 21 22 23 e eSS S S S S S S
n Type (Sorted by strength)
(a) p vs n (Grouped by Type) (b) p vs Type (Grouped by n)

Figure 1: Values of p for different symmetry breaks and values of n.

Figure 1 shows redundancy ratios p for the different symmetry breaks and different values
of n (number of vertices). The redundancy ratio is computed as the ratio between the number
of graphs which are solutions of each corresponding symmetry break and the number of non-
isomorphic graphs. The numerator is computed by calling a model counter to compute the
number of graphs which are solutions of each corresponding symmetry break, and the value of
the denominator is found as [23]. When possible with a 4 hour timeout the ratio is computed
using an exact model counter ganak-2.5.2 [25], otherwise it is computed using an approximate
model counter approx-4.2 [27].

Figure la shows how the values evolve for each symmetry break for different values of n.
Figure 1b shows how the values evolve as the symmetry break gets stronger. In Figure la, the
upper curve corresponds to the use of transpositions, as in [10, 9]. The lower curve corresponds
to our most precise symmetry break. This figure makes it clear that the approach taken to
derive symmetry breaks, “strongest-first”, results in symmetry breaks which evolve to give
good precision. Missing points in the plots (for instance in the upper plot of Figure 1a) indicate
that the corresponding SAT instances were too hard for the approximate model counter, so we
cannot compute & p. Similarly, although both plots in Figure 1 detail values up till n = 23,
symmetry breaks have been computed up to 25. In all cases we can compute the symmetry
breaks and apply them.

Figure 2 shows the incremental times needed to produce the symmetry breaks for different
values of n (number of vertices) for each layer—that is this is the time to complete the layer
WY starting from W}, U extend(\I/?_l).

Figure 2a shows how the time evolves for each symmetry break for different values of n.
While usually the time grows with both n and the layer number j, it is not monotonic in either.
This is potentially a result of the differences between subsequent layers not being uniform.
Figure 2b shows how the time evolves as the symmetry break gets stronger. Clearly in general
while time required grows with layers it is not uniform, again as a result of the fact that the
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—e— trans equivs10_5_4 r —e— n=4
—=— equivs3_2 2 equivsll_6_5 il » 500001 —=— n=5
500007 _, equivs4_3_3 equivs12_6_5 Al + n=6
ivs5_3_2 ivs13_6_6 4 n=7
¢ equivs5 3 ; equivs13_6_ 40000 -
¥ equivs6_3_3 *— equivsl4_7_6 v n=8
40000 equivs7_4_3 #— equivsl5_7_7 — < n=9
equivs8_4_ 4  —e— equivsl6_8_7 ) 30000 n=10
— equivs9_5_4 equivs17_8_8 g n=11
£30000 = n=12
)
£
=1
20000
10000
e
0 e =" S S ]

456 7 8 910111213141516171819202122232425
n Type (Sorted by strength)

(a) Time vs n (Grouped by Type) (b) Time vs Type (Grouped by n)

Figure 2: Time to calculate the sym. break for different symmetry breaks and values of n.

—e— trans equivs10_5_4 2500001 —* n=4 n=15

250000 ®— equivs3_2_2 equivsll_6_5 —®— n=5 n=16

+— equivs4_3_3 equivsl2_6_5 4 n=6 n=17

+ equivs5_3_2 equivs13_6_6 2000001 —+— n=7 n=18

200000 equivs6_3_3 “ equivsl4_7_6 v n=8 n=19

equivs7_4_3 #— equivsl5_7_7 < n=9 = n=20

equivs8_ 4 4  —e— equivsl6_8_7 ) 150000 n=10 +— n=21

150000 equivs9 5.4 —e— equivsl7 88 = n=11 -+ n=22
N 100000

@
100000 50000
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Figure 3: The size of the sym. break for different symmetry breaks and values of n.

difference between subsequent layers are not uniform. Many of the peaks in Figure 2b correlate
to the number of indices considered by the relevant indices heuristic. Analogously, Figure 3
shows the sizes of the symmetry breaks.

7 Evaluation

We consider two benchmark problems and illustrate the impact of our partial symmetry breaks
when solving them. In both cases we compare to the partial symmetry break defined in terms of
transpositions and to the use of dynamic symmetry breaking using [18]. For both benchmarks
the encoding of the problem instances to SAT is performed using the SMS tool.! Then we
couple the resulting CNF with other symmetry breaks. All the experiments were performed on
a machine with two AMD EPYC 7513 32-Core processors and with 514 GiB RAM with 100
problem instances run in parallel with 4h timeout.

1Obtained from https://github.com/markirch/sat-modulo-symmetries under revision c£890fd, using the
tool’s options ——no-solve —-cnf FILE to generate a CNF file.
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Table 5: Diameter 2 Critical comparison

n SMS Static-best Static Trans.
models | time (s) || models | time (s) | ratio || models | time (s) | ratio
4 2 0.00 2 0.00 | 1.00 2 0.01 1.00
) 3 0.00 3 0.00 | 1.00 4 0.00 1.33
6 ) 0.00 ) 0.01 | 1.00 11 0.01 2.20
7 10 0.00 10 0.01 | 1.00 32 0.01 3.20
8 30 0.02 30 0.02 | 1.00 163 0.02 | 5.43
9 103 0.11 103 0.07 | 1.00 1018 0.12 | 9.88
10 520 0.52 933 0.42 | 1.03 9727 1.62 | 18.71
11 3,748 2.10 4,051 4.18 | 1.08 133,316 32.03 | 35.57
12 40,868 23.34 48,115 41.47 | 1.18 t.o. t.o. t.o.
13 || 688,130 774.89 || 934,992 1088.75 | 1.36 t.o. t.o. t.o.

Diameter-2-Critical Graphs: The diameter of a graph G is the largest distance among all
pairs of vertices in G, where the distance of two vertices is the length of a shortest path between
them. A disconnected graph has diameter co. A graph is diameter-d-critical if its diameter is
d, but the deletion of any edge increases the diameter. In [18], the authors report that previous
work on this problem provides results for graph of size n < 11 and that they were able to extend
these results to graphs with n < 13 vertices. We refer the reader to [18] for details on the origin
and history of the problem.

Table 5 shows results for the Diameter-2-critical problem. We compare static symmetry
breaks with our best symmetry break and using a symmetry break based on transpositions
and the computation using the SMS [18] tool. For the static symmetry breaks the models were
enumerated by CaDiCaL [2] using a blocking clause mechanism. Times are given in seconds. The
two columns titled ratio detail the ratio between the number of models obtained and the actual
number of models (found using SMS). For this experiment we have used partial symmetry
breaks (static-best) based on equivs(20,10,10). Comparing the two static symmetry breaks,
“Static-best” is superior both in precision and in time. The dynamic approach using SMS is
superior to static symmetry breaking.

Extremal Graphs with Required Girth: An extremal graph theory problem: What is the
maximal number of edges in a graph with v vertices and no cycles of length 4 or less (i.e. graphs
with girth at least 5). Let f4(n) denote the maximum number of edges in an order-n graph with
girth at least 5. We consider the same encoding as applied in [9] and in [18]. We consider the
largest satisfiable instances which contain f4(n) edges and the smallest unsatisfiable instances
which contain fy(n) + 1 edges. In both cases the problem is partitioned depending on values of
pairs (0, A) which denote the minimal and maximal degrees of vertices in the solutions (if they
exist). These pairs are determined by known constraints related to the problem. For a satisfiable
instance with n vertices and m edges, we take the minimal time over the corresponding pairs.
For an unsatisfiable instance with n vertices and m edges, we take the maximal time over the
corresponding pairs. This is the convention set in [9] and in [18]. We refer the reader to those
papers for details on the encoding.

Table 6 shows the time comparison (in seconds) between dynamic symmetry break (SMS),
transpositions, and our best symmetry break (equivs(17,8,8)). We consider values of n <
25, corresponding to those for which we have constructed static symmetry breaks. The cells
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Table 6: Extremal Graphs Comparison

n SAT UNSAT

SMS | Static-best | Trans SMS | Static-best Trans
15 0.16 0.97 0.13 trivial trivial trivial
16 0.20 1.01 0.14 0.52 3.72 10.85
17 | 049 0.93 0.23 trivial trivial trivial
18 0.53 2.17 0.55 trivial trivial trivial
19 0.14 0.95 0.24 trivial trivial trivial
20 1.80 4.26 2.46 trivial trivial trivial
21 0.59 2.93 0.85 0.85 7.66 236.90
22 3.44 3.71 3.33 3.00 147.93 | 2672.83
23 4.49 14.01 0.05 10.79 3718.25 t.o.
24 12.38 30.87 17.54 trivial trivial trivial
25 | 90.34 28.37 5.18 | 402.31 t.o. t.o.

marked with trivial indicate that an unsat result follows trivially from theoretical bounds. The
solver Kissat [3] was used to decide the SAT queries. For satisfiable instances, all three of the
techniques are similar. For the unsatisfiable instances, the stronger static symmetry break is
superior to the use of static symmetry break based on transpositions. The dynamic approach
using SMS is superior to static symmetry breaking.

8 Conclusion

Symmetry breaking for graph search problems is challenging: ignoring symmetries leads to
vast amounts of redundant work, while removing all symmetries is impossible for large n.
Hence partial symmetry breaks are an important approach to practical symmetry breaking
for graph search. In this paper we develop a method for creating “small” partial symmetry
breaking constraints which nonetheless have low redundancy ratio, and importantly are not
too difficult to compute. The method substantially improves on earlier methods for partial
symmetry breaking for graph search problems.

The symmetry breaking constraints constructed in this paper are solver independent. They
can be applied when solving graph search problems via SAT encodings, constraint solvers, or
SMT solvers. In addition, they are problem independent. They can be applied when solving
any graph search problem. It is important to note that while dynamic symmetry breaking (e.g.
SMS [18]) has its advantages (as indicted also by the benchmarks in Section 7), it requires
adapting an existing solver substantially.
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