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Abstract

We provide a translation from problems of the Thousands of Problems for Theorem
Provers (TPTP) problem library to LEAN expressions. This makes the TPTP library
available as a benchmark set for proof automation tactics inside LEAN. We evaluate our
approach and implementation by comparing our performance with that of the LEAN com-
piler on equivalent inputs. Furthermore, we use our framework to compare different LEAN
proof automation tactics.

1 Introduction

The Thousands of Problems for Theorem Provers (TPTP) world [21] is the established infras-
tructure used by automated theorem provers (ATPs) for development and serves as an experi-
mental playground [20]. The TPTP problem library provides instances for different logics, most
notably (un)typed first-order logic, first-order arithmetic, and higher-order logic. Higher-order
logic has been the reasoning home for interactive theorem provers (ITPs), acting as a meta-logic
equipped with a rich type system. The genericity of such logical expressivity is evidenced by, for
example, the increasing popularity of the LEAN interactive theorem prover [9], with emerging
playgrounds for mathematics [22, 1], code reasoning [4], and cloud authorization [8]. Our work
bridges ATP/ITP playgrounds: we provide access to the TPTP ecosystem within LEAN and
turn the TPTP problem library into a benchmark for automation tools used within LEAN.
Converting ATP problems into ITP goals, and vice-versa, is an actively researched area. For
instance, LEAN-SMT [13] makes use of the satisfiability modulo theories (SMT) solver cvch [3]
to solve goals in LEAN. On the other hand, LEAN-AUTO provides an encoding of LEAN’s
dependent type theory into higher- and first-order logic, allowing this encoding to express goals
as inputs for an ATP. LEAN-AUTO can use different ATPs as a backend. DUPER [0] is an ATP
written in LEAN and provides one such backend for LEAN-AUTO. Another backend of LEAN-
AUTO is the ATP ZIPPERPOSITION [7] for which LEAN-AUTO provides a parser of the Thousands
of Solutions from Theorem Provers (TSTP) syntax output [19] by ZIPPERPOSITION, in order to
perform proof replay in LEAN. One of the main challenges when using ATPs to solve goals in
an ITP is premise selection, i.e., the choice of the known facts to include as axioms to the ATP.
Tools which provide premise selection and make calls to ATPs are often referred to as hammers.
In IsABELLE/HOL [15] a prominent hammer is given by SLEDGEHAMMER [16] which uses most
notably the ATP VAMPIRE [5] as a backend. For proof reconstruction, ISABELLE/HOL uses
the result of the ATP backend as a further relevancy filter to extract a list of axioms that are
sufficient to prove the goal, and then uses the ATP METIS [10] designed specifically to integrate
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with ISABELLE/HOL’s kernel. In LEAN a hammer is provided by LEANHAMMER [23] which
makes use of AESOP [12], DUPER, GRIND and LEAN-AUTO.

LEAN’s standard library provides some automation in the form of tactics [11]. SIMP is a
tactic that iteratively applies rewrite-rules until a fixed point is reached. GRIND is a tactic that
performs SMT-inspired reasoning. In both cases the set of applicable rules can be extended or
restricted by the user.

Our contributions. We extend the landscape of ATP/ITP interplay by connecting TPTP
and LEAN, as follows. We develop a translation from TPTP instances to statements of the-
orems in LEAN (Section 3), by parsing (TPTPPARSER) and elaborating (TPTPTRANSLATOR)
TPTP problems into LEAN theorems. Our translation takes place within LEAN, minimizing
the dependency on external tools and making it easy for the LEAN community to utilize our
translation (Section 2). We use the TPTP problem library as a benchmark for proof automa-
tion tools available in LEAN and compare them to the state-of-the-art in automated theorem
proving (Section 4). Our experiments show that the automation tools available in LEAN prove
thousands of problems, albeit just a fraction of what the state-of-the-art automated theorem
provers can achieve.

2  Our Implementation from TPTP to LEAN

Within the context of an ATP, each TPTP problem can be viewed as a statement that can
either be proven or refuted. Provable instances are those of main interest in the context of
an ITP. To accommodate such instances in LEAN, we (i) develop TPTPPARSER and translate
the abstract syntax tree of TPTP into a LEAN object of a type capturing the TPTP syntax.
Further, we (ii) devise TPTPTRANSLATOR and use elaboration to turn LEAN expressions into
LEAN theorems corresponding to TPTP theorems. We summarize below the implementation
behind our approach.

Implementation. Our approach is implemented in the LEAN libraries TPTPPARSER and
TPTPTRANSLATOR and is available at https://doi.org/10.5281/zenodo.20679549. The
parser of TPTPPARSER is written in C, using the lexer FLEX and the parser generator BISON.
To communicate with LEAN we make use of LEAN’s foreign function interface (FFI). The
library TPTPTRANSLATOR has TPTPPARSER as a dependency.

(i) TpTPPARSER. The output of our parser is directly a LEAN object which is constructed by
the C parser by making use of the reverse FFI. We further use the FFI to call the parser from
inside LEAN. Our resulting tool is the LEAN library TPTPPARSER which provides a function
to parse files in the TPTP format to their corresponding abstract syntax tree representation.
Our parser handles all of the TPTP syntax constructs given in TPTP revision v9.2.1.0. One
technical detail is that our implementation depends on the LEAN runtime and thus needs to
be linked against the appropriate libraries. For the intended use case of using the library when
running LEAN (interactively) via LAKE, linking is done automatically dynamically. However,
if one wishes to produce a standalone binary one may link against TPTPPARSER statically by
also linking against the LEAN runtime statically, which would result in rather large binaries.
One possible alternative to using the FFI would be to make use of LEAN’s own parser which
is in principle made to be highly extensible. In the case of the TPTP language this, however,
would require the use of custom tokenizers', a decision which we chose not to take.

1For instance, TPTP has special identifiers with a leading single quote. LEAN’s tokenizer interprets single
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% Example of a TPTP problem, using the TPTP syntax
fof(al, axiom, ! [X] : p(X)).
fof (b, conjecture, p(a)).

Figure 1: Ilustrative TPTP example.

(ii) TPTPTRANSLATOR. The LEAN object constructed by our TPTPPARSER corresponds to
the abstract syntax tree of the TPTP input file. This LEAN object is next translated to a
LEAN expression by making use of the metaprogramming functions provided by the LEAN
standard library. This step of our implementation is realized within our LEAN library TpPTP-
TRANSLATOR: our library now provides functions to convert TPTP problem library instances
from the first-order form (FOF), clause normal form (CNF), and typed first-order form (TFF)
problem categories to LEAN.

3 Translating Thousands of Problems to LEAN

We discuss the main steps behind our TPTP/LEAN translation approach materialized in the
TPTPPARSER and TPTPTRANSLATOR libraries of Section 2. For the ease of understanding, we
illustrate our approach using the TPTP problem instance of Figure 1.

TPTP syntax to LEAN objects — TPTPPARSER. When LEAN processes a file, it first
parses the file to an object of type Lean.Syntax. This syntax tree is generic and allows the
labeling of nodes with arbitrary names. Similarly to this behavior, when we process a TPTP
file, our TPTPPARSER converts the file into its abstract syntax tree as defined by the TPTP
language specification. Internally in TPTPPARSER,

e we define for each nonterminal symbol of the (TPTP) grammar an inductive type, and
o the result of the translation is an object of the starting symbol tptp_file.

In contrast to LEAN’s internal representation of the LEAN syntax, our translation approach
is to have the (TPTP) grammar reflected in the types. One advantage of this approach is
that when operating on the resulting abstract syntax tree (AST), LEAN’s type system forces
one to handle all cases. However, this leads to rather long compile times when compiling our
TPTPTRANSLATOR library using the LEAN compiler, but this does not seem to pose a large
overhead during runtime (see Section 4). One of the reasons of the long compile times is the
presence of mutual inductive types with many member types, the largest of which consists of
32 types.

Example 1. For the example of Figure 1, TPTPPARSER produces an abstract abstract syntax
tree whose partial structure is given below:

TptpFile.mk
[TptpInput.annotatedFormula
(AnnotatedFormula.fofAnnotated ...),
TptpInput.annotatedFormula
(AnnotatedFormula.fofAnnotated ...)]

quotes always as delimiters of Char literals.
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Elaborating LEAN expressions — TPTPTRANSLATOR. When LEAN processes a file, the
syntax is expressed in terms of Lean.Syntax objects. This syntax is transformed into LEAN
expressions, i.e., objects of the type Lean.Expr, by a process referred to as elaboration. Similarly,
our TPTPTRANSLATOR converts the abstract syntax tree obtained from TPTPPARSER to LEAN
expressions, making use of the standard library functions provided by LEAN. We refer to this
process within TPTPTRANSLATOR also as elaboration, as it also provides the transition from
syntax to expression objects.

We convert the abstract syntax tree of a TPTP instance into a LEAN expression, as follows.
Taking a simplified view of a TPTP problem library instance, a TPTP problem consists of any
number of axioms Aq, ..., A, and up to one conjecture B; in case B is not explicitly stated, we
consider it to be the truth value false (1). The semantics encoded in a TPTP problem file is
essentially expressed by the question whether axioms A; imply the conjecture B, i.e., whether

Ai,..., A, FB.

Let us denote by [-] our translation function [-] that maps TPTP formulas to LEAN expres-
sions. Then, the type corresponding to the TPTP instance is the arrow type:

[A1] = ... = [An] — [B]-

In the first step of the elaboration process of TPTPTRANSLATOR, we construct an expression
for each annotated formula of the TPTP problem instance. During this process, a metavariable
of the correct type is introduced for each symbol appearing in the TPTP instance. The result
of this first translation step is a list of LEAN expressions containing metavariables.

Example 2. For the example of in Figure 1, TPTPTRANSLATOR yields the following state:
o Axioms: [(al : V (X : 7a), 7p X)]
e (Conjecture: 7p 7a

The types of the metavariables are 7. : Type, ?p : ?ac — Prop and ?a : ?a.

The second step of the elaboration process of TPTPTRANSLATOR consists of creating
an arrow type, beginning with the types and symbols appearing in the TPTP instance,
and then followed by the axioms and the conjecture, where the metavariables are then as-
signed their bound expressions. This is achieved using the LEAN metaprogramming functions
Lean.Meta.withLocalDecls, Lean.Meta.mkForallFVars, and their variants. The resulting
LEAN proposition then corresponds to the (potential) theorem given by the TPTP instance.

Example 3. For the example of Figure 1, TPTPTRANSLATOR derives the following type

V (a : Type) [Nonempty al (p : @ — Prop) (a : a), (a1l : V (X : ), pX) — p a

Example 3 highlights one technical detail of our translation: the typeclass constraint for the
first-order type which we named «. Since first-order logic requires all models to have a nonempty
universe, we must encode this also in our translation. Since TPTP is inherently classical on the
instances we considered, we chose the LEAN typeclass Nonempty instead of Inhabited.

The TPTP instances we considered are based on classical logic. This entails the following
technical detail for TFF problem instances of TPTP. Namely, TFF problems commonly use
an interpreted ternary function symbol $ite corresponding to an if-then-else expression, where
the first argument is a boolean condition and this, in TPTP, is expected to be an expression
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evaluating to the interpreted type $o. We map this condition to Prop, as $o is also the type of
predicates in TPTP. As we translate TPTP expressions $ite directly to LEAN if ... then ...

else ... constructs, we make propositions appearing as the first argument of $ite decidable;
we achieve this using Classical.propDecidable in LEAN.

For formulas in TFF, the TPTP standard [18] defines some interpreted symbols. Our TPTP-
TRANSLATOR makes an effort to translate these interpreted symbols to semantically meaningful
LEAN expressions. Most of the interpreted symbols are polymorphic over the interpreted types
of integers, rationals and reals. In LEAN, polymorphism is expressible in terms of typeclasses
and TPTPTRANSLATOR follows this LEAN approach. For operations such as the basic arith-
metic operations of $sum, $difference, $times and $quotient we make use of the existing LEAN
typeclasses HAdd, HSub, HMul and HDiv, respectively. For other function symbols for which no
suitable typeclasses exist, we define our own typeclasses and provide suitable instances for the
supported types. One symbol for which we were not able to carry out (yet) the translation
meaningfully is $to_rat which is not (totally) defined on real numbers. Since LEAN does not
unfold definitions automatically, we provide a tactic tptp_translator_rw_defs that unfolds all of
our definitions, exposing the underlying definitions of the LEAN standard library and M ATHLIB.

4 Evaluation

For the ease of readability and experimental evaluation of our approach, we denote by TPTP-
LEAN our overall translation approach from TPTP to LEAN, and emphasize that TPTPLEAN
arises from TPTPPARSER and TPTPTRANSLATOR. We evaluated our TPTPLEAN translation
approach using a two-fold goal. Firstly, we evaluate the performance of our parser TPTPPARSER
and of our elaborator TPTPTRANSLATOR by comparing it with the performance of LEAN. Sec-
ondly, we use our TPTPLEAN translation of TPTP problem instances in order to evaluate
existing automation tactics available in LEAN: that is, we use the resulting LEAN theorems
generated by our translation TPTPLEAN and evaluate existing LEAN tactics on these LEAN
theorems.

Benchmark set. We considered 20 394 problems from the TPTP library, taking the instances
from the categories of first-order form (FOF) (9259 instances), clause normal form (CNF) (8344
instances), typed monomorphic first-order form (TF0) (2113 instances) and typed polymorphic
first-order form (TF1) (678 instances).

Experimental setup. All our experiments were carried out using an AMD Epyc 7502
2.5 GHz processor and 1TB RAM. Experiments were run with a memory limit (as indi-
cated later); we limited the number of concurrent instances to 64, which corresponds to
the number of available cores in our experimental setting. The LEAN toolchain we used is
leanprover/lean4:v4.29.0. LEAN was run with the command line options -DmaxHeartbeats
=0 and --tstack=16000000.

4.1 Performance

We compare the performance of our parser TPTPPARSER and of our elaborator TPTP-
TRANSLATOR with those of LEAN as follows. Given a TPTP benchmark instance, we run
the LEAN compiler on a file containing a theorem whose type is the pretty-printed LEAN ex-
pression that our translation generated on the considered TPTP problem. This provides a
comparison with an approach where the TPTP instance would be translated to LEAN syntax
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by some other means. We use the LEAN compiler’s option --profile to obtain the time spent
on parsing and elaboration. The results are shown in Figure 2, with the data being collected by
running our translation approach and LEAN with a 60 s timeout. We note that not all instances
that could be elaborated by our translation method within the timeout are shown, since in the
timeout we also included the time it takes for pretty-printing the generated expression which
can take a significant amount of time for large instances. The times shown in the graph are
only parsing and elaboration times and do not include pretty-printing.

By reflecting on the parsing results of Figure 2, the LEAN parser is more efficient on small
instances than our TPTPPARSER; yet, for large instances, our TPTPPARSER performs better.
For the speedup of parsing with TPTPPARSER when compared to LEAN we observed quartiles
Q1 = 3.8, Q2 = 8.6 and Q3 = 21.0. The TPTP instance with the largest speedup for parsing
was SEU406+2 with a speedup of 3073.8 On 4.8% of instances LEAN parsed the input faster
than TPTPPARSER, where the greatest speedup observed was for the TPTP instance ANA013-2
with a speedup of 11.0.

For elaboration, the difference between our TPTPTRANSLATOR elaborator and LEAN is not
quite as pronounced, but it appears that for most instances our TPTPTRANSLATOR elaborator
is faster. For some instances, our approach elaborates the expressions much faster than the
LEAN elaborator. For the speedup of elaboration with TPTPTRANSLATOR when compared to
LEAN we observed quartiles Q1 = 1.4, @2 = 2.0 and @3 = 2.5. The instance with the largest
speedup for elaboration was ITP353_1 with a speedup of 104.6. On 7.0 % of instances LEAN
elaborated the expressions faster than TPTPTRANSLATOR, where the greatest speedup observed
was for instance LCL223-3 with a speedup of 3.4.

Parsing Elaboration

110
o)
Lo 5
107 107* 1072 01 10=* 1072 107' 10° 10
tTPTPLEAN [S] tTPTPLEAN [S]

Figure 2: A comparison of the time spent generating LEAN expressions corresponding to TPTP
problem instances, using our TPTPLEAN translation approach based on our parser TPTP-
PARSER and elaborator TPTPTRANSLATOR. The x-axis corresponds to the overall time spent
by our parser and elaborator to parse a TPTP file and construct the corresponding LEAN ex-
pression. The y-axis corresponds to the time spent by LEAN to parse and elaborate a LEAN file
corresponding to the pretty-printed output of the LEAN expression our translation constructed.
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4.2 Experimental Comparisons and Results

Given our benchmark set, we were interested to evaluate state-of-the-art theorem provers that
natively parse TPTP against the various automation tactics for first-order reasoning available
in LEAN. In particular, we compared the LEAN tactics supporting first-order reasoning against
the ATP VAMPIRE [5]. Given a TPTP problem instance, we thus ran VAMPIRE on the TPTP
problem, as well as ran LEAN tactics on the LEAN theorem generated by our TPTPLEAN
translation. The VAMPIRE version we used has a GIT commit hash 9eeba91d14fa99f7fe98
4ble27ae26e4c323bc3f. VAMPIRE was run with the command line options --proof off and
--mode portfolio. Our experiments shown in this section were performed with a 60s timeout
and a memory limit of 16 GB. For LEAN tools startup and import times are excluded from the
times reported below, but are included in the timeout. The LEAN tools we included in this
analysis are GRIND, DUPER, LEAN-AUTO, LEAN-SMT and SIMP (see Section 1).
For the LEAN proofs we essentially used LEAN to check files of the form

example : load_tptp "/path/to/tptp/instance" := by tac

where the tactic tac is simply simp for SIMP and for the other LEAN-based tools is the tactic
sequence

try tptp_translator_rw_defs
try intros
try tac’

where tac’ is grind for GRIND, duper [*] for DUPER [6], smt [*] for LEAN-SMT [13] and
auto [*] for LEAN-AUTO [17]. Note that the tactic tptp_translator_rw_defs is used to unfold
all our definitions that are used for interpreted function symbols of TPTP. In the case of SiMP
this is not needed since we marked all definitions with the simp attribute.

Table 1 shows the total number of TPTP instances solved by the different tools we consid-
ered. The instances shown for VAMPIRE are only those where VAMPIRE reported a refutation,
i.e., does not include those instances which VAMPIRE proved to be satisfiable, removing a total
of 1454 instances on which VAMPIRE terminated under the given resource constraints.

Tool FOF CNF TFO0 TF1

VAMPIRE 6408 5322 1370 309
GRIND 1754 1029 508 162
DuPER 1881 1708 253 86

LEAN-SMT 3010 2493 461 0
LEAN-AUTO 1546 1624 182 28
Simp 91 7 176 3

Table 1: Total number of TPTP problem library instances solved within the time limit of
60s and a memory limit of 16 GB. For all tools but VAMPIRE, the TPTP problems have been
translated to LEAN theorems using our translation.

Figure 3 shows the number of instances solved as a function of time. For the LEAN-based
automation tactics, the time shown is measured starting with reading the input file and ending
once the chosen tactic has terminated. For VAMPIRE we used portfolio mode and disabled proof
output. One striking feature is that SIMP is able to solve many instances in a short amount of
time. Some of those instances were propositional tautologies and others were instances that had
an equality as the main goal which holds definitionally which SiMP is able to solve very quickly.
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Figure 3: Cumulative number of TPTP instances solved as a function of time for the different
tools as a function of time.

In fact, for the cases where the theorem holds purely by definitional equality, also our custom
tactic tptp_translator_rw_defs solves this goal immediately. However, the implementation of
that tactic is done via simp only [...], where the ellipsis is a list of all our defined symbols for
interpreted function symbols, which incurs a large overhead compared to a direct call of simp,
where the definitions have been marked with the simp attribute.

While GRIND, DUPER, LEAN-SMT and LEAN-AUTO solve a comparable number of instances
in the available time, they have different strengths, as shown in Table 2. When compared to
VAMPIRE, we note the superiority of equality reasoning based on resolution and superposition [2,
14]: for example, VAMPIRE solved 9989 problems that GRIND could not solve, whereas GRIND
solved 33 problems that VAMPIRE failed proving.

Interestingly, Table 2 shows that SIMP solves some instances which other LEAN tools were
not able to solve. One issue is the usage of intros above which converts goals of the form + hi
— ... — hn — cinto goals of the form h1, ..., hn + c. For some instances, after applying the
tactic intros, the tactic simp is no longer to solve the goal. However, we also observed instances
for which the usage of intros before applying one of the tools’ custom tactic was crucial. Since
having the hypotheses separated from the conjecture is closer to the spirit of TPTP we decided
to use intros for all tools except SIMP. Section 4.3 further details the effect of using intros.

4.3 Experimental Analysis of Using the intros Tactic

We finally investigate the impact of using the intros tactic for the LEAN tactics we consider.
The tactic sequence we employ when using intros is

try intros
try tac

where tac is grind for GRIND, duper [*] for DUPER, smt [*] for LEAN-SMT, auto [*]
for LEAN-AUTO, and simp [*] at * for SIMP. In the case of GRIND, DUPER, and LEAN-
SMT, LEAN-AUTO, GRIND the tactic sequence is prepended with our unfolding tactic try
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VAMPIRE GRIND DUPER LEAN-SMT LEAN-AUTO  SIMP

VAMPIRE - 9989 9482 7533 10030 13133
GRIND 33 - 1107 662 1371 3205
DUPER 1 1582 - 782 706 3712
LEAN-SMT 88 3173 2818 - 3156 5763
LEAN-AUTO 1 1298 158 572 — 3216
SIMP 1 29 61 76 113 -

Table 2: Comparison of tool advantages regarding TPTP instances solved within a 60 s timeout.
An entry n in row R and column C' indicates that tool R solved n instances that tool C' was
unable to solve.

tptp_translator_rw_defs. The case without intros is the same as above with the tactic try
intros removed and in the case of SIMP the tactic simp [*] at * is replaced by simp. Note
that the results shown in the main text use intros for GRIND, DUPER, and LEAN-SMT, LEAN-
AUTO, and GRIND, whilst not using intros for SIMP. The reason for not using intros for SIMP
is that we wanted to contrast the results with a simple automating tactic such as simp.

In Table 3 we show the number of TPTP problem library instances solved by the different
tools for both the tactic sequence with intros and without intros. In all cases the number of
instances solved with intros is greater, which justifies the choice of this sequence in the main
text. However, the table also shows that by using intros some instances are no longer solved
within the resource constraints given. This effect is most pronounced for DUPER, LEAN-SMT
and SIMP.

Tool w/o w/ w/oAw/ w/Aw/o

GRIND 3372 3452 18 98
DupPErR 3850 3930 125 205
LEAN-AUTO 3380 3381 1 2
LEAN-SMT 5938 5975 151 188
SimP 277 565 77 365

Table 3: Comparison of the number of TPTP problem library instances solved with or without
the intros tactic by different LEAN tools within a 60s time limit and a 16 GB memory limit.
The second column shows the number of instances solved without using the intros tactic and
the third column shows the number of instances solved with using the intros tactic. The fourth
column show the number of instances that were solved with using the intros tactic but not
without using the intros tactic and the fifth column show the number of instances that were
solved without using the intros tactic but not with using the intros tactic.

Figure 4 shows a comparison of the runtimes for the different LEAN tools with and without
using the intros tactic.
5 Conclusions
Our work is a step in furthering the interaction of ATPs and LEAN. By making the TPTP

problem library available in LEAN it can serve as a benchmark for automation in LEAN. We
compared different tools for automation in LEAN to showcase their strengths on TPTP problem
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Figure 4: Comparison of the runtime for solving the instances with or without using the intros
tactic. Per instance there was a 60s time and a 16 GB memory limit.

instances. However, comparing the results to those of the ATP VAMPIRE indicates that there is
room for improvement, possibly by leveraging external tools. Future work includes extending
our translation approach to higher-order and dependently typed logic, making all of the TPTP
problem library available in LEAN. One potential use case of our translation approach is to
facilitate proof reconstruction when using an ATP as a hammer that outputs its proof in the
TSTP format.
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