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Abstract

This paper introduces a scheme to compare atoms and extract variable substitution
bindings, as a part of unification, within the core loop of an automated theorem prover. The
presented algorithm uses only linear algebraic transformations and no pointer operations
and is designed to scale with parallelized hardware acceleration. Atoms are converted to
a single 64-bit value using a fingerprint function, under which identity comparison is a
single XOR and unifiability is dictated by membership in a linear span. Two mechanisms
follow, blackout matching (reduced-basis membership) and power unification (recovering
variable bindings by solving a linear system in GF(2%%)). Although the comparison is
approximate, it serves as a prefilter whose candidate matches can be verified syntactically
before inference. When correctly tuned, it achieves substantial candidate reduction during
a simulated unification pass on randomly selected axioms with zero observed false negatives
in targeted ground/pattern and pattern/pattern validation.

1 Introduction

Modern computational performance is often tied to the utilization of hardware parallelism.
The architectures of automated theorem provers (ATP), particularly their methods of indexing
and comparing atoms, have limited scalability with the concurrency provided by hardware
parallelism. Rather than index and unify terms via a sequential, memory-addressed tree walk,
a unification algorithm could instead identify a term in a single pass by treating each atom as
a single 64-bit value and comparing them directly using algebra in GF(254).

The goal of this paper is to define a fingerprint function (id) such that if two relations
are equivalent their fingerprints are equal; the term “fingerprint” follows Schulz [1] as a method
of identifying atoms. This paper describes this method in Section 3.

R=Q = id(R) =id(Q) (1)

Furthermore, such a fingerprinting scheme should also make possible some filter ¢ that can
be performed on two atoms’ encoded identities to imply whether the two can be unified through
some substitution operation. This operation is outlined in Section 4.

¢:FxF—=B VR Q-¢(id(R),id(Q)) = -3o.Ro = Qo (2)
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Finally, the fingerprint should lend itself not just to an indication of a unifiable substitution
but also to an operation which extracts the actual substitution bindings. Let id(k)(R) =
(id1(R),. . .,idk(R)) denote the vector of k fingerprints of R. This process is defined in Section 5.
Importantly, these goals are to be fulfilled without the use of branches or memory operations
aside from loading arrays of candidate atoms to and from memory.

Jg. g : F*xF* 5 F*. 0 = {vy = t}ARo = Q = ¢(id™(R),id™(Q)) = (id(t1),...,id(ty))
®3)
This paper includes a discussion of the necessary background to support the claims made
here (Section 2) and an empirical verification of the mathematical claims made in support of
its various mechanisms (Section 6). Importantly, this paper describes only the design of the
fingerprinting function and the two relevant comparison operations which also enable variable
binding extraction. Section 7 introduces the application of the methodologies discussed here in
the implementation of an ATP, as well as some further, potential applications.

2 Background

2.1 Automated Theorem Proving

ATPs prove logical conjectures by negating the conjecture and attempting to find a contradic-
tion using the provided axiom set. The given-clause algorithm of Otter and E [2, 3] involves
two stacks of clauses, the active and passive stacks. From the active stack, the ATP selects a
given clause and performs unification [4] against clauses in the passive stack that contain a
literal of opposite polarity, deriving new clauses and placing them on the active stack. Deriving
the empty clause is indicative of a contradiction and the theorem is proven. Provers are said
to be sound if they never produce a proof of a non-theorem. A unification algorithm is perfect
if it never claims existence of a substitution that cannot transform two atoms such that they
are equivalent.

Modern ATPs generally implement some form of indexing, a computationally efficient
method for storing and finding a particular term pattern in the clause set. One such indexing
method is the discrimination tree [5, 6], which organizes atoms into a tree data structure so
that matching a term pattern to an atom is a tree traversal that scales logarithmically to the
size of the problem.

2.2 Hardware Parallelism

Hardware parallelism favors regular arithmetic over pointer-heavy data structures. Carryless
field arithmetic is available in Intel’s GFNI architecture [7] and can be batched on GPUs [8].
In contrast, memory bandwidth and irregular pointer chasing limit GPU kernels [9, 10]. This
motivates representing atom comparison as a linear algebraic operation.

2.3 Algebra using Binary Strings

The fingerprint function defined in Section 3 and the algebraic linear system based unification
proposed in Section 5 operates in the 64-bit, binary finite field, utilizing XOR as the addi-
tive operation (symbolized as @), and carry-less multiplication reduced modulo an irreducible
polynomial as the multiplicative operation (symbolized as X). Elements are represented as

73



Algebraic Indexing to Parallelize Atom Comparison in the ATP Saturation Loop Kim and Pease

polynomials over 3, where bit ¢ of a 64 bit word is the coefficient of z*, reduced modulo the
lowest-weight irreducible polynomial of degree 64 [11]:

F=GF(2") =Falz]/(p(x)),  plz) =2 +a'+a®+a+1 (4)

Despite the unfamiliar operations, this structure behaves like ordinary arithmetic: @& and X
are commutative and associative, X distributes over @, there are additive and multiplicative
identities (0 and 1), every element has an additive inverse, and every non-zero element has a
multiplicative inverse. These properties make the usual algebraic manipulations valid, so the
techniques of Section 5 carry over from ordinary arithmetic [12].

By contrast, the mathematics utilized in Section 4 does not treat a 64-bit word as a single
number. It treats it as a column vector of 64 bits, each of which is a scalar in Fo = {0,1}
with XOR as addition and AND as multiplication. Words are combined by ordinary matrix
operations, so the usual notions of matrices, kernels, and subspaces apply. Formally, this is the
vector space FS* rather than the field GF(2%4) of Equation 4.

2.4 Hashing Functions

Hash functions map arbitrary-length bit strings to fixed-length values. Here, h is modeled as a
uniform map into F; hashing short symbols is not a bottleneck [13, 14].

h:% — F (uniformly random) (5)

3 The Fingerprint Function

Naively, the first objective can be implemented by simply hashing each atom’s textual repre-
sentation. However, hashing an atom’s contents makes its structure completely opaque. This
violates the second objective as the atoms married(jane, john) and married(jane, X) should be
comparable.

Instead of hashing entire atoms, we hash each term individually, then XOR them together
to form the identity of the whole atom (the same XOR-composition idea behind Zobrist hash-
ing [15]). If we modify the hash function so that all variables yield 0, they contribute nothing
to the atom’s overall identity since 0 is the identity element of XOR:

id(married(jane, john)) = id(married) @ id(jane) ® id(john)
= h(married) ® h(jane) & h(john)

id(married(jane, X)) = id(married) @ id(jane) & id(X)
= h(married) @ h(jane) ® 0
= h(married) ® h(jane)
Comparing a fully grounded atom with one containing a variable costs a single XOR:
id(married(jane, john)) @ id(married(jane, X)) = h(john)

Since XOR is its own inverse, the only remaining term is h(john), so john is the substituent for
the variable X.

One issue with this scheme is that ordinality of the terms within the atom is not captured.
Since XOR is commutative, id(married(jane,john)) = id(married(john,jane)). To address
this, we introduce a new function, the slot function, which encodes the term’s identity and
position in the atom. A term’s slot is calculated as the product of its hash and an ordinal
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weight (w;).
id(married(jane, john)) = slot(married, 0) @ slot(jane, 1) @ slot(john, 2)
= (h(married) K wy) ® (h(jane) Kwy) @& (h(john) K ws)

These ordinal weights are fixed constants where h(t) X w, corresponds to the identity of
the term ¢ at position n in its containing atom. Multiplication is used for the encoding as the
identity of the term can be recovered from its slot value and position by multiplying it by the
inverse of the ordinal weight.

id(married(jane, john)) @ id(married(jane, X)) = slot(john, 2)
slot(john, 2) R wy ' = h(john)

Note that calculating inverses is relatively expensive, but since the ordinal weights are
predetermined, their inverses can be precomputed.

For reasons that are explained in Section 5, the ordinal weights are themselves powers of a
randomly selected, fixed constant z:

w; = 2" 240, 2" # 2 forall 1 <i<j<N+1, (6)

where N is the maximum arity to be indexed. The first condition guarantees each w; has an
inverse; the second guarantees distinct positions receive distinct weights.
In summary, the slot function is defined as:

slot(t,n) = h(t) K w, (7)

3.1 Subterm Representation

The fingerprint  function  generalizes to atoms  with nested terms (e.g.
married (jane, father(son(jane)))). Rather than a single slot position, each term in an
atom is located by its path: the sequence of argument positions traversed from the atom’s
root to reach it. A path m = (g, ...,44) has depth d with ¢ its top-level slot position. In the
atom above, the predicate term, married, is at path = = (0), the first jane is at path = = (1),
father is at ™ = (2,0), and the second jane is at path = = (2,1, 1).

A term t at slot ¢ is represented as slot(t,4) = id(¢) X w;. When ¢ is compound (e.g. a
function), id(¢) becomes an XOR of its slots. Because X is distributive over &, the outer weight
is distributed to every term inside:

id(father (jane)) K w; = ((id(father) X wo) @ (id(jane) K w;)) K w;
= (id(father) K wo M w;) @ (id(jane) X wy K w;)

A term at path m = (ig,...,%4) is multiplied by one ordinal weight per level of nesting, so its
weight is the product w;, M w;, X ---Xw;,. Reusing the ordinal weights w; = 2! (Eq. (6))
does not work, since X is commutative. A product collapses to zzzzo(ikﬂ), so every pair of
paths with equal position sums collides (e.g. (1,2) and (2,1)). Therefore, we extend Eq. (6) so
that each depth k is assigned a distinct base constant zj:

w(n) = 20T R R R 2k # 0, w(m) # w(n') for all T # 7’ (8)

The depth constants z; are chosen independently and uniformly at random, then must be
verified to produce no collisions among w(7), up to a fixed maximum arity and depth.
The path function is the product of a term’s identity and the weight of its path:
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path(s, ) = id(s) X w(m) 9)
Note that the previously defined slot function (Eq. (7)) is the special case slot(s, i) = path(s, (7)).
A full construction of an atom with a nested term:

id(married(jane, father(son(jane)))) = path(married, (0)) @ path(jane, (1)) @ path(father, (2,0))
@ path(son, (2,1,0)) @ path(jane, (2,1,1))
= (id(married) ® zo) @ (id(jane) K 22) @ (id(father) X 23 2;)
@ (id(son) K 2522 20) @ (id(jane) ¥ 2523 23)
As before, the comparison between a fully constructed atom and one with a variable is a
single XOR. A variable contributes 0 at any path, so the XOR of the two atoms leaves exactly

the term at the variable’s path, which can be recovered by multiplying it by the precomputed
inverse of its path weight.

id(married(jane, father(son(jane)))) @ id(married(jane, father(son(X)))) = path(jane, (2,1,1))
path(jane, (2,1,1)) KMw((2,1,1)) " = id(jane)

3.2 Function Definition

The path function defined in Eq. (9) extends to arbitrary terms by recursion, accumulating the
path by its traversal. Given that the empty sequence, (), denotes an empty path, w(()) = 1,

and 7 - ¢ appends element ¢ to sequence 7, the id of an atom ty(t1,...,t,) is defined as:
0 teV
h(t) X t a constant or relation symbol
path(t, r) = 4 "D Ew(m HSTAh OF TETAHOR Sy id(t) = path(t, ()

n
Prath(ti, m-i) t=tolt1,...,t,)
=0

(10)

Observe that a term’s path value, path(¢, ), is a monomial where the constant is the hashed

identity of the term and the variables are the depth constants raised to the power of the term’s
ordinal positions:

Co io+1 g i1+ g Lia+l do+1, ir+1, ia+1
path(t, (ig,i1,72)) = h(t) K 2> K217 K 22" = cx?" 2 2y

As such, an atom’s total identity is a polynomial composed of those term-path monomials.
This property is used in Section 3.3 to calculate the probability of two atoms’ fingerprints
colliding and in Section 5 to compare atoms and extract substitution bindings.

id(r(q, f(v,u))) = path(r, (0)) ® path(q, (1)) ® path(f, (2,0)) & path(v, (2,1)) ® path(u, (2, 2))
= Crxo + cqmg + cfxgxl + cvxgxf + cuxgxf

A worked construction in a 4-bit toy field appears in Appendix A (Figure 2).
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3.3 Fingerprint Collisions

Each unique term has its fingerprint stored in a hash table, providing a backward lookup
between the hashed identity of a term and its true identity. A lookup miss indicates that a
term does not exist in the context of the problem. Collisions are avoided by rehashing a term
as many times as necessary to achieve a unique identity. The resulting symbol assignments are
part of the fingerprint state and are stored with the pool. This scheme is limited to exactly
the number of symbols the finite addressing space supports, 264. Additionally, since variable
identities are 0, a term that hashes to 0 must also be rehashed. The chance of needing to rehash
a term, given m existing terms, is m/2%%.

In addition to symbols, subterms and atoms are also represented by a hashed identity and
stored in respective hash tables. While symbols can be rehashed to avoid collision, compound
subterms and atoms are beholden to the fingerprinting algorithm for their hashed identity and
cannot have the fingerprint algorithm reapplied. Hence, collisions are expected and a subterm
or atom’s true identity (e.g. the data structure which represents the component terms) is kept
in a list addressed by their common hashed identity. For the purposes of unification, atoms
belonging to negative and positive literals are kept in separate stacks so that an atom within a
negative literal only ever queries atoms of positive literals.

The collision probability between two atoms follows the Schwartz—Zippel lemma [16, 17]:

Pr[3Q # R € Aid(Q) = id(R)] < (';") 2% (11)

where A is the atom set and D is the total degree of the fingerprint polynomial. A term at
path (ig,...,4q) contributes a monomial of degree Zﬁ:o(ik +1),s0 D < (a+1)(d+1) for a
maximum arity ¢ and maximum term depth d. For a large knowledge base like SUMO [18§]
with approximately 200,000 unique formulas, a set maximum relation arity of 7 and a maximum
observed term depth of 8, this gives D = 72 and a bound of roughly 2723 ~ 8 x 1078, This
represents a strict upper bound, quadratic in |A|. At approximately 108 atoms, the probability
is roughly 2%. Since this algorithm only compares atoms of a common arity, the size of A
is actually an overestimate, although in most input spaces, such as TPTP [19] or SUMO, the
majority of relations are binary or ternary.

Collisions become more probable as unification adds synthetic atoms, increasing the total
number of atoms. Additionally, atoms differing only in variable pattern (e.g. p(X,Y) and
p(X, X)) have identical fingerprints by construction, which is not solvable via the mechanisms
of the algorithm’s mathematics. Therefore, any scheme which compares fingeprints requires a
verifier to ensures correctness by checking any suggested fingerprint matches. Naively, this
verifcation can be a per-term walk over the underlying data structure. Further strategies for
efficiently detecting collisions as a part of this verifier are discussed in later sections.

4 Blackout Matching

The fingerprint function supports the comparison of two atoms through an XOR. Section 3
illustrated that when two atoms differ such that one atom contains a variable at a path where the
other contains a term, XORing their fingerprints isolates the term at that path. We generalize
that property of the fingerprint into a procedure, blackout matching. Given an atom R and
a pattern @, it removes from id(R) the terms at the variable positions of @ and tests whether
the result equals id(Q). This decides whether Qo = R for some substitution o on the variables
of @. The query is thus an instance of the candidate. Consequently, every variable position of
R is also one of Q.
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The terminology follows error-correcting-code decoding, from which this operation is de-
rived. The atom to be matched is the query (R), the atom tested against it is the candidate
(@), and their XOR, s = id(R) @ id(Q), is the syndrome. A blackout removes a subterm
rooted at path m by XORing its path value out of the atom. The removed subterm is the basis
and what remains is the residue. Since a variable contributes 0, the residue is the identity of
the atom with that subterm replaced by a variable. For a set of paths P:

blackout(R, P) = id(R) & @) path(t., 7) = id(R[P — V)) (12)
TeP
where ¢, is the whole subterm rooted at path = in R, and P is an antichain: no selected path
is an ancestor of another. Thus, when ¢, is compound, path(t,,7) includes its root and every
descendant. For example, blackout(married(jane, john),{(1)}) = id(married(X, john)), while
blacking out the nested path (1, 1) of p(f(a),b) removes only a and yields p(f(X),b).

Let Dr be the argument paths of all non-variable subterms of R; function and relation
symbols themselves are not argument paths. The valid blackouts use antichains of these paths.
Their identities lie in the blackout space (Bg), obtained by XORing the Fa-span Vi of rooted-
subterm path values against the original identity of R:

VR = spang, {path(R|,,m) : 7 € Dr} Br =id(R) ® Vr (13

@ matches R only if id(Q)) € Bpg, which is equivalent to testing if the syndrome s
id(R) @ 1d(Q) is a member of Vg. The rooted-subterm path values of Vi form the atom’s
basis set, which can be precomputed once per query atom. Membership is a fast prefilter; the
candidate’s actual, structurally compatible variable roots are checked after the fold.

Testing membership by comparing s against all combinations of Vi is sound but scales
poorly. Instead, we apply Gaussian elimination to the basis set to produce a reduced basis
set: Vp = spang, {b1,...,b.} with r < 64, where each by has a distinct pivot bit pp such
that (by)p, = 1 and (bg),, = 0 for £ # k. This is the standard-form construction familiar from
parity-check matrices in coding theory [20]. The membership of a syndrome in Vj is determined
by XORing each by into s if and only if bit p, of s is set. If this fold reaches 0, s € Vi. This is
determined at a cost of at most r conditional XORs per candidate.

Additionally, during Gaussian elimination, the basis set can be augmented with an identity,
so every row operation applied to the path values is applied to the identity as well. This
augmented block, the provenance matrix (T'), records for each reduced vector by which
original path values it is a sum of [21]. It is indicative of which basis eliminations produced the
residue which could unify with the given pattern. This is used in conjunction with candidate’s
variable roots to supply the acceptance witness.

Algorithm 1 displays the entire blackout matching algorithm. Appendix A works this algo-
rithm end to end in the toy field (Figures 3 and 4).

~~—

4.1 Error Catching and Edge Cases

False positives are mathematically unavoidable in this scheme, as an infinite number of atomic
representations are mapped to a finite field. Prevention means lowering the probability of
a collision. To do so, we introduce a second fingerprint for every atom, computed with an
independently drawn set of depth constants z;,, and require that it also match before acceptance.
Further fingerprints can be added; since the constants are independent, the probability of a false
positive decreases exponentially for a linear increase in storage and comparison cost. Since the
fingerprints are independent, the per-pair term of Eq. (11) is raised to the Jth power:

J
Pr[3Q # R € A : all J fingerprints collide] < <'§|> (21694> (14)

78



Algebraic Indexing to Parallelize Atom Comparison in the ATP Saturation Loop Kim and Pease

Algorithm 1 Blackout matching of query R against a candidate set C
: {vz} + {path(R|,7) : ™ € Dr} > rooted-subterm basis set of R
: ({br} {px}, T) <= GAUSSELIMINATE({vr } | Ijpy)) > reduced basis, pivots, provenance
: for all Q € C do
so + id(R) ®id(Q); s+ So
forallk=1...r do
if bit pi of s is set then s < s @ by,
end if
end for
M < varroots(Q) N Dr
d— P, crvn
11: if s =0 and sy = d and varroots(Q) is structurally compatible with R then report
candidate with 0 = {X; — R|; : 7 € M}
12: end if
13: end for

© XN DT w

H
@

Beyond probability, false positives are detected by auditing the candidate’s actual variable
roots. Let varroots(Q) mark variable positions having no variable ancestor; these paths must
form an antichain, since a variable replacing a subterm removes every descendant path, and
must be structurally compatible with R. Compatibility requires each candidate root either
to be in Dg or to align with a variable of R, and every variable root of R to align with a
candidate variable. After membership, the candidate’s expected syndrome is recomputed as
d = @,cppath(R|r,m), where M = varroots(Q) N Dg. A legitimate match has so = d.
Positions where both atoms hold variables contribute nothing and need no blackout.

One edge case remains: a candidate with repeated variables (e.g. Q = likes(A, A) against
R = likes(x,y)). Both positions are blacked out and the fold accepts, yet @ generalizes R
only if z = y. The candidate therefore carries a variable group G recording each repeated
variable’s positions. These groups are handed to the verifier with the candidate bindings. This
is necessary for arbitrary nested occurrences, whose depth-relative encodings need not share
one position-independent coefficient.

4.2 Blackout Matching as a Linear Map

The fold of Algorithm 1 makes r decisions “if bit py of s is set, XOR in b;.” Because the pivots
of the reduced basis set are distinct, no decision changes a bit that another decision reads.
Therefore, each “decision” can be written as branchless logic: multiply the bit at py (1 or 0)
by bx and XOR it into s. A fixed sequence of such steps is a linear function of s, and a linear
function on 64 bits is a 64 x 64 bit matrix:

IIgr = I+Zbk€;k, s€Vrp < Ilgs=0, (15)
k=1

where [ is the standard 64 x 64 identity matrix and e;,rk reads bit py of its argument. Over Fs,
vector addition is bitwise XOR, so + here is the & of the preceding sections, and M + M = 0.
If s € Vg, then s = 3, ciby (bit py, of sis ¢i), so llgrs = s+, cibi, = 0. Conversely, I[Igs = 0
gives s = Y, sp, b € Vg. Il is built once per query from the reduced basis set, and a pool of
candidates is tested in a single product by placing their syndromes as the columns of a matrix
S. Matches are the zero columns of I1gS.

The membership check is linear; the candidate-specific root audit uses its stored variable-
root mask after a candidate survives that check. Candidates sharing a variable-root shape can
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be audited in a batch against the same precomputed expected blackout. For the arities that
occur in practice the masked fold algorithm described in Algorithm 1 is cheaper and is what
the experiments use. The matrix form pays off when the checks are fused or on hardware where
a fixed bit-matrix apply is a primitive (four-Russians tables [22], GFNI [7], GPUs).

The stacked system is given in Appendix A (Figure 5).

5 Power Unification

Blackout matching specifically requires that the atom being queried is the instance R, which is
used to search for the patterns @ that can generalize it. If the query were to be the more general
atom, nothing contained within the query could be removed or added to equal a less general
candidate without inspecting the structure of each candidate. For a pattern like married(A, B),
searching for the instances it generalizes, like married(x,y), the problem becomes extracting
the correct values from each candidate to match the query. In such a case, the roles of Section 4
are reversed, the pattern @) is the query and the instances R are the candidates:

s =id(married(A, B)) @ id(married(z,y)) = path(z, (1)) @ path(y, (2)).

Here, the syndrome contains information for two terms and their path. Without inspecting
the contents of the candidate, one would not have the identity of either symbol, thus any
solution would depend on solving for two unknown wy, us.

w((1)) Ruy @ w((2) Kug = s

Without two equations, the solution is under-determined and not solvable. However, Sec-
tion 4.1 already defined additional fingerprints to reduce the probability of a collision between
atom fingerprints. These separate fingerprints can be used to form and solve a system of linear
equations. To create this linear system, let ¢(¢) be the fixed, depth-relative inner fingerprint
of a top-level argument: path(t, (i)) = c(t) X 25T, Thus, ¢(t) contains every inner depth con-
stant but no top-level weight. For a compound argument, it is not generally the global id(t)
illustrated in Eq. (9). We define a variation of Eq. (10) in which fingerprint j raises only the

top-level weight to the j-th power:
n
id; (P(t1, ..., t) = h(P) R 2 & P e(t) B 5+ (16)
i=1

So, fingerprint 1 uses the fingerprint function of Section 3 unchanged, fingerprint 2 squares
only its top-level weights, etc. A compound binding therefore has the same value ¢(t) in
every row: inner weights are fixed across fingerprints. An earlier experimental version powered
every depth constant; however, it made a compound binding recipe-dependent, so every added
fingerprint introduced a new unknown as well as a new equation and could reject a true match.
Solving a linear system requires that the equations of the system be linearly independent. This
independence follows from the Vandermonde argument in Section 5.1. This method of solving a
system of linear equations to recover the original values of a syndrome is an already established
technique used in erasure decoding and BCH codes [23, 24, 20] (S; = >, u;z] with known
locations x; and unknown values u;).

The collision-control fingerprints of Section 4.1 use independently drawn sets of depth con-
stants, satisfying the independence requirement of the Schwartz—Zippel lemma and Eq. (14).
The power fingerprints above are instead a correlated family derived by varying one zo. If
the same fingerprints are reused for both purposes, the exponential improvement of Eq. (14)
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does not apply. Requiring all of them to collide is still bounded by the first-fingerprint term
(‘él)D/ 264 and a sharper J-dependent bound would require a separate analysis.

Given two atoms @ = P(Q1,...,Q,) and R = P(Ry,...,R,), let U be the set of top-level
argument positions at which either argument is non-ground. For a true match, positions outside
U agree and cancel. The k = |U| unknowns are uy = ¢(Q;,) ® ¢(R;,), where iy € U. Each atom
carries at least k fingerprints. If Q;, is a variable, up = ¢(R;,) identifies its entire binding,
including a compound term. If @;, contains nested variables, ¢(R;,) = u¢ ® ¢(Q;,) identifies the
facing top-level term and the verifier splits the nested bindings. If both positions hold variables,
up = 0 and the verifier receives the variable-to-variable link. For Q = p(A,z) and R = p(y, B),
U ={1,2}, A— u; and B — uy. Solving the system below returns uy = h(y), uz = h(z),
giving 0 = {A — y,B — x}. Therefore, take the differences of each atom’s corresponding
fingerprints, S; =id;(Q) & id;(R), and solve for the u, in the linear system

k
Si=PueRzH, 1<i<k, (17)
=1
where iy is the ¢-th top-level position in U.

5.1 Power Unification as Linear Algebra

We describe how extracting bindings between variables and terms can be accomplished through
solving a system of linear equations. Now, we describe how this system can be expressed as a
linear algebraic operation and support multiple comparisons simultaneously.

A pair of atoms with & unknowns at top-level positions iy, ..., 4, generates k equations in
the k£ unknowns u1,...,ug. In other words, to solve for k£ unknowns you need k fingerprints.
Treating the top-level weights as points in the system, x, = zé’v’“, the system organizes into a
matrix where every equation becomes a row and every unknown a column,

Wu=8, W;,=za], (18)

where W holds the coefficients (the top-level weights of the unknown positions), u the bindings
to extract, and S the fingerprint differences. This follows from Eq. (17) by interpreting the
summation over £ as a matrix-vector product, where each element S; is computed as the dot
product of the j-th row of W and the vector u.

To trust the bindings of this system means that whenever a true match exists, the system
has exactly one solution. This follows from the determinant. W is a Vandermonde matrix [21],

with
det W = (H mg) X H (Tm ® ),
£ <m
and every factor is nonzero because the points are pairwise distinct and nonzero and the field
has no zero divisors. The points are distinct powers of zp, so the distinctness condition of
Eq. (6) suffices. Hence det W # 0, and if u and u’ both solve the system then W(u@u’) =0
forces u = u’. In other words, solving the system finds the bindings for substitution.
Since det W # 0, solving reduces to

u=W-1s. (19)
Since the points of the linear system come only from the unknown positions, W~ is built
once per shape by standard matrix inversion, ahead of any candidate or operation, and stored.

Candidates are grouped by compatible unknown-position shape, and each group shares one
W1
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Within one such group, XOR each candidate’s fingerprints against the pattern’s to build one
syndrome column. Stacking candidates side by side turns the group into a syndrome matrix S,
and the columns never interact. One matrix multiplication between the syndrome matrix and
the inverse weights matrix then decodes every candidate in that group at once. The product
matrix’s row £ holds every candidate’s top-level difference uy. Recover ¢(R;,) = uy @ ¢(Q;,) and
check it against the term lookup table. If ();, is a variable, this directly recovers its binding;
nested variables sharing a top-level argument are split by the verifier. Any difference outside
U, whether a different predicate or a differing ground term, is folded into the syndrome and
corrupts every recovered value, so such candidates fail the lookup except with the collision
probability of Section 3.3. The verifier also enforces repeated-variable consistency and the
occurs check, which the arithmetic does not see. The true match arrives with its top-level
substitution already assembled.

Figure 6 in Appendix A shows this product worked in the toy field.

5.2 Storage and Precomputation

A pair of atoms with k unknowns requires k fingerprints on each atom, and k is bounded
by the arity, so each atom gets fingerprints up to its arity by default. Two fingerprints were
already stored for collision avoidance (subject to the reuse caveat above), and most relations are
binary, at least in SUMO and TPTP, though larger atoms need more fingerprints. The main
overhead is the inverse weight matrix, but it comes from a closed, finite set of shapes that can
be precomputed. A shape is the set of top-level unknown positions together with its partition
into repeated variables; nested repetition is handed to the verifier. Shapes are counted by the
Bell numbers [25], #shapes(n) = Y1, (") B,, so atoms with arity 1 require 1 shape, arity 2
requires 4, arity 3 requires 14, and arity 7 requires 4139.

5.3 Relation to Blackout Matching

Both procedures apply one precomputed matrix to a syndrome matrix. Blackout matching
applies IIgr, 64 x 64 over Fy, and tests membership so that the matches are represented as
the zero columns of IIzS. Power unification applies W=1, k x k over GF(2%4), and recovers
the bindings as the entries of W~!S. In coding vocabulary, IIg is the detector and W' the
decoder.

6 Experimentation

6.1 The Corpus

We used a clausified version of a portion of the SUMO knowledge base as the test set as it
provided a singular, standard format collection of axioms and atoms to test against. It contained
115,737 formulas, 26,954 distinct symbols, and 72.4% flat atoms with no nested argument. All
experiments were run over the 52,878 atoms distinct up to renaming, almost exclusively at
arity 2 and 3. The top two predicates (instance and subclass) account for 45% of all atoms.
Additionally, about 21% of atoms are some variant of (instance 7X <something>).

6.2 Fingerprint Collisions

Although avoiding collisions in a fingerprinting algorithm that maps to a finite space is impos-
sible, a uniform 64-bit hash collides with probability 2% for a fixed pair. Schwartz-Zippel gives
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the corpus-wide bound in Eq. (11). We next empirically illustrate these rates against the test
corpus.

The first test measured the collision rate for bare symbolic constants interned into a common
hash table with hash bit width swept from 16-bits to 64-bits. The results track the birthday
bound at every hash width, and symbol collisions reached zero from 40 bits upward.

The frequency of atom fingerprint collision was measured next. The fingerprint of each atom
was calculated for a random weight-constant seed, z, and at increasing bit lengths. The total
collisions between any two atoms’ fingerprinted identity was divided by the collision count that
a pseudo-random hash function of the same atom at the same width would produce (the pseudo-
random baseline). The result of 1 is indicative that the scheme has the same pseudorandom
output distribution that a hash function at the same bit width has. The resulting ratios stayed
between 0.85 and 1.28 at every width tested. Collisions reach zero at 32 bits.

6.3 Storage Complexity

Minimizing memory requirements similarly minimizes the frequency and cost of memory bound-
ary movements (e.g. moving from RAM to CPU cache) of unification chunks. Therefore, real
measurements of the algorithm’s storage footprint were measured as a tradeoff to increasing
the number of fingerprints stored for each atom (J).

The largest static storage requirement of the scheme is the precomputed power unification
inverse weight matrices. One matrix is required for each possible top-level atom shape. An
atom’s shape is the set of its top-level positions containing a variable, together with any repeated
variables across those positions. Nested variables are handled by the verifier and do not create
further matrix shapes.

The second test measured the scaling of the index’s space complexity for increasing values
of J over the test corpus. The test observed that, for J = 1, the implementation required 1.60
machine words per atom. This number increased linearly to 4.60 machine words per atom for
J =4 and 8.60 at J = 8. This relationship, linear scaling with a constant overhead is consistent
with the theoretical expectation.

6.4 Correctness

While increasing the number of fingerprints, J, increases the necessary memory for each atom,
it was also theorized to reduce the rate at which atoms are mismatched. Three implementations
of the indexing algorithm were instrumented: detect used only the first fingerprint to decide
whether two atoms were unifiable and did not attempt to extract substitution bindings, full
used the joint stratified solve over both atoms’ unknown positions, and directed first attempted
directional solves and then fell back to the joint solve.

Table 1 describes the correctness experiment over varying values for J and varying algorithm
strategies. The false positive (FP) rate describes the portion of pairs that were not unifiable that
were identified as unifiable. Reduction is the number of tested pairs divided by the number
of proposals. Determined counts all proposed candidates with a full-column-rank algebraic
recovery, including false positives. The denominator of & counts only determined true positives.
The detect rows are invariant in J by construction because they use only the first fingerprint.
False positives fall through J = 4, while false negatives remain zero in full and directed
mode. These measurements evaluate only the mathematical prefilter. They do not apply the
supporting verifier, including term-table lookup, repeated-variable checks, the occurs check, or
a syntactic term walk. Thus, the reported false-positive rates are raw prefilter proposal rates
rather than final audited false-positive rates.
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Table 1: Power-unification correctness summary: 14,529,000 unification pairs tested, of which
27,731 were unifiable. FP rate over non-unifiable pairs; FN rate over unifiable pairs; & is the
conditional sigma-exact rate with its denominator (determined true positives).

J mode FP rate FN rate reduction determined 6 (num/den)
1 detect 0.8793 0.0000 1.1x 2,771,398 1.000 (37/37)
full 0.8793  0.0000 1.1x 2,771,398 1.000 (37/37)
directed ~ 0.8793  0.0000 1.1x 5,895,265 0.002 (46/23103)
2 detect 0.8793 0.0000 1.1x 2,771,398 1.000 (37/37)
full 0.6372 0.0000 1.6x 5,095,990 1.000 (1906,/1906)
directed  0.6372  0.0000 1.6x 9,024,550  0.092 (2535/27634)
4 detect 0.8793  0.0000 1.1x 2,771,398 1.000 (37/37)
full 0.0171  0.0000 52.6% 90,790  1.000 (1938/1938)
directed 0.0171 0.0000 52.6x 276,295 0.095 (2636,/27730)
8  detect 0.8793  0.0000 1.1x 2,771,398 1.000 (37/37)
full 0.0171  0.0000 52.6% 90,790  1.000 (1938/1938)
directed  0.0171  0.0000 52.6% 276,295 0.095 (2636,/27730)

To test completeness directly, we first used 617 syntactically unifiable pairs and split them
by their known substitutions: 599 pairs bound every variable to a constant, while 18 bound at
least one variable to a compound term. This direct test is separate from the sampled sweep of
Table 1. The scheme produced zero false negatives at every J in both modes. It recovered the
substitution exactly for 598 constant-binding pairs and 7 compound-binding pairs; it reported
the remaining 1 and 11 cases as partial, meaning that the arithmetic identified the facing
top-level term but left nested bindings for exact syntactic verification.

We also used syntactic unification as the reference while sweeping every same-arity candidate
for 400 sampled queries. We chose 300 2-arity atoms to compare against 46,274 other 2-
arity atoms, and 100 3-arity atoms to compare each against 6,468 other 3-arity atoms. Thus,
300 - 46,274 4 100 - 6,468 = 14,529,000 pairs were tested, with zero false negatives in full and
directed mode through J = 8. The raw prefilter false-positive rate fell to 0.017 at J = 4 and
remained at that rate through J = 8. We do not interpret this residual as a 64-bit collision
estimate because the power fingerprints are correlated. On a separate stratified random sample
of 80 queries and 400 candidates per segment at J = 4, the raw prefilter achieved 52.2x
candidate reduction.

6.5 Parallel Performance Scaling

The core claim of this work is that the algorithm specified here allows for consistent performance
scaling with parallelized hardware. The performance experiment repeated the correctness test,
added wall-clock timing, and parallelized unification matching across multiple CPU cores and
on a 40-core GPU. Figure 1 illustrates the linear relationship between added cores and per-
formance, as well as the further reduction in wall-clock time for the GPU implementation.
This relationship is indicative of a lack of cross-thread dependency and blocking. On this
workload, however, the packed-matrix prefilter does not yet outperform two-worker Robinson
unification [4] in absolute time. The J = 2 GPU measurement is 0.64s, compared with 0.32s
for Robinson. The figure therefore demonstrates parallel scaling rather than an end-to-end
speedup.
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Figure 1: Wall-clock time for the generic packed-matrix unification kernel over varying degrees
of parallelism. Each measurement covers 50 sweeps over 46,275 candidates and reports the best
of three runs. These are prefilter kernel times and exclude syntactic verification.

7 Future Work

7.1 Implementation

This fingerprinting, indexing, and unification scheme is implemented in the core saturation
loop of the SUMO Prover (SUPr), an ATP designed specifically to reason against SUMO.
SUPr competed in the 2026 iteration of the IJCAR ATP System Competition (CASC-J13) [26].
The scheme arose in part from the need to cache and rehydrate an axiom index between runs
without rebuilding a pointer-based structure. Its fingerprint state consists of flat arrays, the
symbol table, and precomputed shape tables. The system maintains soundness by a term-by-
term verifier for proposed unifications. The CASC-J13 version used SIMD only for flat atoms
and fell back to a linear search for nested terms. Future versions will implement the full scheme
and evaluate GPU execution.

7.2 Obfuscated Theorem Proving

If h were a cryptographically secure keyed hash [13] and its inputs were salted with a secret
held only by trusted endpoints, a remote prover could compare opaque fingerprints without
seeing their plaintext symbols. This is not a confidentiality mechanism. Salted fingerprinting
is deterministic encryption, which leaks equality patterns [27] and is vulnerable to frequency
analysis against public auxiliary data [28, 29]. It provides obfuscation comparable to a symbol-
stripped binary.

7.3 Speculative Saturation

The algorithms presented here are approximate, so a practical implementation could deliber-
ately generate speculative inferences but bound them with a strict auditor. This inverts the
conventional architecture, where symbolic checks occupy the hottest part of the saturation
loop. A GPU could instead produce candidate inferences as fingerprint algebra while a trusted
auditor syntactically replays only the derivations relevant to a final proof. Such a system is
exactly as sound as its auditor, as in certificate-checking SAT [30, 31] and proof-reconstruction
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workflows [32]. If an audit reveals a collision, rekeying the hash salt or generator z relocates it
without invalidating previously verified derivations.
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A  Worked Examples in the Toy Field

The following figures demonstrate example applications of the fingerprinting, blackout match-
ing, and power unification algorithms worked in the 4-bit field GF(2*) with modulus %+ 23+ 1.
We use z = 0010, so the ordinal weights are z! = 0010, 22 = 0100, and 2> = 1000.

A.1 Fingerprint Construction

Figure 2 gives the toy symbol hashes and ordinal weights, the fingerprints they produce for a
small atom pool, and one expansion worked in full. Variables (A, B) hash to 0 and contribute
nothing.

Symbols Atoms Worked expansion
id(married) = 0110 id(married(A, B)) = 1100 slot(likes, 0,) = 0010 X 0010
ld(lzkes) 0010 id(likes(z, ¢)) = 0001 — 0100
id(x) = 0100 id(married(z, b)) = 0010 slot(z, 1,) = 0100 X 0100
id(b) = 1001 id(likes(A, B)) = 0100 — 1001
id(c) = 1101 id(likes(A, c)) = 1000 slot(c, 2,) = 1101 X 1000
id(likes(A, b 0011 =
Weights id(likes(4, b)) = 1100
- id(likes(z, ¢)) = 0100 © 1001 @ 1100
w = {0010, 0100, 1000} — 0001

Figure 2: Fingerprint construction in the toy field: symbol hashes and ordinal weights (left),
the resulting atom fingerprints (center), and the expansion of id(likes(z, ¢)) (right).

A.2 Blackout Matching

Figure 3 collapses the Gaussian elimination of the basis set for the query likes(x, ¢): the basis
vectors Vi(iikes,z,c) = 10000,1001,1100,0101} are reduced by XORing each pivot row down-
ward to Row Echelon Form, then upward, yielding the reduced basis. Figure 4 then collapses
the SIMD application of that reduced basis against the remaining atom pool: the register holds
each candidate’s syndrome against the query, each reduced basis vector is folded in wherever
its pivot bit is set, and the zero rows are the reported matches. Finally, Figure 5 demonstrates
the same blackout matching procedure expressed as a linear algebraic transformation.
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1100 1100 1100 1001
b < ® <
1001 0101 0101 0101
V — D < e e
0101 0101 0000 0000
0000 0000 0000 0000
(Row Echelon Form)
b; = 1001; p; = 3
b2 = 0101; p2 = 2
1000 1000 1000 0100
d! =
P 0100 @<1100 1100 1100
0010 0010 1110 1110
0001 0001 0001 0001

Figure 3: Gaussian elimination of the basis set for likes(z,¢). Red bold digits mark the
active pivot, curved arrows the row being XORed. The downward pass reaches Row Echelon
Form, the upward pass removes the 1 above the second pivot, and the surviving rows form the
reduced basis by, by with exclusive pivot bits p1, p2. The bottom portion shows the creation of
the provenance matrices. This example demonstrates that the first reduced basis element is
derived from the first blackout and the second is from the next two.

o married(z,b) (not a match)

married(x,b)
——» likes(A, B)

likes(A,B) fold b, fold bs
likes(Ac) & (1<p1) & (1<p2) T likes(4,¢)
likes(A,b) &b, @ &ba, ®

~ likes(A, b) (not a match)

syndromes

s = 1d(Q) @ 0001

Figure 4: SIMD application of the reduced basis against the candidate pool, collapsed from
the presentation’s animation. The register holds each candidate’s syndrome against the query
likes(x,c) = 0001. Each reduced basis vector is folded in wherever its pivot bit is set (mask by
1 < pg, smear, AND with b, vector XOR). Zero rows are reported as matches.

A.3 Power Unification as One Matrix Product

Figure 6 shows the whole-pool solve for the pattern likes(A, B) under the power weight scheme.
It uses the same toy symbol table and powers z' = 0010, 22 = 0100, z® = 1000, z* =
1001, 2% = 1011, and 2 = 1111. Each column of S is one candidate’s syndrome pair
S; = id;(candidate) & id;(pattern), for the candidates likes(z, c), married(z,b), likes(A,c),
likes(A,b), married(A, B) in column order.
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P: pivot-reading rows B: reduced basis as columns
e, 1 0 0 o0 10
pP= = 0o 1
€py 0 1 0 0 B = [ by by } — 0 0
p1 =3, p2 =2 (from Fig. 3) 1 1

by = 1001, by = 0101 (from Fig. 3)

B BP 1 Iy
—_——
1 0 R 1 0 0 0 100 0 0 0 0 0
0 1 1 0 0 0| _ 0 1 0 0 @ 010 0] 0O 0 0 0
0 0 0O 1 0 0 0 1 0 0 001 0] 0 1 1 0
1 1 1 1 0 0 00 0 1 1 1 0 1

Rows pi1,p2 (shaded) vanish identically: reduced echelon form guarantees each pivot column has a lone 1 in its

own row, so BP reproduces I exactly at every pivot row.

00 0 0 1 0
00 0 0 0 0

Hes=14¢9 11 ¢ LTl 7o
1 1 0 1 1 0

s = 1011, the syndrome of likes(A,b) against likes(z, c): a nonzero residue rejects it, exactly matching the
SIMD result in Figure 4.

Figure 5: Assembling the reduced basis from Figure 3 into the blackout projector Iz = I & BP
(15), and applying it to one candidate syndrome. P reads the pivot bits, B reconstructs the span
member they describe, and XORing that off against I leaves the residue. The single matrix-
vector product reproduces exactly what the fold pipeline in Figure 4 computes one candidate
at a time; stacking candidate syndromes as columns of 3 gives the batch form ITz3.

w1 S U

[ 0100 1100 ] [ 0101 0110 1100 0111 1000 ] { 0100 0111 0000 0000 0011
% _

0001 0110 1011 1100 0100 1010 1001 - 1101 0101 1101 1001 1100

Figure 6: Solving the whole pool at once: U = W~!S. Row 1 of U is every candidate’s binding
for A, row 2 for B. Green columns in the result matrix, U, are full matches (likes(x,c):
A+ 0100 = z, B — 1101 = ¢), gray columns are partial matches (0000 signals a variable-to-
variable link), and red columns are rejects, whose decoded values appear in no symbol table.
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