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Abstract

Quantifier instantiation is currently the main approach to non-ground SMT solving:
solvers generate ground instances and solve the resulting ground SMT problems with
CDCL(T)-style reasoning. When a conflict is found, conflict analysis learns only a ground
clause, even though the conflict comes from instances of non-ground clauses. Yet non-
ground reasoning can give exponentially shorter proofs than purely ground reasoning. We
propose a calculus that consists of ground instantiations, CDCL(T)-style rules, and non-
ground conflict analysis. The solver reasons on ground instances, but the resolution steps of
conflict analysis are performed on their original non-ground clauses. This produces learned
clauses that are typically more general than the ground conflict. With a suitable strategy,
the learned clauses are even non-redundant. We also show how chronological backtracking
can be included in SMT solving. Our calculus gives a common setting for CDCL(T)-style
SMT solving, a range of instantiation-based procedures, and non-ground clause learning,
and we prove that it simulates CDCL, SCL(FOL), SCL(T), and even Resolution.

1 Introduction

Satisfiability Modulo Theories (SMT) has become a central tool in automated reasoning, both
in its ground form and in the presence of quantifiers. At the ground level, much of this success
is due to CDCL(T) [30, 4], which combines conflict-driven clause learning (CDCL) [26] with
dedicated theory reasoning. To handle non-ground problems, this architecture is commonly
extended by quantifier instantiation [15, 19, 20, 35, 6]: quantified formulas are instantiated,
and the resulting ground problems are solved by CDCL(T). Treating solver components, such
as CDCL(T), as black boxes is a powerful design principle in automated reasoning. At the
same time, many advances in solver efficiency come from integrating these components more
tightly with the surrounding search procedure. This observation also motivates a closer inte-
gration of quantifier instantiation with CDCL(T). In current SMT solving, quantified clauses
are instantiated and the resulting ground conflicts are analyzed by CDCL(T), yielding learned
ground clauses. Our goal is to lift this learning step to the non-ground clauses from which the
conflicting instances originate. The motivation is not only conceptual: non-ground learning can
yield exponentially shorter refutations than purely ground learning [32].

To formalize this idea, we introduce the calculus ICLF (Instantiation-based Clause Learning
Framework). The input to ICLF is a first-order clause set modulo theories. A state consists of
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three main components: a set IV of possibly non-ground clauses, initially containing the input
clauses; a set G of ground instances of clauses in IV, initially empty; and a ground partial model
I, called the trail, also initially empty. The rules of ICLF fall into four groups. Instantiation
rules create and delete ground instances of clauses in N. Ground rules build a partial model
for GG in the style of CDCL, by decisions and propagations. Theory rules, such as 7-Propagate
and T-Conflict, connect this ground search to a theory solver. Here ICLF abstracts from the
concrete theory, or combination of theories, and from the complications involved in theory
combination [29, 39, 33, 22]. Finally, conflict analysis rules derive learned clauses. The key
point is that, although the clauses in G are ground, they remain linked to their non-ground
origins in N. During conflict analysis, resolution is therefore performed on these original clauses,
not only on their ground instances.

For example, assume that the trail contains, among others, the literals h(a) = g(a), h(a) = a,
and g(a) # a. These literals are inconsistent in the theory of equality, since they contradict
transitivity. In ICLF, this can be detected by applying 7-Conflict with the closure xzo #*
23V Ty # x4Vas = x4 -{x2 — h(a),z3 — g(a),x4 — a}, a theory lemma expressing transitivity
of equality. We write C' - ¢ for a clause C' together with a grounding substitution o. The
instantiated clause C'o is used for the ground search, while the associated non-ground clause C'
is retained for conflict analysis and resolution. Now assume that h(a) = g(a) was propagated
from the closure ¢ # d V h(xz1) = g(x1) - {1 — a}. An ICLF resolution step unifies the
contradictory literals h(x1) = g(z1) and z2 # 3, for instance using the most general unifier
{z2 — h(z1),x3 — g(z1)}, and derives the clause ¢ # d V h(z1) # x4 V g(x1) = x4. Thus,
conflict analysis derives a non-ground clause from a ground conflict.

For first-order clause learning, redundancy is a central issue: a learned clause should ideally
not be implied by smaller clauses that are already available. In superposition-based theorem
proving [1, 31], redundancy elimination is essential for controlling the search space, but tests
such as forward subsumption can be expensive. Simple Clause Learning (SCL) [16, 13], a recent
approach that lifts ideas from CDCL to first-order logic by guiding non-ground resolution with
a ground partial model, avoids this problem in a different way: its learned clauses are non-
redundant by construction. This makes SCL an important starting point for our work. At the
same time, SCL is designed around direct reasoning with non-ground clauses; all non-ground
clauses have to be considered for propagations and conflicts and conflict analysis leaves little
freedom. The goal of ICLF is to keep the useful non-redundancy guarantees of SCL while
allowing the ground search to remain close to CDCL(T). Our basic strategy [Definition 2]
restricts the rules only enough to ensure that learned clauses are non-redundant with respect
to the current set G of ground instances [Theorem 11]. Thus, implementations can focus
propagation and conflict search on G and use efficient techniques for ground reasoning, without
constantly inspecting the full non-ground clause set N. We also define a stronger, first-order
aware strategy [Definition 17], which additionally takes N into account and guarantees non-
redundancy with respect to N [Theorem 18]. This strategy is closer in spirit to SCL, but still
leaves more freedom in conflict analysis. Finally, ICLF contains multiple backtracking rules.
They capture CDCL/CDCL(T)-style backtracking, first-order backtracking in the spirit of SCL,
and a way to incorporate chronological backtracking [28, 27] into SMT solving.

This flexibility makes ICLF a common setting for several forms of model-based reasoning. In
the propositional case, it simulates CDCL. For first-order logic, it simulates SCL and Resolution.
Moreover, it simulates clause learning in SCL(T) [11], an adaptation of SCL to the fragment
of first-order logic modulo theories without uninterpreted functions and constants. It also
captures CDCL(T)-style reasoning on ground clauses modulo theories. Finally, ICLF can be
seen as a formal setting for studying a range of instantiation-based SMT procedures: although
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quantifier instantiation is a standard practical approach, it is usually presented through concrete
algorithms and solver architectures rather than as one fixed calculus. In this sense, ICLF
is intended as a foundational framework: it identifies which rule restrictions are needed for
soundness, non-redundant learning, and termination under suitable restrictions, and which
choices can instead be left to strategies and implementations.

The paper is organized as follows. In Section 3, we present the calculus ICLF and establish,
among other properties, soundness [Theorem 6], termination under suitable restrictions [The-
orem 14], and completeness under suitable restrictions [Corollary 16]. In Section 4, we show
that ICLF simulates the other calculi mentioned above. Further examples, lemmas, and expla-
nations, as well as all omitted proofs, can be found in the extended version of the paper [9].

2 Preliminaries

We consider the following standard notions of many-sorted first-order logic without equality
[11]. Let ¥ = (S,Q,II) be a many-sorted signature where S is a finite, non-empty set of sort
symbols, € is a non-empty set of function symbols over S and II is a finite, non-empty set of
predicate symbols over S. We assume that 2 contains at least one constant of each sort. We
additionally assume a set of variables X that contains infinitely many variables of each sort.
First-order terms, atoms, literals and substitutions are defined in the usual way. We assume
that substitutions are well-sorted and that they have finite domain dom(c) = {z | zo # z}. We
further define the codomain of a substitution as codom(c) = {zo | © € dom(o)}. A clause is a
set of literals, which means that duplicate literals are implicitly deleted. If we write a clause as
Ly V.-V L,, where the L; are literals, we mean {L;}U---U{L,}. Likewise, C'V L, where C
is a clause and L is a literal, denotes C' U{L}, and C' V D, where C' and D are clauses, denotes
CUD. 1 denotes the empty clause. We say that a term is ground if it does not contain any
variables. We extend this definition to sets of terms, atoms, literals, clauses and clause sets in
the obvious way. A substitution o is called grounding for a term t if to is a ground term. We
also extend this definition to atoms, literals and clauses in the obvious way. By comp(L), we
denote the complement of a literal L. We further define a function atom that maps literals to
their corresponding atoms. We extend this function to map clauses to the set of atoms of the
literals occurring in the clause and clause sets to the set of atoms of the clauses in the clause
set. A closure is a pair C' - 0 where C is a clause or T and o is a grounding substitution for
C. We assume that variables that do not occur in C' are implicitly dropped from o, i.e., that
dom(o) only contains variables that occur in C. Moreover, we assume that codom (o) is ground.
If C € {T, L}, we may write T to refer to the closure T -{} and L to refer to the closure L-{}.
Given a clause C, a closure C - ¢ is called an instance of C. For a clause C, gnd(C) denotes
the set gnd(C') = {Co | o is grounding for C}. For a clause set N, gnd(N) = Uy gnd(C).
The function mgu denotes the most general unifier of two terms, atoms or literals. We assume
that the mgu does not introduce any fresh variables and is idempotent. Given a ground literal
L and a closure C -0, let C = C'V Ly V.-V L, such that L;c = L for i € {1,...,n} and
L does not occur in C’'o. Further, let 4 = mgu(Ly,...,L,). Then, the result of exhaustively
factorizing L'in C -0 is (C'V Ly)p - 0.

The semantics of many-sorted first-order logic without equality are given by the notion
of an algebra. A X-algebra A is a mapping that assigns (i) a non-empty carrier set S to
every sort S € S, so that S{* N S5 = () for any distinct sorts S;, S5 € S, (ii) a total function
fA: S x - x S8 — 84 to every function symbol f: Sy x --- x S, — S € Q, (iii) a relation
PAC S x --- x SA to every predicate symbol P € II of arity n. We assume 7T to be a theory,
i.e., a non-empty set of 3-algebras. T can also be the combination of multiple theories. For
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instance, as we consider first-order logic without equality, if needed, equality reasoning has to
be part of the theory. The semantic entailment relation |= is defined in the usual way. We write
E7 to denote the semantic entailment relation that considers only the ¥-algebras A € T.

A trail is a sequence of annotated, ground literals. Given a trail I, a ground literal L is called
propositionally true/false in T if L/comp(L) occurs in I'. Otherwise, L is called propositionally
undefined in T'. The trail in ICLF is always consistent, i.e., no ground literal is propositionally
true and propositionally false at the same time. A ground clause C'is called propositionally true
in I" if there is a literal L € C that is propositionally true in I'. It is called propositionally false
in I if all literals L € C' are propositionally false in I'. Otherwise, it is called propositionally
undefined in T'. Trails are interpreted as the conjunction of their literals, clauses are interpreted
as the disjunction of their literals and clause sets are interpreted as the conjunction of their
clauses. A clause set N is called satisfiable if there exists a Y-algebra A such that A = N.
It is called T -satisfiable if there exists a Y-algebra A € T such that A = N. Similarly, the
T-satisfiability of a trail I is defined. Given a ground set of clauses N, a trail I is called a model
of N if all clauses in N are propositionally true in I'. Two clause sets N7 and N, are called
equi-satisfiable if N; is satisfiable if and only if V5 is satisfiable. They are called equi-satisfiable
in T if Ny is T-satisfiable if and only if Ny is T-satisfiable.

Definition 1 (Clause Redundancy). Let < be a well-founded, total, strict ordering on ground
literals. We lift this ordering to clauses by its multiset extension. We further define < to be
the reflexive closure of < and N=¢ = {D € N | D < C} for a ground clause C' and a ground
clause set N.

A ground clause C is called redundant with respect to a ground clause set N and < if
N=C¢ | C. A clause C is called redundant with respect to a clause set N and < if for all
C’ € gnd(C), it holds that C' is redundant with respect to gnd(N).

3 The Calculus

We define ICLF as an abstract rewrite system. Its inference rules operate on a state that is a
six-tuple (0;T; N; G; k; D - 1) where O is a set of ground atoms, T is the trail, N is a clause set,
G is a set of closures, k is a natural number called the decision level, and D - 7 is the conflict
closure. We define clauses(G) = {Co | C'- o0 € G}. The purpose of © is to restrict the set of
ground atoms that are currently available in the search for a model of clauses(G). © always
contains at least all atoms that occur on the trail or in clauses(G) [Lemma 5]. The literals in
I" are either annotated with a natural number, in which case they are called decisions, or with
a closure, in which case they are called propagations, or with T, in which case they are called
theory propagations. The decisions in ' are annotated with 1,...,% in this order [Lemma 5].
The decision level of a decision is its annotation, and the decision level of any other literal in
I" is the annotation of the decision closest to its left. If there is no such decision, the decision
level of the literal is 0. The decision level of IT' is the maximal decision level of a literal in it,
or 0 if I' = . For a simpler presentation, N contains both the initial and the learned clauses
and G contains both the instantiated and the learned closures. If D -7 = T, the algorithm
is in the instantiation and model building phase. If D -7 = 1, T-unsatisfiability has been
derived. Otherwise, the algorithm is in the conflict analysis phase. The start state for a set of
clauses N’ is ((l;e; N’;0;0; T). We assume that the initial set of clauses N’ does not contain the
empty clause. Moreover, we require that the 7 -satisfiability of conjunctions of ground literals is
decidable. Instead of using an abstraction function, we write the ground theory literals on the
trail directly. An implementation can still use an abstraction function for the ground reasoning.
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We first present the four instantiation rules that are used to manage the instances.
Instantiate (6;T;N;G;k;T)  =10er (OUatom(Co);T;N;GU{C -0}k T)

given that C' € N, ¢ is grounding for C, Co ¢ clauses(G) and either Co is not propositionally
false in T or I' = ') K with K € {L?7, L7} and Co is not propositionally false for T';.

Typically, a run starts by applying Instantiate with the empty substitution to all clauses in
N that are already ground. To avoid learning redundant clauses, it is crucial that no instance
in clauses(G) is false for a proper trail prefix or becomes false by a decision [Definition 2].
The condition on Co being propositionally false ensures that newly added instances preserve
this property. Allowing propositionally false instances to be instantiated at all is necessary for
following a first-order aware strategy [Definition 17]. To add an arbitrary propositionally false
instance, Restart can first be used to return to a trail prefix at which Instantiate is applicable.

ClauseDel (O;T;Nw{C};G;k;T)  =10tr  (O;T;N;G;k;T)
given that N w{C} and N are equi-satisfiable in 7 and there is no grounding o with C-o € G.

Even though it is undecidable in general whether the rule ClauseDel is applicable, there are
some sufficient conditions for its applicability, e.g., that C' is subsumed by another clause in N.

InstanceDel (6;IsN;GW{C -0};k;T) =1cr (O;T;N;Gyk;T)
given that there is no L7 in T.

Although it can make sense to only apply InstanceDel if GW{C-o} and G are equi-satisfiable
in 7, we would like to allow restarts with fresh instances.

AtomDel OW{ALT;N;Gik;T)  =i1cwe (O;T;N; Gk T)
given that A ¢ atom(I") U atom(clauses(G)).

The following four rules form the ground rules.
Decide (&;;N; Gk T) =1owre (O;TLFYL NGk +1;T)
given that atom(L) € © and L is propositionally undefined in T'.

Propagate (&;T;N;G;k; T) =10k (©;TLY7; N; G k; T)

given that C -0 € G, Co = C' vV L, C’ is propositionally false in I" and L is propositionally
undefined in T'.

Conflict (©;T;N;G; k;T)  =r1cr (O;T;N; G k; D - 1)

given that D -7 € G and D7 is propositionally false in T

Restart (©;;N;Gk;T)  =1cer (001 NG5 T)
given that I' = I'1T's and j is the decision level of T';.

Applying the rule Restart with I'y = € corresponds to a restart in CDCL(T), i.e., a restart
on the ground level. We allow restarting with arbitrary trail prefixes, enabling the subsequent
application of Instantiate with clauses that would have been propositionally false in I'.

Next, we present the five theory rules.

T-Propagate (O;T;N;G; ks T) - =rewe (O;TLT;N; Gk T)
given that atom(L) € ©, T =7 L and L is propositionally undefined in T'.
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Theory propagations are annotated with 7 and can be explained later when they become
relevant during conflict analysis. The condition I' =7 L makes sure that there exists a tautology
in the theory from which L can be propagated.

T-Learn (6;T;N;G;k;T) =10k (©;T;NU{CEH Gk T)
given that C' ¢ N and =7 C.

Note that 7-Learn adds a non-ground theory lemma in general. This can then be instanti-
ated by the rule Instantiate. If the added theory lemma is already ground, it can be instantiated
with the empty substitution {}.

T-Atom (O N; Gk T) =1cer (OU{ALT;N;Giks T)
given that A ¢ © and A is a ground atom.

T-Conflict (©;T;N;G;k;T)  =1cr (O;T;N;Gk;D - 7)
given that =7 D, 7 is grounding for D and Dr is propositionally false in T.

Just like in T-Learn, the conflict clause produced by T-Conflict can be non-ground.

Explain (©;T1L7T9;N;G;k;D -7)  =1cLr (0;T1LCTo; N; G k; D - 1)
given that =7 C, o is grounding for C, Co = C' vV L and C’ is propositionally false in I'y.

T is a short form for the conflict closure T - {}, i.e., the rule Explain can be applied both in
the model building and in the conflict analysis phase. Just like in 7-Learn and T-Conflict, the
reason can be non-ground. For each theory propagation on the trail, there exists a clause to
apply Explain with, for example —I'; V L - {}, which is always valid in the theory by Lemma 5.

Finally, the following five rules are the conflict analysis rules.

Resolve (©;T1LETy; N; G5 k; (D V L) - 7)
=1cLr (0;T1LC7Ty; N; G; k;resolve(C -0, D - 7, L', L))
given that L't = comp(L).

The function resolve takes as arguments two variable disjoint closures C - ¢ and D - T,
a literal L’ that does not occur in D, may share variables with D, but not with C, and a
ground literal L such that L't = comp(L). Let C = C'V Ly V ---V L, such that L;c = L
for all i € {1,...,n} and L does not occur in C’'o. If p = mgu(comp(L’), L1,...,L,), then
resolve(C - 0,D - 7,L', L) = (C'V D)p - o7. In other words, the function resolve exhaustively
factorizes L in C' and computes a resolution inference between the two clauses.

The rule Resolve allows resolving any literal that is on the trail. This generality makes
standard simplifications such as unit reduction possible. Additionally, it allows modeling conflict
analysis procedures such as in standard CDCL with 1UIP learning [26] or in SCL [13] that work
through the trail backwards, performing either Skip or Resolve for each encountered literal, as
well as procedures like chronological backtracking [28, 27] that only resolve with a subsequence
of the relevant literals on the trail.

Factorize (6;IN;Gik;(DVLVL)-1) =1cr (0;N;Gik;(DV L)n-T)
given that LT = L'r and n = mgu(L, L').

The ground conflict clause does not change by applying Factorize. If the literal that Resolve
is applied to can be factorized, then it does not disappear from the ground conflict clause after
resolving. While the resulting ground conflict clause is the same regardless of whether a literal

is exhaustively factorized before it is resolved or whether Resolve is applied multiple times, this
is, in general, not true for the non-ground conflict clause [13, Example 3].
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BacktrackClassic (0;T1K/Ty; N;G;k; D - 1)

=1orr (O; T LPT;NU{D};GU{D -7};5—1;T)
given that DT = D’V L, D' is propositionally false in I'; and L is propositionally undefined in
I;.

BacktrackFOL (©;T1I'y; N;Gy ks D -7)  =1cer (0: T3 NU{DEGU{D -71}55;T)
given that there is no grounding ¢ such that Do is propositionally false in I'y, j is the decision
level of I'; and I'y contains a decision literal.

BacktrackCB (&;TsN; Gk D-1) =ice (O;T'LPT,NU{DEGU{D - 7}5;T)
given that IV = cb(T', D7,j), DT = D'V L, D’ is propositionally false in IV and L is proposi-
tionally undefined in I".

Here, CB stands for chronological backtracking [28, 27], an alternative backtracking scheme
for CDCL that we adapt to ICLF in this paper. We now define the function cb. To this end,
given a trail I', we first define the conflict graph as the directed acyclic graph whose nodes
are the literals on the trail I'. Decision literals L¥ and theory propagations L7 do not have
any predecessors, and the predecessors of a propagation LC"7 are the literals comp(L’) for all
L' € C'o with L' # L. If L is a propagation (or an explained theory propagation), all of these
predecessors are indeed literals on the trail. For each literal L on the trail I', we define reach(L)
as the set of literals that can be reached from L in the conflict graph, including L itself. By
reach (L), we denote the set of literals that can reach L in the conflict graph.

The arguments of the function cb are a trail I'; a ground clause C and a destination decision
level j that is smaller than the decision level of I'. Let I' = I'; L’*'T'5. cb is only applicable if
the following three conditions are met. First, C' should be propositionally false in I'; i.e., for all
L € C, comp(L) should be in I'. Second, |{comp(L) | L € C} Nreach(L')| = 1, i.e., exactly one
literal in C should depend on the j+1-st decision. Third, in |J; . reach™" (comp(L))NT's, there
should be no literal annotated as a decision or theory propagation, i.e., no conflict literal should
depend on a decision or theory propagation after L’ on the trail. Then, let C' = C"VL" such that
{comp(L) | L € C'}Nreach(L’) = 0, i.e., L" is the only literal in C' that depends on L’. Further,
let I's be the subsequence of I'; that contains only the literals (J; . reach ™! (comp(L)) N Ty.
It is crucial to note that I's only contains propagations (and explained theory propagations),
and that none of the literals in I's was propagated from L’. Then cb(T',C,j) = I'1T'5. By the
aforementioned properties of I's, all propagations in I's are still justified in I'1's and C’ stays
propositionally false in I'1I'3. Figure 1 illustrates this definition of the function cb.

Definition 2. A strategy for ICLF is called reasonable if the following are true:

1. The rule Conflict is preferred over the rules Decide, Propagate, T -Propagate and T -
Conflict.

2. No application of the rule Decide enables an immediate application of the rule Conflict.

3. If a conflict state is reached by the rule Conflict, then Resolve and Factorize are applied
i such a way that the complement of the rightmost literal on the trail does not occur
in the ground conflict clause anymore before applying any of the rules BacktrackClassic,
BacktrackFOL or BacktrackCB.

These requirements do not cause any stuck states by Theorem 15. Although this does not
affect correctness or termination, to avoid that previously resolved literals are reintroduced into
the conflict clause, Resolve should be applied from right to left on the trail.
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I+t LT Ly| |LI*?

Tt - Ls

Iy Iy

Figure 1: An example to illustrate the definition of the function cb. C’ contains the complements
of the literals L4 and Lg. Then I's = L1 L4Lg.

The goal of restricting the strategy is to learn only clauses that are non-redundant with
respect to the current set of instantiations G and a trail induced ordering [Definition 9]. Most
SAT solvers implement CDCL with 1UIP learning [26]. In CDCL, the 1UIP clause is non-
redundant because exhaustive propagation maintains the necessary invariants [41]. In ICLF,
however, these invariants can be broken by theory rules and instantiations. For example,
a newly instantiated clause may propagate with respect to an earlier trail prefix, making it
possible for the 1UIP clause to be redundant. Moreover, for theory propagations and for literals
propagated from them, the exact implying literals are not known before a theory explanation
is computed, which may be expensive. For these reasons, 1UIP learning is not straightforward
in our setting. Therefore, the restrictions of a reasonable strategy capture only what is needed
for non-redundant learning and otherwise leave the conflict analysis rules general.

The following example shows ICLF in action modulo the theory of equality for the sake of
simple theory reasoning. Of course, ICLF works modulo any suitable theory combination in
the same way as CDCL(T). This run closely resembles quantifier instantiation combined with
CDCL(T) and shows how ICLF can model this standard approach.

Example 3. We present a reasonable ICLF run on the clause set

No = {(N1) f(zo) = g(z0) V f(21) = h(z1), (N2) g(b) = c,
(N3) f(a) # gla) Ve=0b, (N4) f(b) # h(b) V f(c) # h(c),
(N5) f(a) # gla) V g(z2) # w2}
(05 €5 No; 0;0; T)
ST (Bo; €5 No; Go; 0; T)
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Go ={(G1) f(zo) = g(xo) V f(x1) = h(x1) - {xo = a, 21 — b},
(G2) g(b) = c-{},
(G3) f(a) # g(a) Ve=0b-{},
(G4) f(b) # h(b) v f(c) # h(c) - {},
(G5) fla) # g(a) V g(x2) # 22 - {22 — b}}

1oaRere (©0:T1 := (g(b) = ¢)(“?; No; Go; 0; T)

= [ (©0; T2 :=T1(f(a) = g(a))"; No; Go; 1; T)

= popaete (©0; T3 :=[y(c = b)) Ng; Go; 1; T)

g (©0; T4 := T3(g(b) # b)(®); No; Go; 15 T)

=Tora et (©0; 145 Nos Gos 13 g(b) # ¢V e £ bV g(b) = b+ {})
e (©0;T4; Noj Go3 15 f(a) # gla) V g(b) £ cVe £ b {})
T (©0; T'; No3 Gos 1; f(a) # gla) v g(b) # ¢ {})

= e et (00;Ts = (g(b) = )P (f(a) # 9(a)) ;s Ni3 Gy 05T)

Here, Ny = NoU{(N6) f(a) # g(a)Vg(b) # c} and Gy = GoU{(G6) f(a) # g(a)Vg(b) # c-{}}.
= opasete (©0; T :=T5(f(b) = h(b)) Vs Ny G1; 05 T)
= eIt (©0; 7 := D6 (f(c) # h(c))CY; N1; G150, T)

'z is a T-satisfiable model of Gy. A possible next step is to apply Instantiate with the clause
(N1)-{xzo = a,x1 — c}. This immediately enables the application of Conflict, and after several
applications of Resolve, L will be derived, showing the unsatisfiability of the clause set Ny.

The following example shows how ICLF can learn non-ground clauses. Again, we work
modulo the theory of equality to keep the theory reasoning simple.

Example 4. We present a reasonable ICLF run on the clause set

No ={(N1) ¢=d, (N2) ¢c#dV h(xg) = xo, (N3) ¢ #dV h(z1) = g(z1)}-

(0;€; No; 0;0; T)
=ere e (Oo;e5 Nos Goi 05 T)
Here, ©g = {c =d, h(a) = a, h(a) = g(a)} and Go = {(G1) c =d, (G2) ¢ # dV h(zg) = o

Hzo = a}, (G3) ¢ # dVh(xr) = g(x1) - {z1 = a}}.

TorRIe (©0; Ty = (¢ = d)'“D; No; Go; 0; T)
= TorRee (©0; T2 := Ty (h(a) = a)(©?; No; Go; 0; T)
S A S (©0; T3 := T'a(h(a) = g(a))'“®; No; Go; 05 T)
=Tore™ (©1:= 09 U{g(a) = a};I's; No; Go; 0; T)
=160 (01314 =T3(g(a) # a)'s No; Go; 1; T)
= Torn et (01;T4; No; Go; Ly g # 23V xg # 24 Va3 =24

317



Extending SMT Solving with Non-Ground Clause Learning Y. Briefs and C. Weidenbach

{xo — h(a),x3 — g(a), x4 — a})
Resolve(G3)

=I0LF O1;T4; No; Go; ;e £ dV h(xy) £ 24V g(m) = 24 - {21 > a,24 — a})
= e e O1: T3 Nos Gos ¢ £ dV g(wa) = 24 - {24 > a})

(
(

= e Y (©1;T4; Noi Go; 15 g(wa) = 4 - {@4 > a})
(

:>IBéz£lgrackClasszc @1,F3( ( ) _ a)(G ),Nl,Gl,O, T)

Here, Ny = Ng U{(N4) g(z4) = x4} and G1 = Go U {(G4) g(x4) = x4 - {x4 — a}}. Of course,
after the third propagation, I's is already a T -satisfiable model of Gy. However, consider a
larger problem that contains the three clauses N1, N2, and N3 among other clauses. In such a
problem, another clause might have motivated the decision g(a) # a. A CDCL(T)-style approach
with quantifier instantiation and ground 1UIP conflict analysis would learn the ground theory
conflict clause h(a) # g(a)Vh(a) # aVg(a) = a from this conflict. By contrast, in this particular
run, the generality of Resolve allows ICLF to resolve further with the three propagations and
learn the more general clause g(x4) = x4. For these further resolution steps to yield the non-
ground clause g(x4) = x4, the non-ground theory lemma xo # x3Vas # T4V s = x4 is essential:
starting from its ground instance instead, the same resolution steps would only yield the ground
clause g(a) = a. The learned non-ground clause can be useful later in the run: if g(b) becomes
relevant, it can be instantiated as g(xy) = x4 - {x4 — b}, whereas the ground clause g(a) = a
carries no information about g(b).

Next, we prove the correctness of ICLF and further properties, including non-redundant
learning as well as termination and completeness under suitable restrictions. We start with
invariants that are maintained by all ICLF rules. The proof is by induction on the length of
the derivation, with a case distinction on the last applied rule.

Lemma 5 (Invariants). Let (©;T;N;G;k;D - 7) be a state reached from a start state
(D;e; N';0;0; T) by applying the rules of ICLF. Then the following hold:

1. For all C'-0 € G, it holds that C € N.
atom(T") U atom(clauses(G)) C © and for all A € ©, A is a ground atom.

IfT'=T1KTy then K is propositionally undefined in I'y.

e

IfT =T,LC°Ty then Co is ground, Co = C'V L, C' is propositionally false in T'y and
either C -0 € G or =7 C.

o

IfT =T,L7Ty then Ty =7 L.

6. Let ky,...,k; be the annotations of decisions in I'. If there are no decisions, then k = 0;
otherwise 1 = ki, k =k; and for alli € {2,...,1}, k; =ki—1 + 1.

7. N' and N are equi-satisfiable in T .
8. If D # T then D7 is ground, atom(D7) C © and DT is propositionally false in T.
9. clauses(G) 7 Dr.

10. N =7 D.

The soundness of ICLF follows immediately from Properties 7 and 10.
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Theorem 6 (Soundness). If (0;e; N';0;0; T) =% (©;15N;Gs k; L), then N' =1 L.

The two previous statements hold regardless of the strategy used to apply the rules of ICLF.
The following properties require the rules to be applied according to a reasonable strategy, as
defined in Definition 2. We first show two invariants maintained by a reasonable strategy. The
first invariant, Lemma 7, states that there is no propositional conflict for a proper trail prefix,
and if the last literal on the trail is a decision, then there is no propositional conflict. This
invariant is used to prove non-redundant learning with respect to G in Theorem 11; it implies
that, after conflict analysis, the learned clause is the only false clause for a suitable trail prefix
[Lemma 10]. It also helps us show that whenever Conflict is applicable, the last literal on the
trail is a propagation or a theory propagation whose complement occurs in the conflict clause
[Lemma 8]. This is essential for satisfying the third requirement of a reasonable strategy, which
requires resolving with the last literal on the trail before backtracking. The lemma is therefore
used to show that there are no stuck states in Theorem 15.

Lemma 7. If (0;e;N';0;0; T) =%cpp (©:;1;N; G k; D - 7) using a reasonable strategy, then
if I' = TK, there is no C - 0 € G such that Co is propositionally false in T, and if K is a
decision, then there is no C' - o € G such that Co is propositionally false in I'K.

Lemma 8. If (0;e; N';0;0; T) =5cr (©;1;N; Gy k; T) using a reasonable strategy and Con-
flict is applicable to this state with D -7 € G, then I’ = I'1 K, K is not a decision literal and
D is not propositionally false in I'y.

Now we are ready to show that ICLF learns only non-redundant clauses when a reasonable
strategy is used. First, we define an ordering with respect to which the learned clauses are
non-redundant.

Definition 9 (Trail Induced Ordering). Given a trailT' = Ly ... L, we define the trail induced
ordering <r as a well-founded, total and strict ordering in which L1 <p comp(Li) <r Lo <p
comp(Ly) <r -+ <r Ly, <r comp(L,) and all literals that are propositionally undefined in T
are larger than comp(Ly,).

Lemma 10. If (0;e; N';0;0; T) =%onp (©;T5N; G k; D - 7) using a reasonable strategy and
BacktrackClassic, BacktrackFOL or BacktrackCB is applicable to this state following a reason-
able strategy, then T' = T'1T'y, D7 is propositionally false in Ty and no clause in clauses(G) is
propositionally false in T';.

Theorem 11 (Non-Redundant Learning). Whenever ICLF learns a ground clause (using Back-
trackClassic, BacktrackFOL or BacktrackCB) in a reasonable run, this clause is non-redundant
with respect to the current set of ground instances and the trail induced ordering.

The non-ground learned clause D, however, can be redundant with respect to N and the
trail-induced ordering <p. This can happen, for example, if there is an instance of a clause
in N that is propositionally false for a trail prefix, but that is not contained in G; one such
case is shown in Example 12. Theorem 18 shows that if a stronger strategy, called first-order
aware strategy [Definition 17], is followed, then the non-ground learned clause D is also non-
redundant with respect to N. Moreover, Theorem 19 shows that following a first-order aware
strategy does not cause any stuck states.
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Example 12. Consider the clause set
No ={(N1) P(z0),  (N2) P(z1)V R(z1),  (N3) Q(x2) V ~R(x2)}.
(0;; No; 0505 T)
> Iostantiate X2 (@4 e; Nos Go; 0; T)

fere, @0}}2 {P(a),R(a),Q(a)} and Gy = {(G1) P(x1)VR(z1) {1 — a}, (G2) Q(z2)V-R(z2)-
To > Agy.

Decide X2

=ICLF (©0;~P(a)' =Q(a)? No; Go; 2; T)

g (©0; ~P(a)'~Q(a)*R(a)“; No; Go; 2; T)

= Toret (0; ~P(a)'~Q(a)*R(a) @Y No; Go; 2; Q(2) V ~R(x2) - {2 = a})
=T (©0; ~P(a)'~Q(a)’R(a)\“Y; No; Go; 2; P(x2) V Q(22) - {2 — a})

The clause P(x2) V Q(x2) that can now be learned is non-redundant with respect to Go, but
redundant with respect to Ny due to the clause P(xqg). This also illustrates the difference between
a reasonable and a first-order aware strategy. A first-order aware strateqy prevents the decision
—P(a) since it makes an instance of P(xg) € Ny propositionally false, whereas a reasonable
strategy allows this decision because P(a) ¢ clauses(Gy).

Corollary 13. If (0;e; N';0;0; T) =75cnr (©; 5 N; G k; D7) using a reasonable strategy, then
there are no two C - o,C" -0’ € G such that C -o # C"- o', but Co = C'o’.

Without restrictions, termination cannot be expected for ICLF: Instantiate may generate
infinitely many ground instances, 7-Learn may add infinitely many theory lemmas, and 7-Atom
may add arbitrary ground atoms. Even ground reasoning on a fixed set of ground instances may
diverge due to Restart and InstanceDel, the latter being analogous to Forget in CDCL(T). We
therefore prove termination when these rules are applied only finitely often. Such restrictions
are standard in related settings. For example, SCL restricts trail literals to be smaller than a
fixed bound S, thereby obtaining only finitely many relevant instances [13]. In CDCL, restarts
can be performed with increasing periodicity to ensure termination [30]. The following theorem
states the corresponding termination condition for ICLF.

Theorem 14 (Termination). If ICLF is executed from a start state (0;e; N';0;0;T) using a
reasonable strategy, and the rules Instantiate, InstanceDel, Restart, T-Learn, and T-Atom are
applied only finitely often, then it terminates.

Theorem 15 (No Stuck States). Let (0;T; N;G;k; D - 1) be a state reached by ICLF from a
start state (B;e; N';0;0; T) using a reasonable strategy. Then either D = 1, or D = T and
T is a T-satisfiable model of clauses(G), or a rule from the set {Decide, Propagate, Conflict,
T-Conflict, Explain, Resolve, B} is applicable following a reasonable strategy, where B is any of
the rules BacktrackClassic, BacktrackFOL or BacktrackCB.

In full generality, completeness cannot be expected for arbitrary theories and theory
combinations, for example for linear arithmetic combined with uninterpreted function sym-
bols [2, 40, 24]. Nevertheless, Theorems 14 and 15 imply completeness whenever a finite 7-
unsatisfiable set of ground instances is available.
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Corollary 16 (Completeness). Let N be a clause set and S C gnd(N) be finite and T-
unsatisfiable. Then ICLF can derive L.

Definition 17. A strategy for ICLF is called first-order aware if it is reasonable and the
following are true:

1. If Instantiate is applicable with a propositionally false instance, then this is always pre-
ferred over applying T -Conflict.

2. At no point during the run is there a clause in the clause set that has an instance that is
propositionally false for a proper trail prefix.

3. Whenever the rightmost literal on the trail is a decision, no clause in the clause set has
an instance that is propositionally false on the trail.

Theorem 18. If (0;e; N';0;0; T) =%5opp (0:T; N; G k; D7) using a first-order aware strategy
and one of the rules BacktrackClassic, BacktrackFOL and BacktrackCB is applicable to this state
following a first-order aware strategy, then the clause D added to N by the respective backtrack
rule is non-redundant with respect to N and the trail induced ordering <r.

Theorem 19. If (0;e; N';0;0; T) =70np (©; 15 N; G; k; D-7) using a first-order aware strategy,
then either D = L, or D = T, T' is a T-satisfiable model of clauses(G) and no instance
of a clause in N is propositionally false in T, or a rule from the set {Instantiate, Decide,
Propagate, Conflict, T-Conflict, Explain, Resolve, BacktrackFOL} is applicable following a
first-order aware strategy. Additionally, Instantiate only has to be applied with instances whose
atoms are already contained in ©.

It should be noted that although following a first-order aware strategy does not cause any
stuck states [Theorem 19], it limits the applicability of some rules. For instance, Propagate and
T-Propagate cannot be applied if there is an uninstantiated false instance; instead, this false
instance has to be instantiated. Additionally, Decide cannot be applied if doing so would make
some instance false. In this sense, the requirements of a first-order aware strategy in ICLF are
very similar to the requirements of a regular run in SCL(FOL) [13]. Moreover, the first-order
aware strategy also restricts the applicability of 7-Learn. If a clause that has a propositionally
false instance should be added by T-Learn, Restart can first be used to go back to a point on
the trail at which no instance is propositionally false. Beyond that, while detecting conflicts
and propagations with respect to ground clause sets such as G is straightforward, both tasks are
NP-complete in the worst case with respect to first-order clause sets such as N; nevertheless,
the recent lifting of the two-watched literal scheme to first-order logic shows that such clause
sets can still be handled efficiently in practice [8].

4 Simulation of Other Calculi

In this section, we show that ICLF can simulate various other calculi. To avoid confusion, we
mark variables from the simulated calculi with an overline, e.g., N, and refer to variables from
ICLF without any overlines, e.g., by N.

First, we show that ICLF can simulate SCL(FOL) [13]. This means that we associate each
possible SCL(FOL) state with a set of ICLF states. Then, we show that for each state in a

given SCL(FOL) run, we can find an associated ICLF state and ICLF rule applications between
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these states. The simulation is linear in the sense that for each SCL(FOL) rule application, only
a constant number of ICLF rule applications has to be performed. SCL(FOL) is an algorithm
for first-order logic without equality, so we assume 7 to be the free theory, i.e., the theory
that contains all ¥-algebras. For SCL(FOL), we write the status closure as D - 7, assuming
that T=T-{} and L = L - {}, just as we do for ICLF. Let <p be a well-founded, total and
strict ordering on ground atoms such that for any ground atom A, there are only finitely many
ground atoms A" with A’ <g A. <p is lifted to literals by comparing the respective atoms and
to clauses by its multiset extension.

Definition 20. We say that an ICLF state (©;T;N;G;k; D - 7) is associated with a given

SCL(FOL) state (T; N;U; B;k; D - 7) if all of the following hold:
1.D-71=D-7.

2. For all A € ©, A < B and there is an atom A’ € atom(N) such that A is a ground
instance of A’.

3. N=NuU.
4. k>k. IfD-T=T, thenk = k.

5. IfT =K,...K, andT = K, ... Ky, then n >0 and for all i € {1,...,7}, Kignd?i
@atch. By match, we mean that either K; = K; = L7 or L‘hcit K;=L%° K, =L°7 and
C -7 is the result of exhaustively factorizing L in C-o. If D -7 =T, thenn =mn.

Theorem 21 (ICLF Simulates SCL(FOL)). Let N’ be a first-order clause set and (' be a
ground literal. Then for any regular SCL(FOL) run

(esN;0; 850, T) = So = scL(FoL) S1 = $CL(FOL) -+ = SCL(FOL) Om>
there exists a reasonable ICLF run
0:6; N300, T) =Ty =51 p i =icne - =icnr Im

such that for all i € {0,...,m}, T; is associated with S;. Here, éISCP’LF means that at most
three ICLF rules are applied to reach the following state. Only the ICLF rules Instantiate,
InstanceDel, Decide, Propagate, Conflict, T-Atom, Resolve, Factorize and BacktrackFOL are
needed.

SCL(FOL) has been shown to simulate non-redundant ground superposition [12, 10]. Since
ICLF simulates SCL(FOL), this result also transfers to ICLF. For ICLF, however, we can show a
stronger result: it can simulate any resolution inference that does not yield a tautology, provided
that neither parent clause becomes tautological under the most general unifier of the resolved
literals. If a parent clause does become tautological, the resolvent is already subsumed by the
other parent clause. This does not contradict the non-redundancy guarantee for reasonable
strategies, because learned clauses are guaranteed to be non-redundant only with respect to G.
Since ICLF does not force all clauses to be instantiated, a clause that is redundant with respect
to N may still be non-redundant with respect to G.

Remark 22 (ICLF Simulates Resolution). Let (©;T; N;G;k; T) be an ICLF state reached in
a reasonable Tun, and let C1 V L1,Cs V Ly € N be such that L1 and comp(Lsy) are unifiable.
Let p = mgu(Ly,comp(Ls)). If the resolvent of the clauses is not a tautology and neither
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parent clause becomes tautological under u, then ICLF can learn it or a clause subsuming it by
following a reasonable strategy as follows. We first apply Restart with I'y = € to empty the trail,
and then InstanceDel on all instances in G to empty the set of ground instances. Next, we apply
Instantiate with (C1 V Ly) - (po) and (Ca V L) - (uo), where we pick o such that no two atoms
Ay, Ay € atom(Cy U Cy U {Ly,La}) with Ay # Aap become equal. This can, for example,
be achieved by instantiating all variables with different fresh constants. Then, we decide the
complements of all literals except for Lipo and Lopo. This is possible because the resolvent of
the clauses is not a tautology, because neither parent clause is tautological under p, and because
of the way we chose . It also does not contradict the reasonable strategy because neither of the
two ground instances can be false at this point. We then propagate Liuo and apply Conflict
with (Ca V La) - (uo). Resolving exhaustively with Lypo yields the desired resolvent, or, due to
exhaustive factorization, a clause subsuming it. The derived clause is either L or can be learned
using BacktrackClassic.

Now, we show that ICLF can simulate clause learning in SCL(T) [11]. Unlike in the simula-

tion of SCL(FOL), we do not simulate every rule application. Instead, we simulate the sequence
of rule applications that leads to the application of Conflict and show that ICLF can learn the
same clause that SCL(T) learns. We assume that a constrained clause A || C'is just a different
notation for the clause =A V C' and note the status closure for SCL(T) as D - 7, assuming that
T =T-{}. Let N’ be a pure, abstracted clause set according to the requirements of SCL(T)
and B’ be a finite sequence of constants of background sorts.
Definition 23. We say that an ICLF state (0;T; N;G;k; D - 7) is weakly associated with a
given SCL(T) state (M;N;U;B;k;D -7) if N = NUU, D-7 = D -7, and the background
literals in T form a prefiz of T'. It is called associated if additionally, the set of literals in M is
a subset of the set of literals in T, the foreground literals in M form a subsequence of ', and for
all propagations L in M, the corresponding literal L in T is annotated with a closure C - o
such that C - @ is the result of exhaustively factorizing L in C - o, and for all decisions L* in
M, the corresponding literal L in T is also a decision.

Theorem 24 (Simulation of Conflict). For any regular SCL(T) run

*(no Confl)

Conflict
sop(r) | S1= Sa

(5N 0; B';0; T) =%5cr () So = SCL(T)

where Sy is not a conflict state, and any state Ty reached from (B;¢; N';0;0; T) in a reasonable
ICLF run and weakly associated with Sy, there exists a sequence of reasonable ICLF rule appli-
cations of the rules Instantiate, InstanceDel, T-Atom, Restart, Decide and Propagate from Ty
to a state Ty that is associated with S1, and Conflict can be applied to Ty following a reasonable
strategy, reaching a state Ty that is associated with So.

Theorem 25 (Simulation of Learning). Consider a reqular SCL(T) run

(& N0 B';05T) =001y So = sapie St =Sanpry oo St g,
and a state Ty reached from (0;e; N’;0;0; T) in a reasonable ICLF run and associated with S .
Then there is a state To reachable from T1 by applying the rules Resolve and Factorize in a
reasonable way such that To is associated with Sy. Moreover, if Backtrack can be applied to
So in a regular run, reaching a state Sz, then BacktrackClassic is applicable to Ty following a
reasonable strategy, reaching a state T5 that is weakly associated with Ss.
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Together, Theorems 24 and 25 show how ICLF can simulate a given regular SCL(T) deriva-
tion of the empty clause. Clearly, the start state of ICLF is weakly associated with the start
state of SCL(T). Whenever Conflict is applied in SCL(T), ICLF can reach an associated conflict
state by Theorem 24. Then, all applications of Resolve, Factorize and Skip during conflict anal-
ysis in SCL(T) can be simulated in ICLF by Theorem 25. If SCL(T) derives the empty clause
during conflict analysis, ICLF also derives it because the states are shown to be associated.
If SCL(T) learns a clause, then by Theorem 25, ICLF can learn the same clause, reaching a
weakly associated state from which the described procedure can be iterated.

Next, we show that ICLF can simulate the Isabelle/HOL verified calculus CDCLW [7].
CDCL is an algorithm for pure propositional logic, so we assume 7T to be the free theory. For
easier notation, given a ground clause D, we assume that D = D - {}. To accommodate the
different notations in ICLF and CDCLW, we assume that L7 = LT for ground literals L, and
that the trail in CDCLW grows to the right instead of to the left.

Definition 26. We say that an ICLF state (©;T; N;G;k; D - ) is associated with a given

CDCL_W state (M; N;U; D) if clauses(G) = NUU, D-7 =D, when D-7 =T, then T = M,

and when D -1 # T, then M is a prefix of T.

From its start state, ICLF first has to instantiate all given clauses to reach a state that
is associated with the CDCLW start state. Then, each rule application in CDCLW can be
simulated by at most one rule application in ICLF.

Theorem 27 (ICLF Simulates CDCLW). Let N’ be a propositional clause set. Then for any
reasonable CDCL_W run

N (- _
(&N 0;T) = So = cporw S1 = cpcrw - - =cepeLw Sms
there exists a reasonable ICLF run
e N ) Instantiat <1 <1 <1
(0;6; N 0;0, T) =108 " To = 1orr Ty = ToLr -+ = 10nr Im

such that for all i € {0,...,m}, T; is associated with S;. After the initial applications of
Instantiate, only the ICLF rules Propagate, Decide, Conflict, Restart, InstanceDel, Resolve
and BacktrackClassic are needed.

In standard presentations of CDCL(T) [30, 4], conflict analysis is left flexible, allowing
different learning mechanisms. We therefore do not state a formal simulation theorem for
CDCL(T). Since ICLF learns only non-redundant clauses, such a theorem would have to impose
a compatible condition on learning in CDCL(T). We can nevertheless describe how ICLF, given
a theory solver for T, can be used to decide the satisfiability of a ground clause set modulo 7.

Remark 28 (ICLF Simulates CDCL(T)). Let N’ be a set of ground clauses modulo a theory
T. We start in the state (0;e; N';0;0; T) and first apply Instantiate with {} to all clauses in
N'. Now, by Theorems 1/ and 15, applying the rules Decide, Propagate, Conflict, Restart,
T -Propagate, T -Learn, T-Atom, T -Conflict, Explain, Resolve and BacktrackClassic according
to a reasonable strategy and restricting Restart, T-Learn and T-Atom to a finite number of
applications, ICLF either derives the empty clause, or it terminates in a state whose trail is a

T -satisfiable model of N'.

For instantiation-based SMT procedures combining quantifier instantiation with CDCL(T),
we are not aware of any formal description. Nevertheless, ICLF can model the essential in-
teraction between an instantiation module and a CDCL(T) solver. The process consists of
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two phases: the instantiation phase and the CDCL(T) phase. First, the instantiation module
generates some instances, including all of the initially ground clauses, using Instantiate. Then,
CDCL(T) is run according to Remark 28. If it derives unsatisfiability, the process terminates.
Otherwise, the instantiation module adds more instances. In ICLF, due to non-ground learning,
the instantiation module can also instantiate learned clauses, which is not possible in classical
instantiation-based SMT solving.

There are other calculi that integrate explicit model building and a form of clause learning.
Theory instantiation [18] extends the InstGen [17] calculus with theories. Still, only instances
of existing clauses are learned with respect to ground theory conflicts. The model-building in
model evolution with lemma learning [5] goes beyond ground literals but does not involve theo-
ries. Lemma learning gets more complicated and no non-redundancy guarantees are presented.
In conflict resolution [38] models are built by first-order decision literals and propagations com-
puted by the unit propagation rule. The conflict resolution rule and the overall calculus are
described in an abstract way, such that no quality guarantees are possible with respect to newly
generated clauses.

5 Conclusion

We presented the calculus ICLF for non-ground SMT, which generalizes several model-based
approaches for propositional logic, first-order logic, and first-order logic modulo theories. Most
notably, ICLF extends quantifier instantiation with non-ground learning and a tighter integra-
tion of instantiation and model building. It also extends SCL by allowing a lazier treatment
of non-ground clauses: conflicts only have to be considered for the current ground instances.
In this way, ICLF provides a flexible setting for combining techniques from instantiation-based
SMT solving and non-ground clause learning. The long-term goal is to use this flexibility to
develop new methods for solving problems that are beyond the reach of current solvers.

The main direction for future work is to implement ICLF and integrate its ideas into existing
solvers. Since ICLF generalizes multiple other calculi, it naturally leaves freedom in several
choices. One such choice is which ground instances to create and when to create them. This
difficulty already arises in quantifier instantiation and in SCL, and we hope that instantiation
techniques that have proved useful in SMT solving [15, 14, 20, 37, 36] can also be adapted to
ICLF. Another such choice is when, and to what extent, to check the applicability of theory
rules, for instance when to perform complete checks. This depends on the specific theory,
and we expect that strategies that work well in CDCL(T) will also work well in ICLF. As in
all model-based calculi, there is also freedom in the choice of which literals to include in the
model, that is, which decisions and propagations to perform. Unlike in SCL, however, decisions
and propagations are restricted by the current ground instances in ICLF. Finally, there is
freedom in the choice of how to explain theory propagations and conflicts. In CDCL(T), it
is sufficient to explain a theory conflict by a minimal subset of contradictory trail literals, for
example the literals h(a) = g(a), h(a) = a, and g(a) # a from Example 4. In ICLF, this
ground explanation can be used, but it may be preferable to use the more general explanation
To # x3V To # x4 V T3 = 4, a theory lemma expressing the transitivity axiom for equality.
Instantiated with the substitution {zs — h(a),z3 — g(a), x4 — a}, this yields the same ground
explanation, but at the non-ground level it allows us to learn a more general clause from the
conflict. If we use the ground explanation directly, by contrast, then all variables matched
against the ground explanation are grounded, and this restricts our ability to learn non-ground
clauses. Thus, besides instantiation heuristics, a central challenge for implementing ICLF is to
develop theory solvers that can produce useful non-ground explanations [3, 25].
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This gives another perspective on the role of theory explanations in ICLF. In saturation-
based theorem proving, adding theory axioms as ordinary clauses can greatly enlarge the search
space [34, 21, 23]. In ICLF, theory axioms need not be added to N as clauses available for
arbitrary instantiation, propagation, and resolution. Instead, theory lemmas only have to be
produced when they become relevant during conflict analysis. In this way, the ground search
guides the use of theory lemmas in resolution, rather than making all theory axioms available
throughout the search. This allows theory reasoning to contribute non-ground theory lemmas
when the ground search needs them, combining the control of model-guided reasoning with the
generality of first-order learning.
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