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Abstract

A neural clause-selection guidance approach in the VAMPIRE theorem prover was re-
cently shown to substantially improve the success rate of the prover’s default strategy on
the TPTP benchmark. We experimentally study the impact of the approach across several
ITP-derived benchmark sets and its interaction with theorem proving strategies.

We find that while the neural guidance consistently improves performance within indi-
vidual benchmark domains, cross-benchmark application of guiding models underperforms
the plain default strategy. This can be remedied by training a single model on all datasets
at once. Such a model, although more expensive to obtain, helps VAMPIRE almost catch
up in performance across all datasets. The picture when considering combined strategies is
less clear-cut, indicating persisting value of neural guidance but under diminishing returns.

1 Introduction

Neural guidance has recently become a competitive technique for improving saturation-based
automated theorem provers [42, 12, 26]. In particular, a neural clause-selection guidance inte-
grated into the VAMPIRE [4] prover has been shown to substantially improve the performance
of its default strategy on the TPTP [44] benchmark library. The approach [42], inspired by
reinforcement-learning (RL), replaces handcrafted clause-ranking heuristics with a graph-based
clause-scoring neural model iteratively trained on proof traces, yielding significant improve-
ments in terms of the number of problems solved under strict resource limits. These results
demonstrate that learned clause selection can outperform carefully engineered heuristics in a
fixed setting. However, several important research questions remain open:

1. Broader effectiveness: Neural clause-selection guidance has so far been shown to boost
a single strategy on the TPTP benchmark. Modern automated theorem provers are in-
creasingly deployed as hammers [9] for interactive theorem provers (ITPs), where problem
distributions differ substantially from classical ATP benchmarks. Does the observed im-
provement carry over to these structurally different problem distributions? Confirming
(or refuting) this on benchmarks exported from ITPs is a result in its own right and a
necessary first step to also answering the next question.
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2. Transfer: Given multiple benchmark families with different characteristics, how well does
neural clause-selection guidance generalize beyond the dataset on which it is trained?
Understanding whether models trained on one benchmark family transfer to others is
important for assessing the practical reach of the approach.

3. Portfolios: Prior work focused on boosting a single prover configuration. In practice,
however, state-of-the-art ATP performance is achieved via portfolios of complementary
strategies and carefully constructed schedules. This raises the question of how neural
clause selection interacts with strategy diversity: does it merely compensate for weak-
nesses of a particular configuration, or does it systematically enhance optimized strategies
and improve portfolio performance?

In this work, we conduct a comprehensive experimental study of neural clause-selection
guidance across four benchmark families: TPTP, Mizard0 [31], Isabelle/Sledgehammer [10]
exports [20], and CoqHammer [15]. Building on the RL-inspired framework of [42], we analyze
its per-dataset performance gains and cross-dataset transfer. Moreover, we study its interaction
with locally optimized strategies and its impact on large-scale portfolio construction via greedy
cover and spider-style strategy search [5]. Our main results can be summarized as follows:

e Neural guidance consistently improves performance within individual domains, often
substantially on harder hammer-derived benchmarks. However, models trained on one
dataset typically fail to transfer effectively to others, frequently underperforming the de-
fault unguided strategy. This can be remedied, at an increased computational cost, by
training a single model on all datasets of interest.

e While neural boosting strongly enhances individual strategies (and a single neural model
can be trained to successfully guide more than one strategy), the marginal benefit of
guidance diminishes in larger portfolios where strategic complementarity already captures
much of the feasible-to-claim part of the search space.

o Inspired by Goertzel’s experiment [18] with E prover [37] and ENIGMA clause-selection
guidance [11], we show that neural guidance in VAMPIRE can compensate for the ineffi-
ciency of unordered resolution and plain paramodulation, lifting the performance of such
a weakened strategy above that of the unguided default (which uses the superposition cal-
culus [2, 3] and a simplification ordering). This demonstrates that learned clause selection
can tame a more prolific but theoretically interesting calculus.

o After 20 days of spider-style strategy search, we built greedy portfolios from plain, neural,
and combined strategy pools. The combined portfolio covers 4.1 % more problems overall
but, more importantly, achieves 12.2 % improvement at the practically relevant ~10s time
limit. This is the first evaluation of neural clause selection at the portfolio scale.

These findings clarify both the strengths and limitations of neural clause selection in modern
saturation-based theorem proving.

After recalling the neural guidance architecture and how it is trained in an iterative fashion
(Sect. 2), we describe our four datasets (Sect. 3) and introduce the details of our experimental
setup (Sect. 4). With the experiments themselves, we start by measuring the per-dataset
improvement by neural guidance of VAMPIRE’s default strategy and the knowledge transfer
potential of the trained models (Sect. 5). Moving on to theorem proving strategies (Sect. 6), we
present a simple optimization algorithm to give us a small set of complementary strategies (6.1)
to which we apply neural guidance both individually (6.2) and jointly (6.3). We pause to boost
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the mentioned plain paramodulation strategy (6.4), and then build and compare full-fledged
portfolios both plain and neurally guided (6.5 and 6.6). Last, we combine the dataset view with
the strategy view (Sect. 7). We then recall related work (Sect. 8) and conclude (Sect. 9).

2 Background: Neural Clause Guidance in Vampire

In this work, we conduct new experiments with a neural clause selection guidance system for
the ATP VAMPIRE [4] introduced last year [42]. The system uses a single clause selection queue
ordered by scores assigned to clauses by a neural network trained on past successful proof
attempts. The network consists of several connected computational blocks:

e a graph neural network (GNN) [32, 22] that processes the input problem’s clause normal
form (CNF) in several message-passing rounds and produces vectorial representations
(called embeddings) of the input clauses and of the problem’s signature symbols,

e a recursive neural network (RvNN) [33] unfolding along the clause derivation historys;
i.e., using the GNN-produced input clause embeddings as a base case, computing an
embedding of each derived clause by combining embeddings of its parents with information
about the derivation rule used,

e a second RvNN running along VAMPIRE’s (perfectly-shared) term structure, using the
GNN embeddings of the signature symbols as a base case and computing an embedding
of each compound term by combining embeddings of constituent sub-terms with that of
the leading symbol, and

e a fully-connected NN with one hidden layer that processes the concatenation of the two
embedding kinds (clause derivation history embedding and the clause term structure
embedding) together with several simple clause features (age, weight, number of literals,
etc.) to a single clause score.!

While the GNN runs only once, after the input problem preprocessing yields the corresponding
CNF, the computation of the two RvNNSs is interleaved with the saturation process and new
clauses are evaluated as they are getting derived.

We start the training process with a randomly initialized network and repeat the following
sequence of steps until the performance stops improving;:

e Evaluate (plain or neurally-guided) VAMPIRE on the training problems and collect traces
from the successfully solved ones. A trace records the clause traffic in the prover, so that
for any moment in which a clause selection decision was made, we can reconstruct the
candidate clauses there (i.e., the content of the passive set) and which of these candidates
later ended up in the found proof.

e Use the collected traces to compute a loss function expressing “in each clause selection
step, the score of proof clauses should be better than that of the remaining ones” and
update the network parameters using several gradient descent steps.

Since the randomly initialized network at the beginning is not very good at guidance, in the first
loop iteration we instead collect traces using the standard (built-in) clause selection heuristic.
We also remark that both the prover evaluation and network updates are computationally
relatively expensive operations, but can be efficiently parallelized.

We refer the reader to our previous paper for additional details [42]. Moreover, several small
differences to the exact setup used in [42] are detailed in Appendix A of a preprint [13].

IThe contribution of these simple features is not big but still measurable (cf. Fig. 4 of [42]).
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3 Four Datasets

We use the following four problems sets (benchmarks), later referred to as datasets, for our
experiments. Note that all of them come in the TPTP format and are thus directly accessible
to VAMPIRE.

TPTP: Starting from the CNF, FOF, and TFO format problems of the TPTP library version
9.1.0 [44], we excluded non-theorems and problems containing arithmetic. This left us with
15 500 problems in this dataset. Our previous work [42] uses TPTP v9.0.0 and does not exclude
the satisfiable problems. This makes the “percentage library solved” values incompatible, but
the “percentage improvement” values remain comparable (modulo the library version).

Mizar40: This refers to 57880 “bushy” problems [31] from the TPTP export of the Mizar
Mathematical Library [21] using the MPTP infrastructure [46]. Here “bushy” [45] means that
each conjecture is only accompanied by those previously occurring lemmas and theorems that
are needed (according to the original human-supplied proof in the library) to prove the conjec-
ture.? Mizar40 has been used by numerous ML-for-ATP evaluations before [30, 39, 12].

Isabelle: Refers to 276363 Isabelle Sledgehammer [10] problems extracted by Goertzel et
al. [20] using the Isabelle tool Mirabelle. Out of the two encodings provided, we picked the
many-sorted first-order (TFF) encoding (the content of folder jd_tff2 in their repository).

CoqHammer: An analogous tool to Sledgehammer was developed by Czajka and Kaliszyk
[15] for Coq/Rocq [6]. Using the same set of packages as Blaauwbroek et al. [7], we obtained
82366 TPTP problems in the FOL fragment.?

4 Experimental Setup

Unless stated otherwise, the experiments reported below evaluate VAMPIRE using a limit of 32
billion CPU instructions per problem,? which roughly amounts to 12s° time on our servers.
These are equipped with AMD EPYC 7513 (128 cores with 2.6 GHz) and 500 GB RAM and
run Ubuntu 22 (kernel 5.15.0-161-generic).

We always evaluate VAMPIRE using 120 of the 128 available cores. It is worth pointing out
that each successful run must be followed up by a trace collecting rerun, which uses an increased
time and instruction limit, because trace collecting is more expensive than pure proof search.
When training models, we enable input and internal shuffling [41] to solve more problems and
diversify the traces, so we need to remember and reuse the same random seed for the trace
collecting run. However, final model evaluation is done without shuffling.

Training is done in parallel using 64 cores only, so that the computation graphs comfortably
fit into the available RAM. The parallel training setup is inherited from our previous work [39]
and involves non-sequential updates of the trained model which works as a form of regularization
(cf. Sect. 3.4 there).

2In contrast, “chainy” (hammer) [45] versions of problems contain all the previously occurring theory devel-
opment and typically are much harder to solve automatically.

Shttps://github.com/quickbeam123/calibrating-deepire-suppementary-materials contains links to the
datasets and other information relevant for reproducibility.

4Instruction limiting leads to more robust results than time limiting in situations (like ours) where many
processes compete for the main memory (cf. Appendix A of [40]).

5Low time limits correspond to the hammer settings in which we are interested here.
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Table 1: Boosting the performance by neural clause selection guidance on our four datasets.
The used format is (default — boosted)/total and refers to the number of problems solved and
the size of the corresponding set (train or test), respectively.

dataset ‘ train ‘ test
TPTP (8511 — 10864)/15500 (+27.6 %) —
Mizar40 (4733 — 10098)/15000 (+113.4%) | (1543 — 3101)/5000 (+101.0%)
Isabelle (6435 — 8788)/15000 (+36.6 %) | (2178 — 2715)/5000 (+24.7 %)
CogHammer | (2813 — 9799)/30000 (+248.3%) (399 — 772)/5000 (+93.5%)

We alternate prover evaluation (and trace collection) with model training for a total of 25
iterations. On TPTP, a typical iteration takes around 90 min and thus the whole model tuning
experiment takes up approximately 1.5 days there. Each trained model is ~1 MB in file size,
which corresponds to approximately 0.25 million neural parameters (weights).

5 Per-Dataset Neural Boosting and Transfer Learning

As a first experiment, we take our four datasets and train a neural clause selection guidance
model on each. We always use VAMPIRE’s default strategy® as the basis, to provide traces for
the first training iteration and to fix the prover configuration throughout the whole training
and evaluation process.

We trained the four respective guiding models on 1) the full TPTP, 2) 15 thousand randomly
selected problems from Mizar40 and Isabelle, leaving 5 thousand different problems aside for
testing, and 3) 30 thousand randomly selected problems from CogHammer.” For the last
dataset, we followed Blaauwbroek et al. [7] and picked 5 thousand test problems from their list
of separate test Coq packages (distinct theory developments), so there cannot be any interleaving
of related theorems and lemmas between the train and test problems.®

We did not leave any TPTP problems for testing, not to reduce its relatively small size
further. Note, however, that a test set improvement of 20 % was already established in our
previous work [42]. Moreover, it can be argued that it is only thanks to generalization (which a
train/test split normally tries to establish) that a neural model can keep improving and solving
new (training) problems in each iteration. Viewed this way, a separate train/test split is not
strictly necessary.

5.1 Boostability

In Table 1, we can see how training a guiding model can improve VAMPIRE’s performance on
the individual datasets. Notice that the hardest CogHammer dataset benefits the most (boost
+248.3%), although not quite as much of its train boost (compared to Mizar40 and Isabelle)
persists to the unseen test set (+93.5%). The reason could be the stricter train/test-split
hygiene used with CogHammer.

6This is one fixed strategy with a good performance, which VAMPIRE uses when nothing else is specified;
i.e., when invoked simply via ./vampire <problem>.

7We used a train set twice as large here, compared to Mizar40 and Isabelle, because the default strategy, from
which we learn, solves so few problems on CogHammer. Doubling the train set size also meant correspondingly
larger evaluation times.

8This implements “no learning from the future”, i.e., the lemmas and symbols introduced in the test packages
are not seen during the training.
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Figure 1:  Performance evaluation—across our datasets—of strategies boosted by models

trained on the individual datasets. Except for TPTP, which does not have a test split, the
evaluation is on test problems. The z-axis follows the evolution of the models during training.
The legend at the upper right corner (CogHammer) is meant to be shared.

While the test performance is always smaller than the train performance, even the test
performance boost is substantial across all datasets, with interesting differences between the
datasets. Notably, the Isabelle dataset appears to be the hardest to record an improvement on.

5.2 Knowledge Transfer

While Table 1 only reveals the performance of the best model (picked according to the training
set), Fig. 1 offers a more refined perspective. First, instead of raw problem counts, it uses
percentages. Moreover, the z-dimension in each of the four sub-figures tracks the evolution of
each model through its training process. Namely, models at iterations 2-5,10,15,20, and the
iteration with the best training performance (always >20) are highlighted. Most importantly,
however, each of the four sub-figures also tracks the models trained on the other datasets.
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It can be seen from Fig. 1 that as a model specializes to its own training dataset and
improves on it, it also gets worse on any of the other datasets to the point of consistently
scoring worse than the default (unguided) strategy there. In more detail, there seems to be a
single exception, a model trained on TPTP improves over the default strategy (always denoted
by the gray dashed line) on the Mizar40 problems (Fig. 1, bottom left). However, the TPTP
library itself contains 1840 problems exported from Mizar by the MPTP tool. When these are
excluded and a separate model is trained on the reduced set TPTP-noMizar, its performance
also soon drops below that of the default strategy. (Similarly, the Isabelle subfigure shows
the performance development of a model trained on TPTP-nolsabelle, which is TPTP without
1276 problems mentioning “Sledgehammer” in their source field.)

This is a clear negative answer to the question about knowledge transfer. We were a bit
surprised by the clarity of the trend, especially with TPTP, which is known to contain problems
from many diverse sources (besides Mizar and Isabelle) collected over several decades. The
observation, however, also offers a hint as to what our guiding networks could be capitalizing
on to achieve better performance. It is likely more of “make sure problem encoding specifics
do not adversely affect proof search” and less of learning how a superposition-based saturation
prover should be controlled in general.

For instance, the Isabelle and Mizar/0 TPTP encodings we use are quite different (type
guards in Mizar vs type tags in Isabelle), resulting in likely very different initial clausal (CNF)
graphs processed by the GNN to obtain the initial embeddings of symbols and clauses. One
plausible explanation of the lack of transfer is thus the major (even if perhaps a bit superficial
from the ATP point of view) difference in the graphs that the GNN is trained and evaluated on.
We started looking at individual problems, how different models score their clauses, and how
these scores impacts proof search.? This painstaking analysis has so far not yielded a single
dominant explanation. We leave a more systematic investigation for future work.

The classical machine learning remedy to this “eager adaptation” should be to reduce the
model’s capacity, but while a smaller network would very likely become harder to train (and
thus to overtrain), it is not guaranteed that it would start picking up “deeper patterns” (that
go beyond exploiting the used encodings). The more modern, “deep learning™era, advice is to
simply get more data from all possible sources of interest. In this light, TPTP with its several
decades of history and more than 15 thousand first-order problems appears still too small.

5.3 Overfitting To Training Data

In a last glimpse at Fig. 1, we can observe that not all four datasets agree on how long it is
beneficial to train a model for the benefit of its test performance.

Setting aside the TPTP subfigure, where we are actually observing the train performance,
we see that on Mizar40, the test performance kept improving through the whole 25 iterations.
On the other hand, the test performance on Isabelle is fairly constant already since iteration 5
and actually maxes out at iteration 10. (With CogHammer, we see a similar plateau maxing
at iteration 20). While the first behavior indicates good generalization, the latter points in the
direction of overfitting. In the case of Isabelle we could try mitigating this by training on more
than just 15 thousand out of the almost quarter of a million available problems and paying for
it with a higher computational cost, which we intend to do as part of future work.

9See Appendix D of our preprint [13] for such an analysis on several problems.
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def hillClimbingGreed(all_problems, seed_strategy = default): 1
cur_probs = all_problems 2
cur_best = seed_strategy 3
evaluate(seed_strategy,all_problems) 4
for i in range(5): 5

cur_best = best strategy on cur_probs evaluated so far 6
cur_best_score = evaluate(cur_best,cur_probs) 7
for j in range(3): 8
for opt, values in options_to_vary: 9
for val in values: 10
score = evaluate(cur_best[opt:=val],cur_probs) 11

if score > cur_best_score: 12
cur_best_score = score 13
cur_best = cur_best[opt:=val] 14
print("Champion of iteration”,i,"”is”,cur_best) 15
cur_probs -= problems solved by cur_best 16

Figure 2: Our algorithm for constructing small sets of complementary strategies. Given a prob-
lem set all_problems to optimize for and a strategy seed_strategy to start with (naturally
initialized as the prover’s default strategy), the algorithm calls the function evaluate to com-
pute the number of problems solved by a given strategy on a given set of problems (under an
implicit fixed time limit). The results of calls to evaluate are cached, which makes picking the
current best strategy on line 6 computationally cheap. The outer loop starting at line 5 governs
the greedy cover and here hardcodes 5 as the number of complementary strategies to produce.
The inner loops attempt to improve the current best strategy by always picking an option to
vary, trying out all available values for it and committing to the one with the best score. Each
option is tried up to 3 times. In an actual implementation, the loop of line 8 can be broken out
of early if cur_best does not change for a whole iteration.

5.4 Training on All Four Datasets at Once

By putting all the four training datasets on one large pile (15500 problems from TPTP, 15000
from Mizar40, 15000 from Isabelle, and 30000 from CogHammer) and waiting for 17 days
for the 25 iterations of the training process to finish, we were able to obtain a model that is
almost as good as the ones dedicated to the individual datasets we talked about until now. In
particular, the model can reach (when comparing test performance of the best iteration on each
side) 100.0 % performance of the dedicated TPTP model on TPTP, 99.4 % performance of the
dedicated Mizar40 model on Mizar40, 101.4 % performance of the dedicated Isabelle model on
Isabelle, and 95.3 % performance of the dedicated CogHammer model on CogHammer.

This result suggests that 1) the capacity of the model is not (at the scales discussed in this
paper) the main limiting factor of its capabilities and 2) the GNN at the bottom of the model’s
architecture is likely very good at recognising various input sub-classes (such as the distinct
encodings used by our four datasets, but also—at a lower granularity—within each dataset) so
that the subsequent scoring of the clauses may become sub-class dependent.

6 Strategy Boosting

An ATP strategy is a fixed configuration of the prover, defined by choices of preprocess-
ing steps, enabled inference and simplification rules, term ordering, literal selection, and other
heuristic parameters. It is well known that combining multiple strategies into sequences (called
schedules or portfolios), executed either sequentially or in parallel, can greatly improve the
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prover performance in practice. Informally, the desired property of strategies is their comple-
mentarity, which means that each strategy is good at solving different kinds of problems.

In this section, we investigate how neural guidance interacts with proving strategies and
strategy schedules. We focus on the TPTP dataset and unless specified otherwise we keep the
established instruction limit of 32 000 Mi for our evaluations.

6.1 Portfolio Construction via Greedy Cover and Local Search

We start by constructing a small baseline set of complementary strategies. To this end, we
implement an algorithm combining a standard greedy cover approach—repeatedly picking the
strategy that solves the largest number of currently unsolved problems—with hill climbing to
locally improve the current best candidate (see Fig. 2). A notable aspect of this algorithm is
that, with a sufficiently reduced time limit and enough parallelization, it is feasible to run the
algorithm to completion over VAMPIRE’s more than 80 main configuration options—many of
which are multi-valued rather than binary'®—within approximately one day. To obtain the
strategies mentioned below we used an instruction limit of 8000 Gi and a random subset of
TPTP of size 7680.

In contrast to several previous approaches to strategy invention, such as BliStr [47] or
HOS-ML [25], which cluster problems based on similar performance and save computation by
optimizing strategies only on the clusters, our less sophisticated algorithm delivers strategies
optimized globally, whose mutual relationship is thus arguably easier to interpret.

Five Baseline Strategies to Boost The five baseline strategies our algorithm selected'!
differ substantially from VAMPIRE’s default strategy. In particular, none of them uses a complete
literal selection function [23]. The first strategy uses Twee’s goal transformation [38], which
(together with several other non-default option settings) contributes to its markedly stronger
performance compared to VAMPIRE’s default strategy (9265 vs 8574 problems solved).!? As for
complementarity, we were surprised to never see the Discount loop being used nor the AVATAR
[49] architecture getting turned off, although both settings are known to lead to many unique
solutions when varied in isolation.

6.2 Boosting the Baseline Strategies Individually

We trained a separate guiding model for each of the five strategies. This can be viewed as aiming
to obtain expert models that specialize (i) primarily to the specific variant of the superposition
calculus employed,'® and (ii) secondarily to the types of benchmark problems that the strategy
tends to solve. We then evaluated each boosted strategy in isolation and also their (incremental)
union when following the original greedy sequence.

The obtained results are shown in Table 2. Each of the 5 strategies gets on average boosted
by 24.0 % by its trained neural guidance model. However, the strategies (unsurprisingly) do not
grow just in complementary directions: the performance of the champion strategy 1 is getting

10For options with a potentially unbounded set of values, such as the age-weight ratio, we hand-picked small
representative sets of values.

11See Appendix B of our preprint [13] for their listing.

12The reported 8574 problems were solved by the default strategy without the input and internal shuffling,
which is, as mentioned, turned on during training and lead to the slightly lower value of 8511 reported in Table 1.

13Recall that the network can discriminate individual inference rules and adapt to how useful they are for
producing a proof clause in specific contexts. This also means that a model trained only on runs never using a
particular inference rule R will likely behave poorly when employed to guide a strategy using R a lot.
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Table 2: Performance of five complementary strategies 1-5 (left) and their neurally-boosted
counterparts 1’5" (right). We show how each subsequent strategy contributes to the greedy
cover (contrib.) and also its plain performance (#solved).

plain proving strategies | neurally-boosted counterparts

id contrib. #solved  (boost by)  #£solved contrib.  id

1 9265 9265 +21.6% 11264 11264 1/

2 826 8395  +29.1% 10839 434 2

3 298 8999  +18.6% 10675 98 3

4 243 5936  +19.9% 7118 338 4

5 87 8078  +30.4% 10533 73 5
union: 10719 — +13.9% — 12207
(15.7% of 1) (8.4% of 1)

improved by 15.7 % when complemented by 2-5,'* while in the neurally-boosted version 1’ gets
“only” improved by 8.4 % by also considering 2'-5'.

The table uses the same order both on the left and on the right to show the cumulative
contribution of each strategy. This leads to a non-monotonic progression for the neurally-
boosted strategies, where, e.g., strategy 3’ only contributes 98 problems while 4’ brings 338
additional ones. Strategy 4/4’ is the only one in the sequence enabling the SInE premise
selection heuristic [24], which is likely the main reason why it brings many new problems even
after boosting. At the same time, complementarities of the strategies in how they configure the
standard clause selection heuristic—for which VAMPIRE has several options—are most likely
vanishing with the boosting, because neurally guided VAMPIRE ignores these options (as it
delegates clause selection fully to the model). In total, we observed a 13.9% improvement of
the 5-strategy portfolio’s performance through individual strategy boosting.

6.3 Boosting All Baseline Strategies Jointly

It is not necessary to train 5 individual models to boost 5 strategies. By slightly modifying the
training scripts, we were able to train a single model (of the same capacity) on traces generated
by all five strategies at once. The training process slows down correspondingly, but the final
model is almost as good as the 5 individual ones. The average strategy boost is by 23.8 % and
the combined coverage of the five single-model-boosted strategies 1-5 is 12195 problems.

6.4 Making Vampire Smart Again

A specific strategy we were especially keen to test boosting is one which replaces the standard
ordered resolution and superposition calculus (governed by a heuristically selected simplifi-
cation ordering) with general (unordered) resolution and plain paramodulation (no ordering
constraints). We were inspired for this by the work of Goertzel [18] who tried the analogous
experiment in the context of E prover [37] and ENIGMA clause-selection guidance [11].

The idea is that an unconstrained calculus is much more prolific and often causes the prover
to choke before a proof can be found. The research question is then whether a well-trained
clause-selection guidance can compensate for such inefficiency. In our case, the unconstrained

1Such a portfolio would require 5 times more time to run to completion. Although, typically, most of the
combined performance of several strategies can be reaped much earlier by a more refined strategy schedule [5].
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Figure 3: Left: Cumulative problem coverage in time, growing as spider-style strategy search
keeps discovering new strategies. Right: Cumulative performance of a plain, a purely neural,
and a combined greedy strategy schedules (mark at 32000 Mi). A schedule could employ any
strategy from its respective pool (plain, neural, or both) as filled during the preceding 20 days.

strategy So'® solves 40.4% of TPTP (compared to the default’s 55.3 %) and reaches 61.3 %
after boosting. This is less than the boosted default’s 70.3 %, but quite a bit more than the
performance of the plain default. This answers the question affirmatively.

Strategy Sy is noteworthy also from the perspective of proof complexity. It is known that
certain formulas admit short general resolution proofs but only long ordered-resolution proofs;
analogous phenomena arise when comparing plain paramodulation with superposition under
ordering restrictions. We could, however, not confirm that this is of practical concern on
TPTP. Although the boosted version of Sy solved several hard problems'® and was the only
strategy claiming their solution for a long time during our 20 day Spider-style strategy search
experiment (see Sect. 6.5 below), these problems were later solved also by a different strategy
employing the standard superposition calculus (constrained by a simplification ordering).

6.5 Spider-style Strategy Search

More than five complementary strategies are needed to construct a strong proving portfolio such
as the one VAMPIRE employs during CASC [43]. In spider-style strategy search [5], strategies
are discovered by iteratively attempting to solve a single as-of-yet unsolved problem using a
randomly sampled strategy, and, on success, by subsequently optimizing the random strategy on
that problem by local search through the option space. An optimized strategy is then evaluated
on the whole problem set, to establish which problems get newly covered.

On the TPTP library, this process may continue covering new problems even after 20 days
of search, albeit with diminishing returns [5]. In Fig. 3 (left), we can see a visualization of a
problem covering process that we ran to obtain strategies—both plain and neurally-boosted—
for the purpose of establishing the value of neural guidance for the power of the prover “in the
limit”. We seeded the process (at time 0) the following way:

15Can be invoked via ./vampire -s @ -to incomp <problem>.
16Namely the set theory problems SET276-6, SET277-6, SET289-6, and NUM247-1 (the last on ordinal numbers,
but still essentially set-theorethical), all of TPTP rating 1.0 and TPTP status Unknown.
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plain: Using the hillClimbingGreed algorithm (Sect. 6.1), we generated 10 (rather than 5)
complementary strategies and evaluated them under an instruction limit of 64 000 Mi.

neurally-boosted: Analogously, to obtain strong neurally-boosted strategies, we evaluated
strategies 1'-5" of Table 2, i.e. the first 5 strategies from hillClimbingGreed each with
its own guiding model, plus the default strategy with its guiding model (introduced in
Sect. 5), plus the model trained jointly on all the first 5 strategies (as explained in Sect. 6.3)
evaluated again on all 5. Also these 11 mentioned strategies were run for 64 000 Mi each.

After this initialization phase, the timer was started and two servers independently performed
spider-style strategy search for 20 days—one in the plain setting and one in the neurally boosted
setting. By the end of this period, the plain search had produced 569 strategies covering
12720 problems, while the neurally boosted search had produced 244 strategies covering 13195
problems. Taken together, the two searches covered 13247 distinct problems.

6.6 Greedy Portfolio Construction

Our previous work [5] presents a simple greedy algorithm for constructing a strategy schedule
using the information about which problems are getting solved by which strategy at what
moment in time. By a schedule we mean an assignment of time budgets to every given strategy
and specifying their execution order.!” If we ask what the performance of such a schedule would
be when constructed from 1) just our plain strategies, 2) just the neurally-boosted ones, and
3) both kinds of strategies combined, we get the cactus plot in Fig. 3 (right).'®

The combined schedule covers 4.1 % more problems than the plain one. We see that when
we shift our focus towards the limit of what is provable by VAMPIRE, neural boosting does
not add quite as much as in the single-strategy setting. However, the ultimate coverage is not
necessarily the most relevant factor for the users. The combined schedule only needs 3.7Ti
(roughly 0.5 hours single-core execution), compared to 4.7 Ti for the plain schedule. Also, if
we focus on the schedules’ performance at our standard 32 000 Mi mark, we get 76.1 % versus
67.8 % problems covered, which is a much more substantial 12.2 % improvement.

7 Strategies versus Neural Boosting

Both neural clause selection guidance and the hill climbing strategy optimization seek to improve
the prover performance in their own way. Thinking back of the experiment in Sect. 5, we may
now ask questions such as: What is the ultimate performance achievable by a single strategy
that is both locally optimized and neurally boosted? To what degree did neural boosting only
compensate for the inefficiencies of the default strategy on each individual dataset? And, finally,
how much do strategies tuned for a particular dataset perform on a different one?

Some answers to these questions can be found in Fig. 4, which mirrors Fig. 1 of Sect. 5 in
its layout. For reference Fig. 4 again shows the performance of the default strategy (dashed,
gray horizontal lines) on each dataset and of its neurally boosted counterpart trained on that
dataset (gray curves). In addition, it shows the performance of four locally optimized champion
strategies (dotted), each being a “Champion of iteration 1”7 of the hillClimbingGreed run on
one of the four datasets. Finally, the performance progression rendered in color is, in each
subfigure, the local champion strategy as it gets neurally boosted.

17So the algorithm must do more than just compute the greedy cover sequence of the set of solved problems,
such as the one presented in Table 2.

18Technically, the plot actually comes from the budget-less version of our algorithm, recording performances
of gradually (greedily) extended schedules as they are getting produced (see Sect. 5.1 of [5] for details).
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Figure 4: Per-dataset performance comparison of champion strategies (dotted, in color), which
are the hillClimbingGreed winners on the individual datasets, and their neurally-boosted ana-
logues (solid, in color). The axis semantics are the same as in Fig. 1. Also the default strategy’s
performance (dashed, gray) and its local boosting (solid, gray) are taken from Fig. 1.

Perhaps unsurprisingly, it is true across all four datasets that boosting a local champion gives
us the ultimate performance, although the relative benefit differs per dataset. Regarding the
champion strategies,'® we can say that the TPTP and Mizar40 champions and the CogHammer
and Isabelle ones behave similarly: On TPTP and Mizar40 both the TPTP and Mizar40
champions improve over the default strategy, while the CoqHammer and Isabelle are worse
than the default. Almost a mirror image of this trend can be seen on the CogHammer and
Isabelle side. The exception being the CogHammer dataset on which even the Isabelle champion
fares worse than the default strategy (although only by a little).

It is not immediately clear what the main reasons are behind these similarities and dif-
ferences. However, we noticed that the already mentioned Twee’s goal transformation [38] is

9Their list can be found in Appendix C of our preprint [13].
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shared exactly by the TPTP and Mizar40 champions, whereas the CogHammer and Isabelle
champions share a reservation towards (and turn off) VAMPIRE’s preprocessing step function
definition elimination, which eliminates definitions by inlining them before saturation starts,
and they also both prefer high-age age-weight ratio (4:1 for the CogHammer and 16:1 for the Is-
abelle champion), i.e., these two champions very much prefer a breadth-first to best-first search
approach to clause selection.

Overall, judging by the gap between the weakest and strongest strategies, the Mizar40
dataset exhibits the greatest potential for improvement, both through strategy optimization
and neural guidance. With TPTP, roughly half of the library appears relatively easy, while the
remaining portion still allows for meaningful performance gains. In contrast, the remaining two,
hammer-derived datasets show a considerably narrower performance spread, indicating fewer
readily solvable instances that could be captured with modest improvements. This assessment,
however, may change in the future as guiding models are trained on larger portions of these
comparatively large datasets.

8 Related Work

The idea of using successful proofs to improve clause selection through machine learning meth-
ods was discussed in early works by Schulz [35, 16, 36]. A notable modern revival was started by
the ENIGMA system [28, 29] building on the E prover [37]. ENIGMA has evolved through mul-
tiple iterations that incorporated recursive NNs [11], GNNs [27], and layered architectures [19].
Similarly, convolutional NNs were explored to guide the E prover in [34]. These systems have
primarily been trained on Mizar datasets, and later on Isabelle/HOL [20]. A large-scale evalu-
ation [26] of ENIGMA and related methods reported about 60% success rate on Mizar40 in the
chainy mode and 75% in the bushy mode in a resource bounded setting comparable to the 2013
Mizar40 results [31]. ENIGMA so far has not used the dynamic data collection (introduced in
[12]) and there are further technical differences to the setting used here.

CoqHammer [15] translates Coq theories to the TPTP format, enabling calls to an external
solver. A successful run of the external solver is used for premise selection to reconstruct proofs
within Coq using the family of sauto tactics [14]. Building on the Tactician platform [8],
Graph2Tac [7] recommends appropriate Coq tactics directly. Graph2Tac uses a GNN to build
hierarchical representations for new definitions. Similar to our approach, the GNN computes
embeddings for new symbols. However, it uses precomputed embeddings for the previously
known symbols, in contrast to our method.

NIAGRA [17], a successor of TRAIL [1], invokes a GNN of the initial CNF to obtain initial
embeddings of symbols, and uses these to seed later clause-local GNN invocations. The authors
report significant success in transfer learning, but only across MPTP, M2k, and TPTP. However,
MPTP and M2k are both Mizar-based datasets. Moreover, their subset of TPTP is reported to
contain fewer than one thousand problems, compared to the more than 15 thousand first-order
problems in TPTP version 9.1.0, and the subset selection criterion is not specified in the work.

9 Conclusion

We have seen that neural clause selection guidance consistently helps VAMPIRE solve substan-
tially more problems within a given time budget when trained for a particular strategy and on a
fixed dataset. However, this learned advantage disappears when the target dataset is changed,
indicating the network capitalizes mostly on details specific to its training domain rather than
discovering general theorem proving principles or easy-to-transfer math-solving skills.
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Also individual proving strategies can be substantially improved by training targeted guid-
ance, but the added value gets smaller when seen from the perspective of a total coverage of a
multi-strategy portfolio. Still, the observed 12.2 % improvement on TPTP of a portfolio com-
bining both standard and neurally guided strategies within a practically relevant time budget
is more than worth having.

The deep-learning instinct of our era suggest training larger models on larger datasets (we
only relied on fractions of our hammer-derived benchmarks here) and involving the transformer
architecture [48] with the promise of an emergent intelligent behavior. A less compute-hungry
direction for future research should be a closer look at the learned clause/symbol representations
and the peculiarities of the used encodings and their comparison across the datasets.
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