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Abstract

An automata-theoretic implementation of a first-order theory of integers is discussed.
It has addition, absolute values, minimum and maximum, and some bitwise operations, but
lacks other multiplication than multiplication by a constant. The implementation is used
in a tool that gives first- and second-year university students feedback on their answers to
mathematics and computer science problems. The focus of this paper is on features of the
tool supported by the implementation, and design and programming details that make it
run sufficiently fast.

1 Introduction

This paper discusses an automata-theoretic implementation of integer Presburger arithmetic
in a tool for giving students feedback on their answers to certain kinds of mathematics and
computer science problems. As pointed out in [9], one of the greatest challenges in mathematics
education tools is to accept reasonings or proofs as input and give meaningful feedback on
errors in them. In [13], we reported a tool that checks reasonings that solve systems of linear
(in)equations that may also contain the absolute value operator. That tool works on real
numbers. The reasonings are represented using = and < not as logical connectives, but as
symbols for comparing formulas. Our use of = and <, and problems in other uses of them
found in the literature, are extensively discussed in [16].

On integers, but not on real numbers, x < y is equivalent to z + 1 < y. As a consequence,
the above-mentioned tool proved not good for checking answers to questions like “what values
can the integer variable 7 have on this line of this program”. Therefore, we expanded our tool
with the ability to deal with integer Presburger arithmetic [14].

The worst-case complexity of checking satisfiability of Presburger arithmetic formulas is
high [3, 6, 10]. Fortunately, like with many other problems of high complexity, implementations
can be made that run reasonably fast much of the time in practice. Perhaps the most important
approaches rely on integer linear programming or finite automata algorithms. Their basic ideas
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have been described in [2, 5]. The automata-theoretic approach makes it easy to extend the
logic with a predicate for powers of 2 and function symbols for bit manipulation operations.
This extended theory (where the base may be any integer k > 2) is called Biichi arithmetic.
In this paper it is exploited for checking reasonings on uninterpreted unary predicates, such as
=(P(z) VVz : Q(z) V R(x)) & —P(z) A —Vx : Q(z) V R(x) & —P(x) Adz : ~Q(x) V R(x).

The discussions on the automata-theoretic approach in [2, 5] only deal with non-negative
integers, while in the present paper also negative integers are included. The paper [1] goes even
further, allowing the representation of many real numbers using Biichi automata. Furthermore,
in [2, 5], the label of each transition of each automaton is a tuple of bits. Instead, [1] uses what
they call “serial encoding”. It simplifies implementation and facilitates some optimization. The
present paper uses a variant of it called “single-bit”. For reasons explained in Section 4.1,
in our case, the sign bit is first and then the numeric bits starting with the least significant.
Furthermore, negative integers n are represented by making the sign bit be 1 and the subsequent
bits represent —1 — n. These conventions avoid some complications that are present in [1].

Another related, much more ambitious tool than ours is Mona [11]. It implements an
automata-theoretic decision procedure for the second-order logic WS1S, whose first-order vari-
ables represent natural numbers and second-order variables represent finite sets of natural num-
bers. Arithmetic is restricted to what can be implemented given the successor function and
comparisons. This is sufficient for Presburger arithmetic but not for multiplication of natural
number variables. Mona also implements a decision procedure for a similar logic W2S2 that
features two successors. Mona began as a slow first version, but its performance has improved
dramatically over the years by adopting various design and implementation ideas.

Instead of the tuple, serial and single-bit approaches discussed above, Mona uses binary
decision diagrams (BDD) to represent the transitions of the automata. The paper [11] reports
this as essential for Mona’s good performance. We will argue in Section 4.1, in agreement with
[1], that the BDD and serial approaches are more similar than their names suggest.

Because of the nature of our application, our implementation need not survive very long
formulas nor integers that are far from 0. Even so, we tried to make it efficient. The running
time depends so wildly on the nature of the input that it is very difficult to give a comprehensive
picture. Figure 6 in Section 5 will give some idea on this dependence and on the effect of some
optimizations.

The tool that the new program is part of, is briefly introduced in Section 2.1. Section 2.2
outlines Presburger arithmetic and how it can be implemented using finite automata. Sec-
tion 3 describes our implementation from the users’ point of view. Design-level ideas that
our implementation relies on are discussed in Section 4, and Section 5 moves on to algorithm
and programming issues. Most of the examples in this paper and many others can be tried
anonymously at https://users. jyu.fi/~ava/number_logic.html. More detailed discussion
on some examples can be found in [14].

2 Background
2.1 The MathCheck Tool

Our tool, which we call MathCheck, is a program that runs on a web server and is interacted
with via web pages. Each web page contains one or more tasks for the student. Figure 1
shows an example where the student has answered the second question incorrectly. The tool
has replied that when z = ?, the model answer written by the teacher yields true, while the
student’s answer yields false.
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For each of the following images, write a formula so that the formula is true if and Typing instructions: arithmetic comparisons basic logic reasoning quantifiers
only if x is in the blue area.

1
+ + > + model-answer < 2< A< =Vz>5
-3 -2 -1 0 1 2 3 1 5 6 2
x>=1/\x<5 10
new tab | Or [ to the right 2 | Relation does not hold when x — ~ 3.333333
- 3
-3 -2 -1 0 1 2 3 1 5 G left T
-2 <= X f\ X < -1/2 \/ x>5
right F
new tab | Or | to the right 3

Figure 1: Two line segment problems

In itself, the tool does not know the identity of the student and does not keep track of points
or record any other information. However, it can be used through learning environments that
take care of such tasks. The tool only receives a sequence of commands, expressions, formulas
and/or resaonings from the web page, checks the expressions, etc., as commanded, and sends
back a reply. The answer by the student is part of the sequence. The rest has been written by
the teacher, usually in such a way that the browser does not show it (e.g., “style=display:none”).

In the case of Figure 1, the teacher wrote real _logic ok_text The second is right!
and f_nodes 21 hide_expr -2 < x < -1/2 \/ x = 3 1/3 \/ x > 5 <. It means that the
tool has to check the answer in the real number logic mode of the tool, and reply “The second
is right!” if the answer passes all checks. If the answer is longer than 21 symbols (not counting
parentheses) but otherwise correct, the tool must reply, for instance, “The complexity of the
final expression is 22, while it must be at most 21”. Because of hide_expr, the reply contains
“model-answer” instead of the teacher’s formula. The symbols “<” and “<” were written using
Unicode characters, but could have been written as <= and <=>.

What the teacher has written, is only lightly hidden from the student. In many browsers,
(CTRL)-U shows the source code of the web page. Interested readers of this paper are welcome
to apply this to the example web page of this paper! On the other hand, during an examination,
students must be prevented from seeing model answers. A natural solution is to use the tool
through a learning environment that isolates the student’s browser from the problem source
code, and also keeps track of the identity of the student and points earned.

The real number logic mode checks reasonings on linear formulas using Fourier—-Motzkin
elimination. The most important other modes of the tool are the integer Presburger mode
discussed in [14] and this paper; an arithmetic mode for checking equality and inequality chains
on real numbers and integers by incomplete testing; a mode for checking solutions (including how
they are found) to equations on real numbers based on teacher-given roots; a mode for checking
claims on arrays by incomplete testing; and a mode dealing with context-free grammars. The
(in)equality chain and equation modes can deal with logarithms and trigonometric functions.

The tool accepts Unicode versions of many symbols. Therefore, expressions, formulas and
reasonings can often be copied from PDF files or web pages and pasted to the answer boxes,
and they work with little or no fixing.

In a pedagogical experiment, studying using an early version of the tool improved learning
results (p = 0.02) while studying using Wolfram Alpha (which students used a lot at that time)
did not [8, 17]. Then there was a re-organization of the university. Valmari was moved from
the Department of Mathematics to a different Faculty, and told that developing pegagocical
tools does not belong to the strategy of that Faculty. The University of Jyvéskyla gave Valmari
the chance to continue the development of the tool and use it in his courses. Also one or
two mathematics teachers use it. However, it has not been possible to conduct pedagogical
experiments there. Until Covid19, students provided feedback that they like the tool and
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believe it is useful. Since Covid19, it has been next to impossible to get any feedback.

2.2 Presburger Arithmetic and Automata-Theoretic Implementation

Presburger arithmetic may be defined over natural numbers or integers. In both cases it means
a logical language, in which claims on numbers can be expressed as logical formulas that, in
a minimalistic version, may contain -, A, V, =, <, 0, 1 and +. Practice-oriented versions
may contain many other function and predicate symbols that can be constructed from the
minimalistic set. Perhaps the most important are integer constants in decimal (such as “2026”)
and multiplication of a variable by an integer constant. Our symbols are discussed in Section 3.

Presburger arithmetic has important applications, because there are algorithms that input
an arbitrary Presburger arithmetic formula and provide an assignment to its free variables that
makes it true, or tell that such assignments do not exist. The computational complexity of
this problem — and thus all algorithms that fully solve it — is high. Even so, some of the
algorithms can be made to run reasonably fast in many practical cases.

It is perhaps worth pointing out that although the representation of an integer constant in
the form 1+1+...+1 is exponentially longer than in the familiar decimal system, this difference
is not important for the computational complexity of the above-mentioned problem [10]. This is
because any formula of the form ¢(c), where ¢ is an integer constant greater than 1, is logically
equivalent to Jzg : (k) AJTp_1 : Tk = Th—1 +Tp—1+boA. .. ATz1 1 2 =1+ T1+ b2 ATy =
bi—1, where each b; is 0 or 1 according to the binary representation Zf;ol b;2" of c. As a
consequence, ¢ can be represented succinctly even in the absence of other integer literals than
0 and 1.

An alphabet is a finite non-empty set of symbols and a string is a finite sequence of symbols
picked from the alphabet. For instance, the decimal system represents non-negative integers
such as “2026” as strings over the alphabet {0,1,2,...,9}. Any finite, and many but not all
countably infinite, sets of strings can be represented by a deterministic finite automaton (DFA).
It is a tuple (Q, 3, 4, ¢, F'), where @ is a finite set, 3 is an alphabet, 4 is a function from Q x X to
@, § € Qand F C Q. The elements of @, 6 and F are called states, transitions and final states,
and ¢ is the initial state. Given a DFA and a string ajas - - - a,, over the same alphabet, one may
start at go = ¢, move to q; = §(qo,a1), and continue like this until reaching ¢, = 6(qn_1,an)-
If g, € F then the DFA accepts and otherwise rejects the string.

When § is clear from the context, (g, a) = ¢’ may also be written as ¢ — ¢'.

Also tuples (or vectors) of integers can be encoded as strings. Here implementations of
Presburger arithmetic differ significantly. Let V' be the size of the tuple. As described in detail
in Section 4.1, we use an encoding where (after an initial segment which we ignore in this
section) a;41 is the ((i div V) + 1):th bit of the ((¢ mod V) + 1):th integer. A formula with
V' free variables can be represented as the set of V-tuples that satisfy it, which, in turn, is
represented as a DFA that accepts precisely the strings that encode the tuples.

The formula a+b = ¢ can be represented as {(a, b, c) | a+b = ¢}. With a suitable encoding,
this set of triples can be represented as a DFA. This is because addition can be computed
from least significant to most significant digits so that in each step, only the current digits
and the carry are needed. Multiplication needs several scans over the digits of one of the
numbers, denying any obvious representation as a DFA. As a consequence of Gédel’s famous
first incompleteness theorem, there are also no non-obvious representations.

For each DFA, there is a unique (up to the names of states) smallest DFA accepting the same
set of strings. Computing it is called minimization. As discussed in Section 5.3, minimization
is so fast that it makes sense to perform it always when it is not certain in advance that the
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DFA already is minimal.

Negation may be represented by replacing F' with @ \ F'.

Conjunction and disjunction may be computed as products of DFAs. Because of the use
of the single-bit approach discussed in Section 4.1, the state of a minimized DFA does not
necessarily determine the variable whose turn is next. Therefore, the index of this variable
must be kept track of in the state of the product.

More formally, let V = {0,1,...,V — 1} be the set of the indices of the free variables in
the formula, and for v € V, let v = (v + 1) mod V. The product of (Q1,%,d1,41, F1) and
(Q27E7§2,42,F2) is the DFA (Q,E,é, (j, F), where (j = (0,@1,@2)7 F = (V x F1 x FQ) N Q
for conjunction and F = ((V x F; x Q2) U (V x Q1 x F3)) N Q for disjunction, and @ and
0 are the smallest sets such that ¢ € @ and for every (v,q1,¢2) € Q, also §((v,q1,¢q2),a) =
(v',0(q1,a),0(g2,a)) € Q. In Section 5.4 we slightly optimize this and adapt it to the situation
where the original DFAs do not necessarily have the same alphabet.

When there is at most one free variable, the computation of 3 is simple. In the remaining
case, the basic idea comes from the well-know method of making a DFA from a nondeterministic
finite automaton (NFA): keep track of the set of states that the NFA could be in after reading a
string. Similarly to the computation of the product, also the variable whose turn is next must
be kept track of. Whenever the quantified variable would be getting the next turn, the NFA
skips it by taking an arbitrary transition without reading anything from the input.

To describe this more formally, let v = (v+1) mod V. Let w be the index of the quantified
variable. If (Q,X,4,§, F) represents ¢, then Jx,, : ¢ is represented by (Q',%,d,d, F') as
follows. The elements of Q' are pairs (v, A), where w # v € Vand A C Q. If w # 0, then
d = (0,{q}) and else ¢’ = (1, A’), where A’ = {¢' | b€ X : ¢ =6(4,b)}. Let (v,A) € Q. If
v # w, then ¢'((v,A),a) = (Vv',A") € Q', where A’ = {¢' | g€ A: ¢ =0(q,a)}. U v = w,
then &' ((v, A),a) = (w', A’) € Q', where A’ ={¢' | g€ A:Fb e X : ¢ =6(5(q,a),b)}. Finally,
F'={(v,A)eQ |ANF #0p}.

The sets A may be of various sizes, and there may be many of them. Therefore, this
operation is the most challenging to implement. In Section 5.5 we tackle this problem.

The formula Vz : ¢ is represented via =3z : —p.

3 The Integer Presburger Language and Its Use

3.1 An Approximate Grammar

In the subsections of this section we introduce the language via which the teachers and students
use the tool. The grammar in Figure 2 has been designed to give, in succinct form, sufficient
information for using the language. Ordinary parentheses ( ) are terminal symbols and bold
green parentheses () belong to the representation of the grammar. Optional parts are inside
bold green square brackets [ |. Alternatives are separated by |. Repetition at least zero times
is expressed by * and at least once by .

Succinctness was obtained at the cost of losing some precision. For instance, a (nat_number)
can sometimes also be given as a constant expression such as 3 -2 + 1, although Figure 2 does
not say so. As another example, here and there additional parentheses are required for clarity.
Therefore, m2 < 3 does not work, but =(z < 3) does. The differences between the grammar and
the reality should not be a big problem, because the tool gives error messages as appropriate.

We will discuss the non-obvious details of the grammar in subsections 3.2 to 3.5, except
(print_part). The latter prints in a textual form the deterministic finite automaton (DFA)
constructed by the tool from an expression or formula.
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(reasoning) ::= ({definition)” (assumption)” (reasoning_steps)) | (print_part)
(definition) ::= define (pred_name) ( (variable) (, (variable))* ) = (formula) ;
(pred_name) ::= A|B|... | Z

(variable) == a|b|... |2

(formula) ::= F | T | {(comparison) | ( {(formula) )

| (pred_name) | (pred_name) ( (expr) (, {(expr))* )| pow2 ( (expr) )
| = (formula) | {(formula) (<> | —= |V |A) (formula)
| (V| 3) (variable) [; (formula)] : {formula)
(comparison) ::= (expr) ((<|<|=[#]=]>) (ezpr))”
(expr) ::= (nat_number) | (variable) | ( {expr) ) || {expr) |
| (min | max | bnot | lpow2 | hpow?2) ( (expr) )
| (+]—) (expr) | (expr) (+ | — | band | bor | bxor) {expr)
| (nat_number) (expr) | (nat_number) - (expr) | (expr) - (nat_number)
| {expr) (div | mod) (nat_number)
(assumption) ::= assume (formula) ;
(reasoning_steps) ::= (formula)
| (formula) ([(subreasoning) original] (& | = | < | =) (formula))™
(subreasoning) ::= subproof (reasoning) subend
(print_part) ::= printDFA ({expr) | (formula})

precedence: highest - (div mod ) (band bor bxor) (+ —) = AV — <« (V 3) lowest
— associates to right, everything else to left

Figure 2: Succinct, not fully precise grammar

3.2 Lexical Level

The non-ASCII symbols in Figure 2 can be typed as follows:

symbol | = < V3 & - VA-SFTCL >
type|=== <=> ==> <== AA EE <-> -—> \/ /\ ! FF IT <= I= >= x

Lowercase letters denote variables that hold integers. Uppercase letters may be used as propo-
sitions. As will be discussed in Section 3.4, they may also be used as names of user-defined
formulas. For brevity, the grammar refers to both as (pred_name).

A (nat_number) is a non-empty sequence of 0, 1, ..., 9. Because most educational appli-
cations do not need integers that are far from zero, and because such integers may make the
running time too big, a limit of one million has been set. If it is exceeded, the tool reports “Too
big or too small integer:” and shows the integer.

3.3 States, Assumptions and Reasonings

By state we mean an assignment of integer values to the free variables, and truth values to the
propositions, of the formula or set of formulas in question. This use of “state” is similar to the
famous book “The Science of Programming” by Gries [4, p. 66]. For brevity, from now on we
will mostly not mention propositions, although much of what follows also applies to them.

An (assumption) restricts the context of a formula or reasoning. A formula is considered
true and a reasoning is considered correct if and only if it does not have any counter-example
that satisfies all assumptions within whose scope the formula or reasoning is. For instance, the
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tool says that |n| = —n has n = 1 as a counter-example, but accepts assume n < 0; |n| = —n
as correct. Because of technical limitations, assumptions cannot contain quantifiers.

A state is possible if and only if it satisfies all assumptions in effect. The symbols <, =,
< and = compare formulas. They reside between, not in, formulas; and their use is correct or
incorrect, not true or false. The reasoning step ¢ = v is correct if and only if every possible
state that makes ¢ true also makes 1 true. So ¢ = 1 is correct under the assumption y if
and only if ¢ A x = v is correct under no assumptions. The step ¢ < 1) is correct if and only
if every possible state that makes one of ¢ and v true, also makes the other true. Of course,
@ < 1 means the same as 1) = ¢.

In the context of this paper, but not everywhere in our tool, ¢ = 1 means the same as
@ < 1. Because indexing an array out of bounds is undefined, division by 0 is undefined and
so on, some modes of the tool use the three-valued logic introduced in [15, 16]. In them, ¢ =
means that ¢ and v yield the same truth value, while ¢ < 1 allows one to be false and the

‘?;1204:)95:1.

It is unambiguous about the fact that —1 is not a root of |;|T_11 = 0, while "if x # —1 then
x| -1

-1 = 0< x=1"is not. This is important from pedagogical point of view.

However, the language in Figure 2 does not contain anything that could produce an un-
defined result. So in this paper we need not worry about the third truth value. In its
absence, but not in its presence, ¢ = % is correct under the assumption y if and only if
Yoi @ ... Yo, : @ A x — ¥ is true, where vy, ..., v, are the free variables in question.

As was told in Section 2.1, the tool receives a sequence containing both the student’s answer
and commands written by the teacher. In the integer Presburger mode, the student’s answer is
usually a formula or a reasoning of the kind in Figure 2. The tool either accepts it as correct or
gives a counter-example. The teacher may tell the tool to not accept certain operators in final
answers (we will soon explain “final”). So the teacher may ask the student to write, without
using | |, an expression that yields the same value as |n|. A possible good answer is max(n, —n).

As an example of more complicated use, consider the problem of writing a not too long
formula that describes the possible states of a volleyball set. The student may first write
0<pAO<gNA(p<25Nqg<25Vp—2<gq<p+2). The tool replies that it is mathematically
correct but 25 symbols long, while at most 18 is allowed. Keeping the already written formula
in sight may be helpful when thinking about shorter ways of saying the same thing. So the
student leaves it there, writes = after it and then min(p,q) > 0A (p <25 >¢qV I p—¢q| <2). In
this way the student may answer with a reasoning chain. The last formula in the chain is the
final answer.

The tool allows writing subproofs (that is, sub-reasonings) inside reasonings. They are use-
ful, for instance, when solving pairs of equations in the real logic mode of the tool. Furthermore,
= is handy there. In the main proof, original refers to the first formula in the reasoning chain.
In a subproof it may also be used as the first formula in a reasoning chain (although Figure
2 does not say so). Then it refers to the same formula as original refers to in the next level
up in the nesting of the main proof and subproofs. However, we have not found much use for
subproofs in the integer Presburger mode. So we will not discuss them further in this paper.

other be undefined. So, without any assumptions, we have, for instance,

3.4 User-Defined Subformulas

A (definition) introduces a subformula. In the “sum of cubes” problem on the web page
mentioned above, the teacher has hiddenly written

define C(n,m)=n=m=0Vn=m=1Vn=2Am=8V...
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Vn=15Am=23375V n=16 A m = 4096;

This makes C(n,m) true if and only if 0 < n < 16 and m = n®. The student is then asked to
write a formula saying that « is the sum of the cubes of n and m. (The student is told that the
tool does not know multiplication of variables, and trickery has been used to make C(n, m) work
at the extent needed by the problem.) Two possible answers are Jc: 3d : C'(n,c) AC(m,d) Az =
¢+ dand Jc: C(n,c) AC(m,z — ¢). This formula is given the name S(n, m,x).

The student is told that there is a non-negative integer x that can be represented as the
sum of two cubes in two different ways. The student is then asked to write a formula, using
S(n,m, ), that claims the opposite, with = being the integer and n3 + m3 and k? + h® being
the two ways. If the student writes, for instance, =(S(m,n,z) A S(k,h,x) Ak # m # h), then
the tool replies that it has the counter-example m = 10, n =9, z = 1729, k = 1 and h = 12.
In this way the student is guided to fool the tool to reveal the taxicab number of Hardy and
Ramanujan. Finally the student is told to find another taxicab number using the tool.

Not all variables of the formula need appear in the parameter list. Given define A(z) =z >
y;, ~A(y) expands to —(y > y) and is always true, while = A(z+y+2x) expands to =(z+y+z > y)
and has many counter-examples. If asked whether —A(z + y + x) holds, the tool provides the
counter-example y =0, z =0 and z = 1.

The tool currently does not accept a (definition) without a parameter list. However, the
same effect can be obtained by assume (pred_name) < (formula);.

3.5 Formulas and Integer Expressions

The syntax for quantifiers varies in the literature: Va(p), (Vz)(¢) and so on. The book [4] uses
(Ai: 1 : ), where ¢ is often something like 0 < ¢ < n and 7 is used for indexing an array. A
and FE were used instead of V and 3 because of limitations of the phototypesetter [4, p. ix].

Our tool has an “array claim” mode that can be used similarly. Its syntax is not dictated
by a phototypesetter! It supports checking answers to problems like “write a formula saying
that the element at index ¢ is different from all other elements”, to which students are expected
to answer something like 0 <i<nAVj;0<j<nAj#i: Ali] # A[j]. We use " instead of
“” as the first separator, to make it easier to see when reading from left to right whether the
formula has or lacks the v part. To reduce the number of ( and ) needed, we gave V and 3 the
lowest precedence.

The notations Vz ; 9 : ¢ and 3z ; ¥ : ¢ mean the same as Vax : = V ¢ and Jz : ¥ A ¢,
respectively. For instance, Vn ; n < 0 : |n| = —n is true. In the integer Presburger mode,
1 may be just any formula. This much freedom is perhaps not the best choice from the
pedagogical perspective, but because we do not know what would be better, we chose what was
simultaneously liberal enough and easy to implement.

There is no agreement in the literature whether — should be left- or right-associative. Ours
is right-associative. It makes ¢ — 1) — £ — x equal to p AYAE — x, while ((¢ — ) = &) = x
equals the less elegant @ A =) V & — x. We gave V lower precedence than A. This is similar to
many programming languages, and often reduces the number of parentheses.

The predicate pow2(z) will be discussed soon. The remaining aspects of (formula) are more
or less what one would expect. Also (ezpr) is mostly familiar. There are some unusual operators
and functions, which we will now discuss.

The infix binary operators band, bor and bxor are bitwise and, or and xor. Furthermore,
bnot(z) is bitwise not. To avoid confusion, its argument must always be surrounded by paren-
theses. Their behaviour on negative numbers has been made to agree with two’s complement
representation, although the tool uses internally a different representation. So bnot(x) = —1—=z.
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define T'(x,y) =
pow2(z) Az bandm =2 Ay=zV
( ow2(x) Az band m = z) Ay = lpow2(m);

define P(z) =3y : T'(z,y) A

(y band 2 =2V y band 8 = 8 V y band 32 = 32V y band 128 = 128);
define Q(z) = Jy : T'(z,y) A

(y band 4 =4V y band 8 = 8 V y band 64 = 64 V y band 128 = 128);
define R(z) =3y : T'(z,y) A

(y band 16 = 16Vy band 32 = 32Vy band 64 = 64Vy band 128 = 128);

assume 1 < m < 255;

dz; P(z) : Q(z) A R(z) = 3z ; P(z) : Q(x)) Adx ; P(x) : R(x)

Figure 3: Testing unary predicate law candidates

This makes De Morgan’s laws hold, that is, bnot(z band y) = bnot(z) bor bnot(y) and
bnot(z bor y) = bnot(x) band bnot(y). We also have bnot(x) bxor y = bnot(x bxor y),
x band bnot(z) = 0 and x bor bnot(z) = = bxor bnot(xz) = —1. Of course, bnot(bnot(x)) = z.

The predicate pow2(x) returns true if and only if either 2 or bnot(x) is a power of 2. That
is, in two’s complement representation, x has precisely one 1-bit or precisely one 0-bit (and is
not 0). As a consequence, pow2(z) is equal to pow2(bnot(x)). This is in harmony with the
fact that also band, bor, bxor and bnot can deal with negative integers. If all negative integers
should result in false, then one can use z > 0 A pow2(z).

If x > 0 then Ipow2(x) and hpow2(x) return the power of 2 that matches the least significant
and most significant 1-bit in . So the tool accepts assume x > 0; lpow2(z) < z < 2hpow2(z)A
pow2(lpow2(x)) A pow2(hpow2(z)). We have lpow2(0) = hpow2(0) = 0, lpow2(bnot(x)) =
bnot(Ipow2(x)) and hpow2(bnot(x)) = bnot(hpow2(z)).

Figure 3 contains an example of the use of bitwise operations. The last line contains a
(perhaps student-written) candidate for a law in predicate logic, and the previous lines (written
by the teacher and hidden) make the tool test the correctness of the candidate. The candidate
must contain no other non-logical symbols than propositions and the unary predicates P, @ and
R. In an interpretation, there either is or is not a value of = that makes P(z), Q(x) and R(x)
false; and either is or is not a value of « that makes P(z) and Q(x) true and R(x) false; and so
on. There are eight different possible truth value combinations of P(z), Q(z) and R(x), each
of which is or is not obtained by some value of x, except that obtaining none is not allowed.
This is because in predicate logic, domains of discourse cannot be empty.

This creates 255 possibilities. They are scanned by m. On the second line, y goes through
those powers of 2 whose corresponding bit in m is 1. The third line makes those values of x
that do not qualify as y to be replaced by a power of 2 that is certainly in m. Lines 4 to 9 give
P(z), Q(x) and R(x) the truth values dictated by the index of the chosen 1-bit of m.

The tool says that the given candidate fails when m = 40, and then the left hand side yields
false and right hand side yields true. We have 40 = 8 4+ 32. So the interpretation contains two
states: one where P(z) and Q(x) are true and R(z) is false, and one where P(x) and R(z)
are true and Q(z) is false. Indeed, in such an interpretation, Q(z) A R(z) is never true, so the
left hand side is false; but there is a state making 3z ; P(x) : Q(«) true and a (different) state
making 3z ; P(z) : R(x) true, so the right hand side is true. Using < instead of = on the last
line elicits the same counter-example, but = is accepted. Changing each A to V or each 3 to V
is also accepted, but making both changes is not.
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our representation 22 0011010*
our representation —23 1011010*
two’s complement 22 0110100%
two’s complement —23 1001011*

Figure 4: The DFA for pow2(z) and bnot(z) = y, and an example of both representations

4 Design Ideas

4.1 Representation of Formulas as DFAs

As has already been mentioned, lowercase letters a to z represent integer variables and uppercase
letters A to Z represent propositions or user-defined predicates. However, the names of user-
defined predicates are not present at the DFA level, so there A to Z only represent propositions.
For dealing with arithmetic expressions, the program uses four additional variables vy, v|, v;
and v. named by the ASCII characters {, |, } and ~ that come after z in ASCII order. This
will be discussed in Section 4.2.

A formula is represented by a list of its propositions and free variables together with a DFA.
We call this list variable list. A formula may be equivalent to another formula with a different
variable list. For instance, P A (z < yV x > y) is equivalent to P. The variable lists are always
in ASCII order, that is, first the uppercase letters in alphabetic order, then the lowercase letters
in alphabetic order, and finally the four special variables in the order used above.

In our representation, every finite bit string may be interpreted as an integer. The empty
string represents 0. If the first bit by exists, then bybgb; - - - b, represents Z?:o b; 2% if by = 0;
and —1 — > ;2" if by = 1. Extending a bit string by 0 does not change the value that it
represents, no matter what the sign bit is. This is different from the most widely used repre-
sentation of negative integers, that is, two’s complement (or more generally r’s complement,
where r is any integer at least 2; [1] uses it). There the extension bit that does not change the
value is 0 for non-negative and 1 (more generally, r — 1) for negative integers. As we will soon
see, having it always 0 may both increase and decrease the sizes of DFAs for atomic formulas.
More importantly, it simplifies the implementation of the DFA operations discussed below.

The bit operations discussed in Section 3.5 have been implemented so that they behave
according to two’s complement, although the internal representation is what was described
above. For instance, as is shown in Figure 4 left, the DFA for pow2(x) ignores the sign bit and
then insists on precisely one 1-bit. It thus accepts precisely the n of the form 2* or —1 — 2*
where k is a natural number. The latter are those non-zero integers whose two’s complement
representation has precisely one 0-bit.

The tuple consisting of the truth values of propositions P, ..., P, and values of integer
variables vy,...,vy is represented by any bit string that first has a bit for each proposition,
then V' bits representing the sign bits of vq,...,vy, then V bits representing the by-bits of
v1,...,0y, and so on, at least up to and including the last 1-bit. Also these bit strings have the
property that extending them with 0 or removing a 0 at the end does not modify the represented
values. Indeed, the empty string represents =Py A ... A =Py Avy = ... = vy = 0. Therefore,
the DFAs are made to obey the rule that the tail state of a O-transition is a final state if and
only if also the head state is.

Figure 4 middle shows the DFA for bnot(x) = y. The sign bits of z and y must be different,
and from then on each bit of y must be the same as the corresponding bit of . This has the
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Figure 5: A DFA for « < y; and a DFA for a = b = ¢ using the tuple approach and single-bit
approach

same effect as two’s complement has when each bit of y is different from the corresponding bit
of . This is illustrated in Figure 4 right by showing how both representations map 22 to its
complement —23. In the figure, “0*” and “1*” denote repeating 0 or 1 zero or more times.

In the case of pow2, two’s complement would have required two branches in the DFA, one
for positive (precisely one 1-bit) and one for negative (precisely one 0-bit) integers. As Figure 4
left shows, in our case the two branches were merged. On the other hand, it is often the other
way round. An example is in Figure 5 left, where our approach requires two branches.

The same transition may correspond to different propositions and variables, depending on
how many transitions have been traversed before it. As an extreme example, (P V —P) A
r=xA(QV-Q)Ay =y results in the variable list P,Q,x,y and the DFA 0C30xD1, where
each transition corresponds to every proposition and variable.

When computing a DFA for dz : ¢, it is necessary to ensure that if a string and its proper
prefix represent the same tuple, and the longer string is accepted, then also the shorter string is.
In two’s complement representation this is challenging, because the extension bit whose addition
to the end does not change the value of an integer, depends on the sign of the integer. The paper
[1] briefly discusses how solving this problem was improved from “O(2")” to “experimental
results have shown it to be of moderate practical cost”. In the single-bit approach, the problem
is solved by a linear-time graph search along reversed O-transitions, starting from the final states
and marking all visited states final.

In the single-bit approach, the length of the representation of a tuple need not be a multiple
of the number of variables, because any 0-bits at the end could be removed. Regarding mini-
mization, this gives the single-bit approach an advantage over [1], where “to encode a vector of
real numbers, we represent each of its components by words of identical integer-part length”.
This is apparent in the DFA pictures in this paper as transitions from a state to itself.

In [2, 5, 10], labels of transitions of the DFAs are tuples of bits, one bit for each considered
variable. In our case, the alphabet is just {0,1}. Assume that there are V variables. What is one
state and 2" transitions in the tuple approach, is at most 2V — 1 states and 2V ! —2 transitions
in our case. On the other hand, as is illustrated in Figure 5 middle and right, sometimes our
representation has fewer transitions than the tuple approach. In these respects [1] is similar to
our paper, except that it may use also other bases than 2.

When computing the conjunction, disjunction, etc. of formulas, the corresponding DFAs
may have different variable lists. It is complicated to make the variable lists the same by
adding extra transitions. On the other hand, it is easy to do as follows. Let b € {0,1} and
let ¢1 — q; and g9 N ¢5 be transitions of the DFAs. Keep track of the variable in question
in the state of the product. Create either (v,qi,q2) N (W', q1,q2), (v,q1,q2) N (W', q1,q5) or
(v, q1,q2) = (v, ¢}, q5) depending on whether v is in the variable list of only the first, only the
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second, or both DFAs. Here v’ is the variable whose turn is next after v.

Each state having precisely two outgoing transitions brings also low-level performance ad-
vantage. In the tuple approach, the number of outgoing transitions depends on the variable list.
So the amount of memory needed by a state varies. Although the compiler and run-time envi-
ronment may take care of memory management, it consumes time and may result in inefficient
use of memory.

Despite its name, the “shared multi-terminal BDD” representation in [11] seems almost the
same as the serial and single-bit approaches. States are represented explicitly, and the SMBDD
represents the transition relation. The terminal nodes of the SMBDD are states (instead of
“false” and “true”). The BDD nodes of the SMBDD approach become ordinary DFA states
in the single-bit and serial approaches. What is referred to by “reduced” or “canonicity” in
the context of (ordered) BDDs, is obtained by DFA minimization. The serial and single-bit
approaches lack the elimination of nodes whose 0-child and 1-child are the same. This does
not affect canonicity. It only replaces each SMBDD arc that skips £ levels by £ + 1 arcs and ¢
states. This increases memory consumption but also reduces it, by removing the need to store
the variable identity in the nodes.

Also [1] remarks “in the context of minimized deterministic automata, the serial encoding
is essentially equivalent to using the simultaneous scheme, while representing the transitions
from a state to another by a BDD (an r-ary Decision Diagram for bases r other than 2)”.

4.2 Dealing with Expressions

Expressions are represented by DFAs for formulas of the form (expr) = v.. Arithmetic opera-
tions are represented by DFAs whose variable lists only contain v. and one or more of vy, v|
and vy.

For instance, a DFA representing Euclidean division by a positive integer constant ¢ is
constructed as follows. First a DFA for cv; = v is constructed by calling a corresponding
subroutine with c as an argument. Then it is intersected with the DFA that represents v| +v; =
v~. The latter DFA has been encoded as a constant in the program. The result represents
cvg = v Avj + vy = v.. Next variable elimination (Section 5.5) is applied to v}, resulting
in a DFA representing Jv| : cvy = v| A v| + v} = v, which equals cvy + vy = v.. Given c,
another subroutine constructs a DFA for 0 < vy < c. Intersecting these two yields a DFA for
cvg + vy :vN/\Ogv} < ec.

As another example, a DFA for (exprl) + (expr2) = v~ is computed by first computing a
DFA for (exprl) = v., changing the name of its last variable to v}, intersecting it with the
above-mentioned DFA for v| + vy = v., and applying variable elimination to v|. The result
represents (ezprl) + vy = v~. Then a DFA for (ezpr2) = v~ is computed and the name of its
last variable is changed to vy. Finally these two DFAs are intersected and the variable vy is
eliminated.

4.3 Generation of Counter-Examples

When more than one counter-example is available, the problem of selecting a pedagogically good
one is not trivial. It seems clear that one should favour integers with small absolute values over
those with big absolute values, to make it easier to use the counter-example for trying to see
what is wrong with the answer. Even so, it is not necessarily a good idea to always produce
a counter-example that minimizes the maximum absolute value of the numbers in it. It risks
obscuring in the student’s mind the fact that any example violating a formula or reasoning step
is a valid counter-example. Getting “n = 112” instead of “n = 100” as a counter-example to
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n < 100 may be confusing. However, then it is a cognitive conflict in the sense of [18, Sect. 2],
and thus may help to unlearn the misconception that counter-examples must be unique.

To check a formula or reasoning step, our tool computes a DFA representation of the set of
its counter-examples. If this set is not empty, the tool chooses a counter-example by breadth-
first serch, trying O-transitions before 1-transitions. Thus the selected counter-example has
as short a bit string representation as possible. This gives the tool the tendency to roughly,
although not precisely, minimize the biggest absolute value of the numbers in the counter-
example. For instance, to —=(z =1 Ay =100V x = —40 A y = 30) it gives the counter-example
xz=—40 Ay = 30.

Among counter-examples whose shortest bit string representations are of the same length,
the tool favours those whose first bit is 0, then those whose second bit is 0, and so on. This
makes the tool favour, as a secondary criterion, non-negative integers over negative ones. Among
positive integers, it also makes the tool prefer those that are divisible by the biggest possible
power of two. The shortest representations of numbers from 100 to 127 use 8 bits, and 128
needs 9 bits. Among 100 to 127, 112 is divisible by 2% and the others are not. So the tool
provides n = 112 as the counter-example to n < 100.

5 Implementation-level Issues

5.1 Remarks on the Programming Language Constructs Used

The implementation was written in C4++. It has more or less everything that is needed when
developing complicated high-performance programs. Many of its features are notoriously error-
prone, but also other powerful programming languages suffer from some of the same problems.
On the other hand, C++ contains constructs that can be used to protect against errors, such
as an advanced type system. We do not claim that our implementation is free from errors, but
we do claim that detecting errors during production runs has been rare and all known errors
have been fixed.

Memory management is a major issue in programs that create big intermediate data struc-
tures, such as big DFAs. Some programming languages, but not C++, have a garbage collector
that automatically detects memory blocks that are no longer used, and circulates them to be
used again. In C++4, objects can be made to automatically release the memory they have
reserved, when they are destructed. The standard data structures provided by C++ use this
extensively.

Our program exploits this by introducing each object in the topmost (in the call hierarchy)
subroutine that mentions it. It is passed as a modifiable parameter to subroutines that put
data in it and thus reserve memory in its name. When the topmost subroutine is exited, the
memory is automatically released. This is simple, more efficient than garbage collectors, and
meets all the needs of the program. As far as we know, this idea is not used much elsewhere.
We speculate that this is because returning results via parameters is widely advised against.
Instead, subroutines should return all their results via their names, similarly to how logz in
mathematics returns its result. So we deviated from the usual convention, because it would
have made memory management more difficult.

C++ features both signed and unsigned integer types. Many data structures in the C++
standard library use unsigned integers as sizes and indices. This is natural, because sizes cannot
be negative, and indices start from 0 in C++. In our program, signed integers are used where
negative integers may arise, and unsigned integers are used elsewehere.

A C++ wector is an extensible array. Its size is the number of elements in it, and its
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1 3597 3598 3599 3600 3601 3602 3603

max size | 6971886 3483018 62641777 430468 6974778 3484464 10828665
minimized 200250 99436 37586755 11978 200451 99537 6498909
final size | 2597058 349020 25056258 55010 1008480 97356 4331002

time 12.0 1.2 140. 0.12 5.1 0.70 16.9

no reuse 13.7 1.3 158. 0.15 5.8 0.77 20.1
no dom. 12.2 1.2 143. 0.13 5.2 0.73 17.4
no rej. st. 12.9 1.2 148. 0.13 5.4 0.73 17.8
max size | 9093102 3515017 87700302 434941 7038241 3516475 15161990
time 14.6 1.4 168. 0.16 6.1 0.83 21.2

Figure 6: (¢t mod 4) div 60 = x with all, two or no optimizations

capacity tells the number of elements for which room has been reserved. In addition to reading
and writing elements at the location indexed by an unsigned integer, elements may be inserted
and removed, causing the size of the vector to grow or become smaller. The elements are stored
in a dynamically reserved and released memory block. When the capacity is exceeded, a new,
bigger memory block is reserved (usually twice the previous size), the elements are copied there,
and the old memory block is released. During the lifetime of a vector, the memory block is never
automatically replaced by a smaller one, but the programmer may explicitly make this happen.
The contents of two vectors may be swapped in small constant time. The library implements
it by swapping their size and capacity information and their pointers to their memory blocks.

Even if memory management is automated one way or another, repeated allocation and
deallocation of memory may chop the free memory to blocks that are too small to serve the
needs. Therefore, the potentially biggest data structures in our program use and reuse ten
vectors that are never released, only cleaned up for the next use.

An example of the effect of this optimization is shown in Figure 6. There a DFA for
(t mod 7) div 60 = z is computed for 3597 < ¢ < 3603. The lines “final size” and “time” tell
the number of states in the DFA and how many seconds its computation took. The size of the
biggest DFA constructed during the computation and how small it became in minimization are
shown on lines “max size” and “minimized”. The line “no reuse” tells the computation time,
when the reuse optimization is switched off. The next two lines tell the time when one or another
optimization discussed later is switched off. On the last two lines, all three optimizations have
been switched off.

5.2 Representation of DFAs

Finished DFAs have a terse representation. The DFA state type has only three, small instance
variables: unsigned integers pointing to the 0-child and 1-child, and a Boolean telling whether
the state is final. This is only 12 bytes in total! The DFA type has a vector of characters for
storing variable names, a vector of DFA states, and an unsigned integer specifying the initial
state. Making the initial state always be state number 0 would not have been feasible, because
DFA minimization cannot easily be made to respect it.

DFAs under construction have complicated representations. They are discussed in Sec-
tions 5.3 to 5.5.
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5.3 DFA Minimization

The smallest possible DFA on the alphabet {0,1} that accepts the same language as a given
DFA can be found in O(nlogn) time, where n is the number of states [7]. Our implementation
is similar to that in [12], except that the tricks are omitted that work on partial transition
functions. The program runs DFA minimization after every operation whose result may be
non-minimal.

5.4 Propositional Connectives

The implementation of — is next to trivial: change every final state to non-final and vice versa.

We now discuss the implementation of Dy A Dy, D1V Do, D1 — Dy and D1 <> Ds. Let us
call the result D. If it has an empty variable list, or if Dy or Dy has only one state and does
not affect the variable list of D, then a trivial algorithm is used. Otherwise the implementation
is based on the product of DFAs, with some modifications because the variable lists of the
components may differ and because of attempts to improve performance.

The standard DFA product computation makes the transition (g1, g2) — (¢}, ¢}) from the
transitions ¢; — q; and ¢o N ¢, of Dy and Dy. As was mentioned in Section 2.2, in our case,
the states of the result also must keep track of the variable whose turn is next. Depending on
the variable lists of Dy and Ds, our program makes either (v, ¢, g2) N (W', 44, q2), (v,q1,q2) BN
(W', q1, ) or (v,q1,q2) = (v',¢,,¢b), where v is the current and o’ is the next variable. The
next variable is the next in ASCII order, starting again with the first after the last.

The product is computed in breadth-first order. To quickly see whether a newly constructed
(v,4q1,q2) has been constructed also before, the program stores the (v, q1,¢2) in a hash table.
Initially the hash table has 2'6 hash lists. Each time the number of elements in it reaches the
number of hash lists, the latter is multiplied by 16. As can be seen from Figure 6, the program
survives DFAs with millions of states.

Until September 2026, the number of hash lists was always 2°°. Then we realized that more
hash lists could extend the range of inputs to which the program replies within reasonable time.
We tried some fixed numbers of hash lists greater than 2'¢, but they made the program slower
on small DFAs. So we modified the program to make the number of hash lists grow as needed.

In addition to D; and Ds, the product subroutine gets an unsigned integer opr specifying
the operation that is computed. Let f; be 1 if the current state of D; is final, and 0 otherwise.
Whether or not the state of D is final is decided by looking at the (2f2 + f1):th least significant
bit of opr. So 8 means A, 14 means V, 13 means — and 9 means <.

By a dominating state of D1 or Dy we mean a state such that both of its outgoing transitions
lead to itself, and its final state status is such that the final state status of D does not depend
on the final state status of Dy or D;. For instance, if the operation is V, ¢ is a final state of
D1, ¢1 = ¢1 and ¢ = ¢, then ¢ is a dominating state of Dy. In the case of A, V and —, a
minimized DFA can have at most one dominating state. With <, there cannot be any.

Before the computation of the product, a dominating state of each component is found,
if it exists. During the computation of the product, when one component is in a dominating
state, the outgoing transitions of the product state are made to lead back to the state, and
computation is not continued further from it. The effect of switching this off is shown on line
“no dom.” and the lower “max size” line of Figure 6. This was the only optimization that
affected the size of the biggest DFA.

In the serial encoding, when there is more than one free variable, this heuristic would have
to deal with cycles of length greater than one. That would be more difficult to implement.

216
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5.5 Quantifiers

The most challenging task is the implementation of 3. If the quantified variable v3 is not in
the variable list, the result is the input DFA as such. If vg is the only element in the variable
list, then a single-state DFA with no variables is made whose only state is final if and only if
the input DFA has a final state.

From now on we discuss the remaining cases. The basic idea was explained in Section 2.2.
The states of the resulting DFA are pairs (v, A), where v is the variable whose turn is next,
and A is a subset of the states of the original DFA. To quickly see whether a newly constructed
(v, A) has been constructed also before, the program stores the (v, A) in a growing hash table
similarly to Section 5.4.

A list set represents a set by listing its elements explicitly in an array, linked list or similar.
A Dbit set has a bit for each element in the universe, telling whether or not the element is in
the set. Our program represents a set of states as an ordered list of state numbers in an array
as long as it consumes less memory than the bit set representation. Then it switches to the
bit set representation. This is important, because which representation is better, depends on
the input. Changing the program to only use the bit set representation made it run out of
memory on other values of ¢ in Figure 6 than 3600 and 3602. Changing it to only use the list
set representation made it run 127 seconds on the input in Figure 3, while originally the same
task took 0.01 seconds.

In the single-bit representation, many minimized DFAs contain a “reject-all” state that is
not final and whose outgoing transitions lead to itself. The existence of reject-all states when
there are more than one free variable depends on the extension bits being always 0. Although it
is not said above, the reject-all state is not stored in A. The effect of switching this optimization
off is shown on line “no rej. st.” in Figure 6. That it did not affect the maximum DFA size is
because the biggest DFAs always came from the computation of A, etc., instead of 3.

6 Conclusion

Although Presburger arithmetic does not allow multiplication between variables, a decision
algorithm for it facilitates providing automatic feedback on versatile problems in educational
use. Automata-theoretic algorithms make it possible to also use bitwise operations which, in
turn, allow testing predicate logic laws on unary predicates.

A fast enough implementation can be made using automata-theoretic algorithms and heuris-
tic optimization tricks. The use of two different methods for storing sets of states, and auto-
matic switching between them, during the computation of 3 proved particularly important.
The single-bit approach with a modified representation of negative numbers simplified the im-
plementation. It made it feasible to use heuristics that would have been infeasible or at least
much more difficult to implement with two’s complement representation.

Declaration on the use of Artificial Intelligence. Artificial intelligence has been used
only for finding relevant literature and for improving the English language.
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