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Abstract

We study the synthesis of polynomial invariants for probabilistic transition systems
(PTS) based on martingale theory. We present tractable methods to verify that such
polynomials are indeed invariants, in the sense that their expected value upon termination
is the same as their value at the start of the computation. We do this by applying the
Optional Stopping Theorem (OST) in the form of a specific precondition. This precondition
requires the existence of an integrable dominating function for the martingale expression,
which implies uniform integrability; we refer to this condition as dui. For linear PTS
we simplify the dui property to proving finiteness of the expected value of an expression
depending on the update matrix, the degree of the martingale expression, and the stopping
time. Specifically, if all random samples have finite moments and we can verify a moment
bound on the runtime of a linear loop, then we can automatically synthesise polynomial
loop invariants that satisfy the OST. Notably, dui allows for the sampled distributions to
have unbounded support, which is a novel contribution to the field. We implemented and
evaluated our method to symbolically compute upper and lower bounds for moments of
program variables upon termination.

1 Introduction

Probabilistic programs are computer programs that make random choices. Their increasingly
widespread use in many areas of computer science — ranging across machine learning, network
protocols and robotics — has led to a recent surge of interest in the semantics of probabilistic
programs and methods for reasoning about them. In this paper we present a theoretical result
for invariants of probabilistic programs that sample from distributions with unbounded support.
We then show the applicability of our result by synthesising polynomial invariants for a re-
stricted class of loops and use them to automatically derive symbolic bounds for the expected
value of monomials after the loop has terminated.
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Problem setting. Following [2, 1, 15, 11, 19, 24, 6], we explore methods that automatically
synthesise expressions over the program variables whose expectation is invariant over the course
of the computation. Mathematically, the invariants we construct are martingales. Elegant
and effective, martingales are commonplace in the static analysis of probabilistic programs
[5, 16, 8, 21, 26, 1, 7, 22, 28, 4, 29, 18, 10].

We restrict ourselves to invariants of probabilistic programs that have the same expected
value before and after the program has run. In general, the runtime of a probabilistic program is
not a concrete number but a probability distribution. Consequently, the expectation of a step-
wise invariant at the point of termination (qua stopping time) may differ from its expectation
after any fixed number of steps (see Example 1). For non-probabilistic programs this effect does
not exist. First observed in betting strategies, this phenomenon has been analysed extensively
in probability theory, leading to Doob’s celebrated Optional Stopping Theorem (OST) e.g. [12,
Theorem 5.3.1]. This theorem yields preconditions for the expectation of a martingale taken at
a stopping time to coincide with the expectation taken at the beginning.

The Optional Stopping Theorem (OST) has recently been successfully applied to the static
analysis of probabilistic programs [33, 32, 4, 15, 35, 9]. However the phenomenon of the necessity
of an “extra step”, that is verifying a precondition of the OST, had already been observed
in the analysis of nested loops [27, 21]. When reasoning about such probabilistic programs,
it is common to use inductive arguments for the inner loop. For reasons similar to those
described earlier, it is necessary to impose appropriate OST-type preconditions on the inner-
loop invariants, in order to formulate sound proof rules. These methods have successfully been
applied in [27, 15, 11, 19, 18]. In particular, for nested loop analysis it is important to handle
random updates with unbounded support. Otherwise, only loops that are entered at most
N times can be analysed. Although our work mainly restricts to single loop programs, our
approach does not require bounds on the support of the sampled distributions.

Our approach. We work with probabilistic T =
transition systems (PTS) [5, 6, 7, 11], a general v =10

model of probabilistic imperative programs. Any 2=z

standard imperative program with random sam- k=0

ples and (nested) loops can be expressed as a PTS. while = > 0 do

An example of such a program is given in Figure 1. k=Fk jr 1

In particular, we allow our programs to manipu- u ~ Uniform(—1,0)
late values in the field R of real numbers and to ri=x+u

sample from continuous and unbounded probabil- ny ~ Normal(1, 2)
ity distributions. Figure 1, for instance, samples yi=y+ni+u
from a continuous uniform and a normal distribu- ny ~ Normal(—2,4)
tion. z::z+y+n2

We first present a precondition of the OST end while
(Theorem 1), which we call dui. The dui pre-
condition requires the existence of an integrable Figure 1: Linear PTS with updates over
dominating function (for the martingale expres- distributions with unbounded support.
sions) which implies the martingale is uniformly
integrable. A key advantage of dui is its generality and its flexibility. It does not impose a con-
stant bound on the stopping time (runtime), the program variables, or their updates. As such,
our work differs from approaches requiring a constant bound on an invariant [21, 15, 11, 19],
which is a special case of the dui precondition, or bounded updates [32, 33, 35].

While the dui precondition is rather abstract, it is more concrete than the condition of
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uniform integrability which it implies. Hence, it can be used to derive more tractable sufficient
conditions for invariants satisfying the OST. We demonstrate this by deriving a sufficient condi-
tion for polynomial invariants (expressible as a martingale) of simple linear programs consisting
of a single loop to satisfy the OST (Theorem 3). This novel condition is twofold: First, the
distributions over which we sample must be identically distributed in every iteration, and all
moments of those distributions must exist. This is a strict improvement on the state-of-the-art
which requires all sample distributions to be bounded [32, 33, 35]. Second, the runtime must
satisfy an expectation bound that depends on the degree of the desired polynomial invariant,
the structure of the update matrix, and whether variables from distributions with unbounded
support affect the runtime. We prove this theorem with the dui precondition. Moreover, our
method can deduce upper and lower bounds on the expected values of higher moments of the
program variables and of the runtime' at the end of the computation — potentially improving
the initial bound on the runtime; bounds upon the moments of Figure 1 are listed in Table 1.

Our contributions. We bring the following main contributions?.

e We focus on a very flexible precondition for the OST, which requires the existence of an
integrable dominating function for the martingale expression implying that the martingale
is uniformly integrable — we refer to this condition as dui (Section 3). To the best of our
knowledge, our dui condition is new in the study of probabilistic programs and has the
advantage that it does not impose any restrictions on the stopping time a priori®.

e We present a sufficient condition for the application of the OST for polynomial martingales
of simple linear loops (Section 4). Checking the precondition then simplifies to proving
finiteness of moments of the stopping time (Theorem 3).

e Taking the number of finite moments of the stopping time as an input, we construct
martingale expressions, which satisfy the OST based on the dui condition (Section 4.1).
Those martingales can then be used to symbolically compute upper and lower bounds
for the moments of program variables upon termination. Notably this includes variables
having negative, unbounded increments that depend on the program state.

e While we make no claims about completeness of our method and still require (potentially
manual) proofs of finiteness of stopping times in advance, we give examples where our
method is applicable (Section 5). We implemented our work on top of the Polar anal-
yser [30] and evaluated it on programs with distributions of unbounded support (Table 1).
To the best of our knowledge, existing approaches for cost analysis or bound computa-
tion in probabilistic programs cannot handle our examples with unbounded support. Our
implementation and instructions for reproducing our results are publicly available?.

2 Probabilistic Transition Systems and Invariants

As models of imperative programs we consider probabilistic transition systems (PTS). We dis-
tinguish (deterministic) program variables X = {x, 2, - ,z,} which are assigned determinis-
tically, and random sample variables R = {ry,rs, -+ ,r,} which are sampled from probability

11t is always possible to introduce a new variable that updates by one each time the loop is entered —
effectively storing the runtime. This is the role of the variable k in Figure 1.

2with detailed proofs in [31]

3This precondition is more abstract. Verifying it can sometimes require bounds on the runtime as seen in
Section 4.1. However, there may be other applications of this precondition where such a step is not necessary.

4https://github.com/probing-lab/polar/tree/166b275
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distributions. All variables take values in R. We assume that the random samples are stochas-
tically independent of each other and identically, independently distributed over time; moreover
we assume that the sampled distributions are known and that all of their moments are finite.

Definition 1 (Probabilistic Transition Systems - PTS [5, 6, 7]). A probabilistic transition
system (PTS) is a tuple 1 = (W, X, R, %y, L, ly,lF, T) where

(i) W = (Q,F,P) is a probability space.

(ii)) X = {x1,2a,...,2,} are the program variables and R = {ry,7a,...,mm} are the random
variables defined on the probability space W . FEach random variable r; represents a sampled
update from a random distribution, e.g. r1 ~ N(0,1). We assume that all x; are updated
deterministically — based on the current values of the r;’s and x;’s.

(iii) Ty € R™ is the vector of initial values of the program variables X = {x1,29,...,2,}.

(iv) L is a finite set of (program) locations; ly € L is the initial location and lp € L is the
final location. The program terminates once lg is reached.

(v) T={71,72,...,7Tp} is a finite set of transitions. Each T € T is a quadruple (I5, ¢, fr,13)
where 13 is the source location, which is never lp, and lf the destination location; ¢, 1is
the guard assertion, which is a boolean formula over polynomial inequalities over X ; and
fr : R" x R™ — R”, the update function, which takes values of program variables and
random samples (Z,7) € R™ x R™ and returns the new values & € R™ for the program
variables. The update functions are polynomials.

A configuration of a PTS II is a pair (I, Z) where [ € L is the current program location, and
Z € R”™ represents the contents of the program variables. Moreover, we say that a transition
7= (I5,¢,, fr,13) € T is enabled at a configuration (I, %) if | =I5 and ¥ |= ¢,. For | € L, we
write T; := {7 € T | I£ = [} for the set of transitions with [ as the source location. We assume
that PTSs are non-demonic: For all I € L, N\, cp,(¢7 A ¢r) = false and Vo, ér = true.
This amounts to determinacy in the sense that for all [ € L and £ € R", there is a unique
transition that is enabled at (I, Z).

PTS computation. The initial configuration of a PTS II is (I, Zy) for some choice of initial
values Zy € R™. Suppose that II is at a configuration (I, Z) at step k. Let 7 be the unique
transition that is enabled (i.e. [ =[5 and & |= ¢, ), and ¥ € R™ be a fresh sample drawn from
the respective random distributions. Then the configuration of IT at step k + 1 is (I, £, (Z,7)).

The operational semantics of a PTS II is given by a sequence of random variables {LU“] , X [k]}
on W representing the distributions of the location and the (contents of the) program variables
at each computation step k. The runtime of the program is the first time the final location [ is
reached, i.e. T = inf{k € N: LK = Ir}. We use a very similar framework as in e.g. [5, 6, 7, 33];
details can be found in [31, Appendix D].

Probabilistic invariants. As invariants of PTS we consider functions on the program vari-
ables [27] and a step counter® such that their expected value remains constant over the compu-
tation. By the pre-expectation their expected value of the next step can be expressed by the
current values of the program variables [27, 19, 5, 6, 8, 7, 21, 24].

5In practice it is very useful to allow the runtime to be part of an invariant; see Example 7 & Figure 1.
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Definition 2 (Pre-Expectation). Let II be a PTS. Let 7 € T and h: L x R x N — R be a
measurable function over locations, valuations of the program variables, and the step counter.
The pre-expectation preE(h,7) : R" x N — R is the function

(fv k) — Egr (h(lﬁa fT(fv R)7 k))

where Ep is the expectation w.r.t. the distribution of the random variables R = {ry,--- , 7, }.
The pre-expectation for the PTS, preE(h) : L x R® x N — R, is given by

(lv z, k) = Z[(l = Z-Sr) A (f ': ¢‘r)] -pI‘e]E(h,T)(.f, k)

TeT
where [—] is the Iverson bracket.

Remark 1. If all the update functions f; are polynomials and h is polynomial for alll € L,
then preE(h, 7)(Z, k) is computed by replacing powers of random variables r¢ by their respective
moments E (r¢) in the expression h(1%, f- (%, R), k).

We consider probabilistic invariants as location-independent polynomials p : R” x N — R
such that the random variables {p(X ¥ k)}rcn (see [31, Definition 6]) are step-wise expectation
invariant:

preE(p)(I, Z,k + 1) = p(Z, k) forall | #lp, 7 € R" and k € N. (1)

Contrary to the deterministic case, probabilistic step-wise invariants are not necessarily
global invariants. As a warning example, consider the following loop.

Example 1 (Martingale betting strategy). The gambler starts by wagering 1 unit on a fair
bet. So long as she loses, she continues by wagering twice the most recent bet on the next play.
Thus, when she eventually (and inevitably) wins, the amount won will cover all her previous
losses and profit her by one unit.

Xr = 1
z9:=0 Consider the while loop where x1 (current bet) and xo
while x2 < 0 do (her stake thus far) are the program variables and 71 is
r1 ~ Bernoulli(3) the random variable.
if 11 < 0.5 then The expression My, := x[Qk] gives a step-wise invariant for
lx2 =TI this loop. In particular, E(My) = 0 holds for all k € N.
else
Tg = To + 71 However, note that E(My) = 0 < 1 = E(My), where
end if T :=inf{k € N | I[Qk] > 0} is the exit time of the loop.
T =21 Hence, (My)gen is not a loop invariant.

end while

Soundness of step-wise invariants can be guaranteed by the Optional Stopping Theorem
(OST) from probability theory, using the concept of martingales.
3 Martingales and the Optional Stopping Theorem

We briefly review standard notions in probability theory (see e.g. [20, 34, 13]) and fix notations
along the way®. We fix a probability space (2, F,P). We use filtrations to represent information

6In [31, Appendix A] we elaborate on these abstract notions by studying some concrete examples.
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known over time. Formally, a filtration is a nested, finite or infinite sequence {Fj}ren of o-
algebras over  such that F, C Fyr41 C F for all k£ € N. Intuitively, the o-algebra Fj, represents
the information that is known at time k € N. A sequence of random variables { X} is adapted
to a filtration {Fy}ren if X is B(R)-Fg-measurable for all & € N, i.e. for all open A C R we
have X, '(A) € Fi. A random variable T : Q — NU {oc} is called a stopping time with respect
to a filtration {Fy}ren if {T < k} € Fy for all k € N. Moreover, we denote by supp(X) the
smallest closed set S such that P(X € S) = 1 the support of the random variable X which is
bounded when sup{|z| | € supp(X)} < oo, and unbounded otherwise.

In this paper we consider the filtration {F} }ren such that F, contains the information of the
initial value X% and the first k& random samples (see [31, Appendix D]). Let X be an integrable
random variable, that is E[|X|] < oo. Further, let G be a o-subalgebra of F. The conditional
expectation E[X | G] is a G-measurable function s.t. E[14 - X] =E[14 -E[X | G]] for all A € G.
The conditional expectation is P-almost surely (P-a.s.) unique, linear and monotone in X".

Given a filtration {F}}, an integrable, {F; }-adapted sequence of random variables { M} } is
(i) a martingale if for all k € N, E[My41 | Fi] = M}, almost surely (a.s.);
(ii) a supermartingale if for all k € N, E[My11 | Fi] < My a.s.;
(iii) a submartingale if for all k € N, E[My41 | Fi] > M}, a.s..

In this paper we will consider martingales as the probabilistic counterpart to (algebraic)
invariants, which capture that the expected value of a given expression stays invariant through-
out iterations. For a martingale {M}} to be an invariant, one would naturally require that the
expected value after loop termination is equal to its initial expected value, i.e. E(M7) = E(M)).
Because the stopping time T is itself a random variable, this property unfortunately is not true
in general, as shown in Example 1. Difficulties generally arise when the tails of T" are too heavy,
or the updates are not well-behaved. However, by imposing suitable boundedness conditions on
T or the martingale, the equality E(M7) = E(M,) follows from the Optional Stopping Theorem
(OST).

There are numerous versions of the OST in the literature, which differ in the precondition
that is imposed (e.g. [34, §10.10], [33]), for a comprehensive list see [31, Appendix B]. The
OST applies, for instance, if there exists a constant upper bound for the runtime [34], or if
the step-wise differences are bounded by a constant and the expected value of the runtime is
finite [20]. Because bounding the steps or values by a constant is often not possible, alter-
native preconditions have been developed [32, 33|, accommodating bounds that are expressed
as functions of the iteration counter k. In [32], the authors show that if |Mj| < p(k) almost
surely (where p(k) is non-decreasing) and E(p(T')) < oo, then the requirements for the OST
are fulfilled. The almost-sure bound, however, prevents the application to martingales where
the differences depend on unbounded-support distributions. Since in that case there always
is a nonzero probability that a deterministic bound is exceeded, we allow the bound to be a
random variable in the sense that it may depend on a specific w € §2, rather than being uniform
over all execution traces. This generalises previous approaches, which require a bound for the
martingale(-differences) independent of w.

A general precondition [12, Theorem 4.6.7] for the OST requires {My} to be uniformly
integrable. In general uniform integrability is notoriously hard to check, but in case the stopped
martingale can be bounded by an integrable random variable, it holds true. We formulate this
as a precondition for the OST in Theorem 1.

7See [31, Theorem 4] for more properties and computation rules of the conditional expectation.
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Theorem 1 (Optional Stopping and dui). Let (2, F,P) be a probability space, and {My}ren
be a (super)martingale adapted to a filtration {Fi}ren, and T : Q@ — NU {oco} a stopping time.
If the following precondition holds:

(dui) dominating function for uniform integrability: there is a random variable X : Q@ — R
such that E(X) < 0o and supyey |[Mmine,1)| < X almost surely,

then My is integrable and E(My) = E(M,), if M is a martingale; resp. E(Mr) < E(M,), if M
is a supermartingale.

We apply Theorem 1 to reason about invariants synthesised from probabilistic programs.
The random variable M} in Theorem 1 is an expression built up from the program variables
and locations in the k-th step of the computation. Thus, the dui precondition requires that
the value of supycy |Mmin(k,7)| is bounded above by an integrable random variable X. The
random variable X can be seen as a function mapping from the input variables and the actual
values of the samples drawn to a real number. Because X is a random variable instead of a
deterministic function of the iteration counter, we can overcome the limitations of [32] with
respect to unbounded-support distributions.

Remark 2. In Theorem 1 we do not assume that the stopping time T is finite. In the proof we
show that {Myin(k,) }ren s uniformly integrable. It follows from probability theory, e.g. [25],
that on the event of diverging runs {T = oo}, the martingales M}, converge to a limit value My,
(which is an integrable random variable). Hence, the random variable My is in fact defined as

My = kli_g)lo Muine,7) = M1 - {700} + Moo - 1{T=00}-

We can illustrate this by the following example.

x:=1 Clearly, P(T = o0) = 1, where T := inf{k € N : zlFl < 0}
while © > 0 do is the exit time of the loop. Nonetheless, {x!F} ey is a

r:=1 martingale, hence an invariant, for this loop and we have
end while E(z™) = 1 = E(z[).

While Theorem 1 is general and does not directly give rise to automatically verifiable pre-
conditions, we use it to derive Theorem 3. In the case of programs with linear updates without
exponential growth this theorem gives novel preconditions that are much more tractable, form-
ing the basis of our implementation.

Probabilistic martingale invariants. By the following lemma our (step-wise) probabilistic
invariants are martingales. This is proven in Appendix [31, Appendix D].

Lemma 1 (Invariants and Pre-Expectations). Let II be a PTS with operational semantics
{L[k],X[k]}keN, and let Fi be the smallest o-algebra such that the initial distribution and the
first k random samples are Fi-measurable. Let h: L x R" x N — R be such that for olll € L,
h(l,—,—):R" x N — R is a polynomial.

(i) Then E[h(LFE+U, XE+1 k4 1) | Fy] = preE(h) (LM, Xk 4-1) for all k € N.

(ii) If preE (h) (I, %, k + 1) < h(l,Z, k) for alll € L, 7 € R*, k € N, then {h(L¥, X*] k)}ren
is a supermartingale adapted to {Fi}ren-

Remark 3. By e.g. [3/, Theorem 10.9], if (M, )nen is a martingale and T : @ — NU{oo} is a
stopping time, then (Mmin(n,1))nen is a martingale. Hence, we do not need to consider the loop
guard when computing loop invariants. We will use this fact throughout the rest of the paper.
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4 Polynomial Invariants of Linear Programs

This section focuses on the class of linear probabilisitc transition systems (PTS) and shows that
the dui precondition can be used to obtain non-linear invariants of linear PTS. We provide a
sufficient condition under which polynomial martingale expressions satisfy the Optional Stop-
ping Theorem (OST) for programs consisting of a single loop (Theorem 3). For the remainder
of this paper Definition 3 imposes additional restrictions on the updates.

Definition 3 (Single-Loop Linear Programs). A simple single-loop linear program consists of
a vector of variables T, which is updated in the loop body through the following update function:

f[k+1] — Af[k] _|_B,F-[k+1] (2)

where A € R™*™, B € R™*™ and Z*! denotes the value of & in iteration k. We impose that all
eigenvalues X of A satisfy |\ < 1. Moreover, FF+1 ~ R is a vector of fresh draws from random
distributions, where all moments are finite, i.e. Vi € {1,2,...,m},YN € N.E(|R;|V) < oo.
Samples are assumed to be independent.

The interactions between variables must be represented through a matrix with eigenvalues
with absolute value at most 1. Current techniques [32] for verifying the applicability of the OST
work for those programs, when random updates sample only from distributions with bounded
support. Importantly, we allow sampling from distributions with unbounded support, only
requiring that all moments are finite for those distributions. Examples for such programs are
given in Figures 1 & 2. While the program class is restrictive, our approach can be adapted to
loops with branching, by overapproximating the updates made in each iteration.

Example 2. The loop in Figure 1 is a program as in Definition 3 with an update matriz with
etgenvalues 1. Concretely we can formulate the following recurrence:

Pllas 1 10 0 0\ [z 111
yl+1l 0100 0f(fyH 11 0] ful*
bl f =10 0 1 0 of[a®|+[1 0 of[nlFt!
flk+1] 0 0 0 1 1f]/kH 0 0 0f \pktt
1 00 0 0 1 1 0 0 O
The variables u[’””,n[lkﬂ] and n[2k+1] are fresh samples from Uniform(—1,0), Normal(1,2),

and Normal(—2, 4) respectively.

Moreover, linear loops are guarded by a loop guard ¢ and as such, in what follows, the
runtime T := inf{k € N | ~¢(#¥])} is defined as the first time this condition is violated. We
furthermore write x € ¢, when the program variable = occurs in ¢ syntactically.

We next show how dominating functions (up to the runtime 7") can be constructed for mono-
mials over the program variables. As integration is a linear operator, a polynomial martingale
candidate is uniformly integrable when the same is true for its individual monomials (e.g. |25,
Theorem 6.18]). Since the construction of the dominating function for a monomial depends on
the structure of the Jordan decomposition of the update (sub)matrix of the program variables
it depends on, we first make the notion of dependence precise in Definition 4.

Definition 4 (Variable Dependence). For two program variables x;,x;, we write x; = x; when
x; depends on x;, which is the case when A;; # 0. Similarly, a program variable x; depends on
a probability distribution R;, when B;; # 0. Furthermore, = is transitive and reflexive.
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Let I; = {j | #; < z;} be the indices of the variables that the variable z; depends on. We
denote by A; the sub-matrix of A, consisting only of the rows and columns with indices in I;.
Similarly, B; is the sub-matrix of B consisting only of the rows with index in I;. By definition
of dependence, only considering A;, B; instead of A, B has no effect on the value of z;.

In order to apply the dui precondition, for a fixed program variable x; we first need to
construct an (integrable) random variable Z; that is greater than |x[mm(k Dl | almost surely for
all k£ € N simultaneously. The following example illustrates how such a random variable can be
constructed, while Theorem 2 establishes that for our programming model (Definition 3) this
is always possible.

Example 3. Consider the program in Figure 1. We denote by ul*, n[l] and n[ ! the random
samples drawn from Uniform(—1,0), Normal(1,2) and Normal(—2,4) in the k- th iteration. We

denote by ul*!(w) and ngk] (w) the value for a given element from the sample space w € Q). Then
we construct a random variable Z, : Q — R, such that Vw € Q,Vk € N : [ymin®Dl()] < 7, (w).

By Figure 1, y* ]( ) =yl (w )Jrn[lk] (w)+ulFl(w). Hence, we get the closed form expression
yH(w) =yl + Z 1 (n ]( ) + ull(w)). Because the absolute value is sub-additive, |y*(w)| <
ly| + Zz 1(|n ( )| + Jult ( )|). Since that bound is monotonically increasing, we can choose
Zy(w) = ]+ T (@) + [ul @)]) and so [y TN )] < Z,(w) for all k€ N,

The construction of bounds similar to Example 3 can be done in general — as stated in
Theorem 2 and detailed next. This plays a crucial role in proving Theorem 3 using Theorem 1.
We will prove Theorem 2 in [31, Theorem 14].

Theorem 2 (Almost Sure Bounds). Assume that all eigenvalues A of A satisfy || < 1. For
a program variable x;, let A;, B; be the update (sub-)matrices for the program variables that x;
depends on. Let m; be the size of the largest Jordan block of the Jordan normal form of A;.
Then there are constants c; 1,¢;2 € R that depend only on the matrices A;, B;, s.t. if we define

T
Zi = cia (™ + D)|F o + cin (@™ +1) D [[7]2,
=1

then 0 < |m£min(k’T)]’ < Z; holds almost surely for all k € N.

In the following, we use a multi-index notation for monomials over the program variables,
ie a€ {(a,az, - ,a,):a; € N} and 7 = [, ¢, 27" Moreover, (fa)[k] denotes the value
of £ in iteration k.

Theorem 3 (Random Variables with Unbounded Support). Assume the setting of Definition 3.
For all program variables x;, let A;, B; be the update (sub-)matrices for the variables that x;
depends on. Let m; be the size of the largest Jordan block of the matriz A; and let 5; = || Bil|2-
Fiz a multi-index o = (a1, ..., ) and set

N :=N(a) = Z(mi — 1+ 18,501
i=1
Then the random variable sequence { ()TN is uniformly integrable if
(i) E(TN) < oo and v € p Nz = Rj = supp(R;) is bounded, or
(ii) E(TN+) < oo,
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For a fixed multi-index «a, we use the variables Z; from Theorem 2 to construct an almost
sure upper bound for the monomial (7)1 over all k € N. In Theorem 3 we show that
those monomials are uniformly integrable, when the expected value of the N-th power of the
stopping time is finite, where N depends on the update matrices, and T does not depend
on distributions with unbounded support. Naturally this is the case, when variables in the
loop guard ¢ depend (Definition 4) only on random variables drawn from bounded support
distributions. If T' does depend on distributions with unbounded support, instead finiteness of
the (N + 1)-th moment is required. We prove Theorem 3 in [31, Appendix EJ.

Example 4. The loop in Figure 1 is a simple single-loop linear program as in Definition 3 with
an update matrix with eigenvalue 1, which we have written out in Example 2.

The update matriz A is already in Jordan normal form. The variables x,y are only affected
by Jordan blocks with size 1, and have random updates, while z is affected by a Jordan block
of size 2 and has random updates. The variable k is affected by a Jordan block of size 2, but
is not updated by the random samples. Because the runtime depends only on bounded support
distributions, by Theorem 3 through ensuring that E(T™) < oo, every monomial x%y*z°k? is
uniformly integrable, when a +b+2c+d < N.

In conclusion, a polynomial over random variables is uniformly integrable, if every monomial
in it is. If each monomial of a polynomial martingale satisfies the prerequisites of Theorem 3,
then it satisfies the OST by the dui precondition (Theorem 1).

4.1 Constructing Martingales for Linear Programs

We use Theorem 3 to identify uniformly integrable monomials up to the stopping time, which
can be used for constructing martingales that enable bounding loop variables with unbounded
support. By Definition 3 we represent the loop body by a linear update Z* 1 = AgF 4 BFk+11,
Given a finite N, for which E(T") < oo holds, we check which monomials #* are uniformly
integrable. Thereby we consider the size of the Jordan blocks affecting its variables and potential
dependencies of the runtime from unbounded support distributions.

By (1) our goal is to find polynomials m : R™ x N — R such that preE(m)(-,Z,k + 1) =
m(&, k) holds for all Z and k. Tt then follows by Lemma 1 that {m(z*, k)}sen is a martingale®.

As is shown in Example 2, the update matrix A of a PTS resembles a recurrence relation for
Ekﬂ} = pu, (FF #k+1) where p,, is a (linear) polynomial over the current vari-
able values and the current samples. Hence, g, := preE(x;)(-, @, k+ 1) is a (linear) polynomial

over the variable values and the step counter”.

every variable x

Example 5. Consider again the example in Figure 1 and the monomial kx. We get p, =
ol = glf o1 and pp = K = £ 10 Then (k)Y = prp,, and so

Qrz = preE(kz) (-, 7,k + 1) = E, ((z + u)(k + 1)) = 2k + = + E(u)k + E(u)
=kx — (1/2)k+x —(1/2),

where u ~ Uniform(—1,0) denotes a fresh random sample. Similarly, by allowing more complex

8Note that by Remark 3 we do not need to consider the loop guard at this stage.
90ften it is easier to create a program variable that stores the step counter, i.e. k in Figure 1.
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monomials and by replacing the moments of the random samples, we get

ar=k+1 Qrz = kx — (1/2)k + 2 — (1/2)

gz =z — (1/2) Qry = ky + (1/2)k +y + (1/2)

g =y +(1/2) g2 = 2% — x4 (1/3)

¢ =z+y—(3/2) Gry = vy + (1/2)z — (1/2)y — (1/6)
Q2 = k*+2k+1 a2 =y +y+(7/3).

By linearity and as the moments of the random samples are known, this allows us to compute
the pre-expectation for any monomial %, which is a polynomial to which we also refer as ¢,

Martingales of linear PTS. Recall that {M [k]}keN is a martingale, whenever for all kK € N
we have E(MF+1 | 7) = MI*]. For a polynomial m(z1,...,x,) over the program variables to
be a martingale, it must hence hold that m(z*) = E(m/(zFt1) | F) = preE(m)(-, 2%, k 4 1)
where we have used Lemma 1. This can be captured by a system of linear equations.

Example 6. Consider the loop in Figure 1. If we choose the template m(Z) = a,x + apzkx +
ai2k?® + az2x?, then by the computations from Example 5 and by Lemma 1,

E (m(@* 1) | Fio) = m(@¥) + (or — ag2)al™ + (2052 - ag) e i R o

The equation 0 = aj, — a2 ensures that the coefficient of z*! in m(f[k]), and the coefficient of
2F 1 in B(m (2R | Fy) are the same. We repeat this for all coefficients and get a system of
linear equations. One solution is m(Z) = 3k? + 12kx + 1222 + 2z, which is thus a martingale.

To construct martingales of linear PTS, we proceed as follows. We fix a set of monomials
M which are uniformly integrable, and denote by A C {(a1,a9, - ,ay) : a; € N} the cor-
responding set of multi-indices, i.e. M = {Z* | « € A}. Moreover, each monomial T gets
assigned a coefficient variable a, € R. We define the following set of linear equations, with
[#%]q(Z) denoting the coefficient of Z* in the polynomial ¢(Z):

ao = Y apli®lgs(Z) |a € Ap. (3)
peA
Every solution of Equation (3) corresponds to a polynomial m(Z) := }__c 4 @, which

satisfies the martingale property. Intuitively, this equation enforces that for all monomials, the
coefficient in m(#¥]) is the same as in E(m(zF+1)|F,).

Combined with Theorem 3, when these martingales satisfy the OST, the expected value
after loop termination equals its initial value. Hence, throughout we will use % = (a?’a)[T] to
refer to the value of a monomial after the loop.

Example 7. In Figure 1 we have E(T?) < co. Hence, by Example J we can consider the set of
uniformly integrable monomials {x, k, kx,k? 2%}, for which we have computed q, = preE(F%)
in Example 5. So, by Example 6, m(%) = 3k? + 12kx + 1222 + 27 is a martingale for this loop.
In particular, this martingale satisfies the OST by Theorem & and by Example /4, i.e.

E(3k% 4+ 12kpxy + 1227 + 227) = 1223 + 210. (4)
Similarly by considering M = {k,z,y, z,k?, kx, ky, 22, vy, y*} we get:
E(kr + 227) = 210 (5)
E(zr +yr) = 20 + Yo (6)
E(l4xr + 322 + 6xpyr + 3y%) = 1dag + 322 + 6x0y0 + 3y8 (7)
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4.2 Deriving Bounds for Moments

In Section 4.1 we derived martingale expressions for linear PTS with a single loop that satisfy the
OST. These martingales, together with the negated loop guard and a bound on its value after
termination, can be used to derive bounds for moments of program variables after termination.
For that, we implement a saturation algorithm that systematically applies predefined rules in
order to automatically derive bounds on the expected value of monomials after PTS termination,
as follows. While our rules exploit well-known mathematical properties, to the best of our
knowledge our symbolic propagation approach has not been implemented elsewhere.

The computation of bounds works by maintaining a set of bounds of monomials #7 and
their expected value E(Z3) at the stopping time, and using a set of derivation rules to derive
new bounds. The set of derivation rules consists of predefined rules, which apply in general to
(random) variables, as well as rules which are obtained from the previously generated martin-
gales. We implemented such derivation of bounds in extension to the probabilistic loop analysis
tool Polar [30], allowing us to automatically derive bounds for linear PTS, including Figure 1.
We note that our work for bounding (expected) values of random variables is not specific to
linear loops, or to loop analysis in general, and can further be extended with new derivation
rules. Similarly, Theorem 1 is not bound to the application to linear programs. It may be
possible to derive analogous results to Theorem 3 for different classes of programs.

Multiplication of monomial bounds. For bounds of monomials, we use algebraic proper-
ties based on the signs of existing bounds. In total, there are 5 rules for deriving new upper
bounds, and 7 rules for lower bounds, some of which are shown below.

a<TZ*¥<b c<#<d a>0 c>0

(SQUARE-POSITIVE) (MUL-UB-1)

J—IQOLZO

Bounds for moments. Bounds for moments can either be derived directly from a bound of
the value of a monomial, or through Jensen’s inequality [25]. Additionally, we provide three
multiplication rules. Those rules exploit, in addition to bounds of moments, the signs of the
random variables in question. In [31, Appendix F| we show the soundness of our derivation
rules.

a <z ) Z* <a ( a < E(ZY) Oga( N
————  (MOMENT-LB —— (MOMENT-UB JENSEN-LB-
0 <EE) ¢ E@) <a UE) o2 < E(7)

a<@ a<0 0<# E@)<b
- (RV-MUL-1)
ab < E(z%F)

Derivation through martingales. Derivation rules are also created based on the synthe-
sised polynomial martingales which satisfy the OST via the dui precondition. For such a
martingale m = Y . 4 aq @, we set AT :={a€Alaq > 0}and A~ :={ac A|a, <0}.
We denote by mq := " . 4 aaZg the (potentially symbolic) initial value of the polynomial. As
m satisfies the OST, E(m7) = mg. From upper/lower bounds of the expected value of all but
one monomial ¥$ of the polynomial, we derive a new bound for E(Z%). With u, and [, being
existing upper and lower bounds on monomials, we use the following rules (ub-martingale) and
(Ib-martingale), assuming w.l.o.g. a € AT (otherwise we multiply the martingale by —1).
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ac At VﬂeA+\{a} g < E(fﬁ) Vgeca-: E(fﬁ) < ug

" (UB-MARTINGALE)
E(z*) < a (mo — ZBEA‘*’\{!X} lgag + ZBEA— u5a5)

ae At VgeA+\{a} : E(fﬂ) < ug Vgea- 11g < E(fﬁ)

i (mo ~ Dpen\(a} U898 T Dpea- lﬁ@ﬁ) < E(7%)

(LB-MARTINGALE)

Example 8. In Figure 1, by the mnegated loop guard and by knowing the support of
Uniform(—1,0), we have —1 < zp < 0. So, by using the (moment-lb) and (moment-ub)
rules, —1 < E(xg) < 0. Also by standard interval propagation 0 < z% < 1, and thus,
0 < IE(xQT) < 1. Because the loop is entered at least once, we know that kr > 1. More-
over, by using the (ub-martingale) and (lb-martingale) rules for the martingale in Eq. (5), we
derie that 2xg < E(kr) < 229 + 2. Similarly, by using Eq. (6) and the same rules, we obtain
that xo + yo < E(yr) < zo+yo + 1.

Furthermore, using the (rv-mul-1) rule we derive the bound —2x9 — 2 < E(krar), since we
know that —1 < zp and 1 < kr as well as E(kr) < 2x¢ + 2. This is useful, as it enables us
to derive the upper bound E(k%) < 42 + %xo + % through the (ub-martingale) rule and the
martingale in Eq. (4).

Cauchy-Schwarz. Since the polynomial martingales are not capable of tracking all relations
between variables, purely linear propagation of bounds via the rules (ub-martingale) and (Ib-
martingale) is usually insufficient. In some cases, instead of obtaining a bound on E(Z%) directly,
it is however possible to obtain one for E((az” + b37)?), such that o = v + 3. In that case,
we can use the rules (cs-lb) and (cs-ub), to derive bounds for E(Z%). Those rules are direct
consequences of the Cauchy-Schwarz inequality [13].

E((az* +b3°)*) <g  E(@*)<h (c5-18) E((aZ* +b3°)*) <g  E(@*)<h (cs-uB)
CS-LB CS-UB
Vgh  horja) a ot NN
— — (= 2\ < B(getP E(zo1P) < (12 =2
0] 2(‘b’+b)_ (@) @) = +2(‘b’ b)

To exploit this, we perform square completion by pattern matching, to find expressions of
the form E((az® + b&?)?) that yield martingales with fewer summands. The other rules are
then also instantiated with those expressions.

Example 9. We aim to derive an upper bound for the expression E(xryr). Such a bound
cannot be directly derived from the martingale in Eq. (7), since we are lacking an appropriate
bound for E(y%). We can, however, rewrite this martingale as 14E(x7) + 3E((xr + yr)?) =
14z + 323 + 6z0yo + 3y3. Since we have a lower bound for E(zr) (Example 8), we get that

E((zr+yr)?) < ad+2zoy0+y3 + Stao+ 5. Then we can use the (cs-ub) rule, since we already

obtained a bound for E(x2) in Example 8: E(xryr) < \/a:% + 2zoyo + y3 + Hwo + 1.

Limitations of automatic bound generation. The martingale rule is applied for all pos-
sible combinations of bounds. To avoid such computationally expensive tasks, we employ
aggressive subsumption checking. To facilitate this, we restrict square roots to only contain one
single initial variable or numeric values, and only compare the highest degree monomials. After
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applying the rules based on Cauchy-Schwarz, we use the sub-additivity of square roots. The
equation system defined in Eq. (3) is usually under-determined, and enumeration of all rules is
too costly. We therefore select a number of sparsest solutions of the equation system (see [31,
Appendix F.1]).

5 Examples of Bound Derivation

We show that our approach is suitable for computing symbolic bounds for the expected value of
monomials after loop termination. To this end, we implement the automatic bound derivation
in Polar and analyse Figures 1 & 2, for both of which the computation of tight symbolic bounds
for moments after termination is out of reach for existing tools.

In Table 1 we list symbolic bounds computed for different

inputs. Column 1 specifies which moment of the stopping time zZ:= 2z

of the analysed program must be finite in order for the deriva- T =X

tion to be sound. For the analysis to be sound, we must verify k:=0

that E(7?) is finite for the bounds derived for Figure 1, and while z > 0 do
E(T?) < oo for the bounds for Figure 2, since the stopping time k=k+1

depends on variables with unbounded support (see Theorem 3). ¢ ~ Bernoulli(75)
We currently require those conditions to be verified externally. if c=1 then

The condition E(T?) < oo for Figure 1 can be verified using z ~ Normal(—1,1)
state-of-the-art tools [32], since the variable in the loop guard is ri=x+ 2z

not affected by unbounded support updates. To the best of our else

knowledge, this is however not the case for Figure 2, as existing z ~ Normal(1,1)
methods struggle with unbounded updates. We show, through r:=x+z

an application of tail bounds in [31, Appendix G, that the re- end if

quired bounds for the moments of the stopping times hold. end while

While we still require manual intervention, our implemen-
tation demonstrates the benefits of our two-step approach, as Figure 2: Linear loop with
the tail bounds in the manual proof are powerful for asymptotic unbounded update affecting
analysis but usually do not yield useful symbolic bounds. Those the loop guard.
symbolic bounds can then be computed as a second step by our
approach!?.

Column 1 of Table 1 states the set of initially known inequalities. The bound for E(z7) in
Figure 2 is obtained by reasoning about the last step: E(zp) =E(z +Y |z >0Ax+Y <0),
where Y is the distribution of the last update. This update Y is lower bounded in expectation
by Y’ = Normal(—1,1), hence E(xzy) > E(Y' | Y’ < 0), which is equal to the mean of a
truncated random variable, which for these parameters is lower bounded by —1.3. By analogous
reasoning using a truncated random variable, we get that E(z2) < E((Y")? | Y/ < 0) < 2.3.
We additionally assume that the variable zq is positive in both examples; this is equivalent to
assuming that the loop is executed at least once.

Column 3 of Table 1 shows that, in many cases, the obtained bounds are asymptotically
sharp, in a sense that the leading terms of upper and lower bounds are equal. This holds also
for the bounds for E(z7) in Figure 1, although the increments of z are not bounded from below,
and are affected by the value of y. To the best of our knowledge, no other approach for cost
analysis or bound computation is able to handle those properties simultaneously.

101t is always possible to introduce a program variable that simply updates by one in every step of the
program, effectively storing the runtime. Hence, our approach is equally capable of deriving upper and lower
bounds on moments of the runtime. This is the variable k in Figures 1 & 2.
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[program]|
assumptions moment, bound
E(kr) > 2z < 2w +2
E(yr) > xo + Yo <zo+yo+1
E(sr) > xf + 2xoy0 — Hzo + 20 — 2lyo| — \/ B v/T0 — /R —
T
< 23 + 2xoy0 — o + 20 + 2|yo| + /22 \/To + 1/ L + 2
[Fig. 1] E(krzr) | > —220 — 2 <0
E(T?) < o0 > 222 + 2xyo — -2 56 Jxg — /38 —
> 0Yo — 30 — 2|yo| — Zo — 1/ 2
zr <0 E(kryr) . 3, 3r
zr > —1 S2x0+21‘0y0+—m0+2|y0\+\/§,ﬁxo+\/"fgfj+%
x9 >0 N | 14
o — o T
Elrryr) — —_ 14 14
<o+ |yl +1/FVTo+ /5
E(2) Z$o+2$0yo+yo Sxo = 2lyo| — /B VI — /B -1
T
< xd + 2zoyo + y§ + Bxo + 2lyol + 1/ BT+ /R + 2
| Blkr) | = 5w < Joo+ 4
[Flg' 2] 25,2 | 115 115
E(TB) E(k2) > T‘TO + T{EO =
T
E(z7) > _1 3 < %x% 4, /28 7 T + 115m + 13225ﬁ+ 3413685 n %
E(z2) < 2.3 S 115 529r 6877 23
zg >0 E(krar) ——
<0

Table 1: Symbolic bounds on moments of PTS.

6 Related Work

Recently, there have been significant advances in two related problems: synthesis of probabilistic
invariants and reasoning about (positive) almost sure termination. A deep link between these
two problems is evident in the preceding, especially in our setting of linear PTS from Section 4.
A telling perspective is provided by the Optional Stopping Theorem; the OST typically requires
the runtime, the martingale expression or both to be bounded in some sense. Other examples of
a mixed precondition for the OST are given in [33, 32, 35, 9]; for an overview, see [31, Appendix
B|. The precondition of [32] uses martingales {Y;, }nen that are polynomially bounded in n and
expects that sufficiently high moments of the runtime are finite. Hence, the setting of [32] only
supports sampling from bounded distributions. Similarly, in [33] such a polynomial bound is
required for the step-wise difference of a martingale, together with exponential tail decay of
the stopping time. In [35] a similar bound for the stopping time is required, but the step-wise
difference can grow exponentially. Nonetheless, all of these (almost sure) step-wise difference
bounds are incompatible with sampling from distributions with unbounded support. Moreover,
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in [9] such a step-wise difference bound is not required, but the martingales are required to be
non-negative, which restricts their applicability for unbounded support distributions. Unlike
this, our result from Theorem 3 handles unbounded distributions and martingale invariants
without a sign constraint for a (restricted) class of PTS programs.

This link between probabilistic invariants and runtime bounds is further investigated in [21].
Here, it is shown that for computing lower bounds on the runtime of probabilistic programs,
it is necessary to satisfy the OST. As a natural counterpart to upper bounds, the synthesis of
lower bounds of the expected runtime has been studied in [17, 18, 14].

Conversely, upper bounds on the expected runtime can be improved via probabilistic in-
variants. Upper bounds of the expected runtime can be found by finding suitable non-negative
supermartingales [23, 26, 8, 5, 16, 32]. Once the OST is satisfied, our probabilistic invariants
can take both negative and positive values, extending thus [9] where moments of polynomials
of program costs are derived provided a fixed lower bound exists.

Higher-order moments of program variables are inferred in [2, 3, 33]. Importantly, in [14] the
authors provide lower bounds for expected program quantities, even if the program in question
is not almost surely terminating. This is achieved by reducing the question to a well-chosen
almost surely terminating program. The general approach of checking preconditions of the
OST for polynomial invariants of higher-order is further studied in [27], providing sufficient
conditions that have been successfully implemented in [15, 11, 19].

7 Conclusion

We study the invariant synthesis problem for probabilistic transition systems, by leveraging
the Optional Stopping Theorem e.g. [12], for which we present a general sufficient precondi-
tion, coined as dui. Our dui yields a criterion under which a given polynomial expression
qualifies as an invariant. We use this criterion, to automatically synthesise polynomial prob-
abilistic invariants for a certain class of linear loops, and use the invariants to automatically
derive bounds for higher- and mixed-moments of program variables and the runtime after loop
termination. Notably, our approach handles distributions with unbounded support, enabling
thus the analysis of loops that cannot be handled by other techniques. Future work includes
handling nonlinear loops for which our dui precondition can be used or adjusted, thus further
improving the automatic derivation of moment bounds. These methods are especially promis-
ing regarding nested loops. Such an approach would necessarily involve unbounded updates,
as both termination time and variable updates of inner loops can scarcely be expected to be
bounded by constants. The flexibility of the dui precondition could provide tractable sufficient
conditions for the applicability of the OST under compositional reasoning.
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