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Jankov (characteristic) formulas were introduced 50 years ago in [7] and proved to be a
very useful tool for studying a broad range of logics, e.g. intermediate, modal, fuzzy, relevant,
many-valued, etc. All these different logics have one thing in common: in one or the other form
they admit the deduction theorem. From the standpoint of algebraic logic it means that their
corresponding varieties have a ternary deductive (TD) term ([4]). It is natural to try to extend
the notion of characteristic formula to such varieties and, thus, to apply this notion to an even
broader class of logics, namely, to the logics whose algebraic semantic is a variety with a TD
term. We give such a generalization below.

Basic definitions. We consider the varieties of algebras in a finite signature Y. A variety V
is said to have a TD term, td(x,y, z), if for any algebra &/ € V and any a,b,c,d € &

td(a,a,b) = b and td(a,b,c) = td(a,b,d) if (c,d) € 6(a,b), (1)

where 6(a,b) is a congruence generated by the elements a, b.

We will use the notation a (or z) to denote a list of elements ay, ..., a, (or a list of variables
X1,...,2n). If 2,y are lists of variables of the same length by td(z,y, z) we denote the iterated
TD term td(z1,y1,td(z2, Yo, - - ., td(Tp, Yn, 2) . ..)). Then can be generalized [4] as follows:

td(a,a,b) = b and td(a,b,c) = td(a,b,d) if (c,d) € 0(a,b). (2)

The transition from to is a transition from principal to finitely generated congruences.

Recall that an algebra & is called subdirectly irreducible (s.i.) if the intersection u(<) of
all non-trivial congruences of & is a non-trivial congruence, and u(%”) is called a monolith. In
every variety that has a TD term and, hence ([4]), enjoys EDPC, every s.i. finitely presentable
(f.p.) algebra o € V defines a splitting (V1,Vs), that is, V; = V(&) is a subvariety of V
generated by &7 and V, = V(&) is a co-splitting variety containing any such subvariety V' C V
that & ¢ V'. Given the sets of identities Z; and Zy and a variety V, we say that Z; and Zy are
(semantically) V-equivalent (in written 7 ~y 7o) if Z; and Zy define in V the same subvariety.
If Z; = {i;},7 = 1,2 the identities i; and iy are called V-equivalent and we write i; ~ is

Definition 1. Let V be a variety with a TD term t¢d and the equalities t; = t},...,t, =t}
define in V a finitely presentable non-trivial subdirectly irreducible algebra o. Let

Xy (@) = td(t,t, r) = td(t,t,7'),

where terms r,r’ express two distinct elements generating p(%7). Then we call the identity
X, (&) a V-characteristic identity of algebra < .

It had been observed in [3] that in the varieties with EDPC (and, hence, in the varieties with
a TD term) every f.p. s.i. algebra defines splitting. It is also well known that every co-splitting
variety can be defined (axiomatized) by a single meet-prime identity. Using a TD term of a
given variety, the following theorem explicitly presents this identity.
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Theorem 1. Let V be a variety with a TD term and an s.i. algebra o/ be finitely presented in
V. Then x,, (&) defines the co-splitting variety V(7).

In other words, given an f.p. s.i. algebra o/ € V), for any algebra & € V
PB = x, () if and only if # € SHA

and for any identity i
o B i if and only if i Fy x,, ().

Note, that, in contrast to Jankov formula (which is completely defined by an finite s.i.
algebra), the characteristic identity is relative to a variety: an algebra may be not finitely
presentable in a variety, but may be finitely presentable in a subvariety. For instance, there
are subvarieties of Heyting algebras containing infinite f.p. s.i. algebras and, hence, one can
construct a characteristic identity that does not correspond to any Jankov formula. The def-
inition of the characteristic identity also depends on a particular set of defining relations, but
from the above properties of characteristic identity it immediately follows that two different
characteristic identities of given algebra are V-equivalent.

If H is a variety of Heyting algebras, then x,, (&) ~y J(&/) = 1 where J(<7) is a Jankov
formula of algebra o7 (cf. [7]).

Optimal Axiomatization by Characteristic Identities. We recall from [9] that the rank
of an identity is a number of distinct variables occurring in it. The axiomatic rank of a variety V
is the least natural number r (that we denote by r,())) such that V can be defined (axiomatized)
by identities of the rank not exceeding r.
Let V be a variety and V' be a subvariety of V axiomatized by a set of axioms Ax. Then we

will call the set Ax optimal if

(a) Ax is independent;

(b) Every identity in Ax is A-prime;

(¢) Axioms from Ax contain no more than r,()) distinct variables.

Proposition 2. Let Axy and Axy be two independent axiomatizations of a given variety V

consisting of N-prime identities. Then there is a 1-1-correspondence ¢ between Axy; and Axs
such that i >~y ¢(i).

The following theorem extends to locally finite varieties with a TD term the properties
known for Heyting algebras (intermediate logics cf. [10] 12} 2]).

Theorem 3. Let Vy be a locally finite variety with a TD term. Then every subvariety V C Vy
admits an optimal axiomatization constructed of characteristic identities.

Theorem 4. Let V be a finitely axiomatized hereditarily finitely approximated variety with a
TD term. Then there is an algorithm that given a list of axioms defining V and an identity i
decides whether i is A-prime.

Corollary 5. IfV is a locally finite variety with a TD term then every identity is V-equivalent
to a finite set of characteristic identities. Moreover, if V is finitely axiomatized there is an
algorithm that by a list of azioms defining V and an identity i returns a finite set of characteristic
identities V-equivalent to i.
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Varieties not Axiomatizable by Characteristic Identities. Not every variety with a TD
term can be axiomatized by characteristic identities. Thus not every identity is equivalent to a
set of characteristic identities. The simple examples can be given by using pre-true identities.
An identity i is called pre-true in an algebra <7 (cf. [§]) if &/ =i, but i is refutable in every
proper subalgebra and proper homomorphic image of . Obviously, a characteristic identity
of any finite algebra is pre-true in this algebra.

Theorem 6. Let i be an identity pre-true in an infinite algebra </ from a varaiety ¥V with a
TD term. Then i is not V-equivalent to any set of characteristic identities.

The examples of formulas pre-true in infinite Heyting algebras can be found in [8] [I3]. Thus,
there are finitely axiomatizable varieties of Heyting algebras (intermediate logics) that cannot
be axiomatized by Jankov formulas. In fact, cf. [I1], there is a continuum of varieties of Heyting
algebras not axiomatizable by Jankov formulas.

We say that an identity i is uniquely pre-true in an algebra <f if i is pre-true in &7 and it
is not pre-true in any algebra not isomorphic to /. For instance, if </ is a finite s.i. algebra
then x, (&) is uniquely pre-true in . On the other hand, in the varieties of Heyting or
interior algebras if {2, € I} is a finite set of finite s.i. algebras such that < ¢ SH.e7; for all
i # j(i,j € I), then the formula A, ; J(%) is pre-true in every algebra 7.

Theorem 7. Suppose V is a hereditarily finitely approximated variety with a TD term and i
is an identity. Then i is (V-equivalent with) a characteristic identity of some V-algebra if and
only if i is uniquely pre-true in V.

Locally Characteristic Identities in Varieties with a TD term. Using a TD term one
can extend the notion of locally characteristic formula in sense of [6] ( partial characteristic
formulas in sense of [I1]). A partial subalgebra 7’ of algebra & is a subset &’ C & of
elements of &/ with fundamental operations of & restricted to ..

With each partial algebra 7/’ we can associate a positive diagram, that is a set

6T(d") ={f(ay, -, Tay) ® Tpay,. ) | 31,-- 13 €A fEXD
and f(a1,...,a,) is defined}.

Let V be a variety with a TD term td(z,y, z). We say that a partial algebra o belongs to V
(in written &/ € V) if there is a 1-1-homomorphism of & in some algebra from V. If a partial
algebra & can be embedded in an s.i. algebra, we say that & is subdirectly irreducible. With
each finite non-degenerate partial algebra 7 and each pair of distinct elements b,c € &7 we
associate a locally characteristic identity x (47, xa, Tp) in variables z,;a € & as follows.

Let 07(&) = {t; = t};1 <i <m;} be a diagram, ¢ :=t1,...,t,, and t' :==¢},...,¢,. Then

X(”Q{7 'raa xb) = td(ta tla xb) ~ td(t7t,7xc)'

In other words, we construct a characteristic identity in the same way we did using defining
relations for finitely presented algebras, but now as defining relations we take the diagram
identities.

Let FPS(4) denote the set of all finite partial subalgebras of o/. Then with an algebra </
we associate the set

X() = {x(',xa,2p) | &' € FPS(e/),a,b € /' and a # b}.

The main property of the characteristic set is as follows.
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Theorem 8. Let V' be a variety with a TD term, V C V' be a subvariety and </ € V' be a full
algebra. Then o/ € V if and only if each identity i € X(&) is refuted in V.

The corollary below immediately follows from the above theorem and the fact that < [~
X (&', x,, xp) for any finite partial subalgebra o7’ of any s.i. algebra .

Corollary 9. If V is a variety with a TD term then every subvariety of V can be axiomatized
by locally characteristic identities.

Moreover, the following holds

Theorem 10. (comp. [5][Theorem 9.43]) Let V be a variety with a TD term and i be such an
identity that V [~ i. Then there is a finite set T of locally characteristic identities V-equivalent
toi.

In the variety of Heyting algebras a locally characteristic formula of a finite partial algebra
with fully definied A and — is equivalent to the identity representing Zakharyaschev’s canonical
formula (for a definition, see e.g. [5]). Since every finite partial subalgebra of Heyting algebra
can be extended to a finite partial subalgebra in which operations A, — are fully defined, from
the Theorem [§ it easily follows that any intermediate logic can be axiomatized by canonical
formulas (cf. [111 [1]).
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