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Let X be a nonempty finite set and v be a mapping 2% — R such that v()) = 0. The
Moébius transform [§] of v is the only solution

m:2¥ 5 R

of the equation
v(A) = Z m(B), for each A € 2%,
BCA
We will denote the Mdbius transform of v by m,. The function m, can be directly recovered
from v as
m,(A) = Z (=1)"\Bly(B), for each A € 2%, (1)
BCA

Conversely, let m : 2% — R be such that m(()) = 0. Put

vm(4) = Z m(B), for each A € 2%, (2)
BCA

Then it follows that m, = m.

Our main goal is to find an analogue of the Mobius transform on MV-algebras [4]. To this
end, replace the boolean algebra 2% with a semisimple MV-algebra Myx. There is no loss of
generality in assuming that X is a compact Hausdorff space and My is a separating MV-algebra
of continuous functions over X. Since every Mobius transform m, corresponds to some finitely-
additive measure on 22X7 the many-valued counterpart of m, will be an MV-algebraic measure
or state [7,[I]. Several problems arise in passing to a generalization of the combinatorial Mobius
transform. How to replace the mapping

Ae2X »{Be2X|BCA}e2” (3)

with a map between a pair of MV-algebras? Most importantly, what is the MV-algebra on
which a generalized Mobius transform lives?

We start with the construction of an MV-analogue of 22 Observe that can be viewed
as a mapping sending each A € 2X to the set of principal filters to which A belongs. Due to the
Galois connection between closed subsets of X and the filters in the MV-algebra Mx that are
intersections of maximal filters, we may replace the family of such filters with Kx, the set of all
closed subsets of the compact Hausdorff space X. In the following we always assume that the
hyperspace Kx is endowed with the topology whose subbasis is formed by the following sets:

At ={BeKx|BCA},
A~ ={BeKx|BnA#0},
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where A ranges in the open subsets of X. The resulting topology on Kx is called the Vietoris
topology and the space Kx is the Vietoris space of X. See [2, Section 2.2] or [0, Section III 4]
for the basic properties of the Vietoris topology and other hyperspace topologies.

Proposition 1. Let X be a compact Hausdorff space.
(i) The Vietoris space Kx is compact and Hausdorff.

(i1) If X is metrizable by a metric d, then the Vietoris topology coincides with the Hausdor(f
metric topology on Kx induced by d.

(iii) The mapping x — {x} is a homeomorphism of X and the space {{z} | v € X } considered
in its subspace Vietoris topology.

(iv) Let g : X = Y be a continuous mapping into a compact Hausdorff space Y. Then the
mapping § : Kx — Ky sending each A € Kx to its image under g is continuous for the
Vietoris topologies.

In this contribution we generalize some results from [6], where only the case of second-
countable (and thus metrizable) space X is considered. The property (ii) thus guarantees that
this is an extension of our previous approach. First, we extend to MV-algebras. Consider
the mapping

a€ Mx.

pa(B) = {Ilnin{a(x)|m€B} (ZJBiB@EKX’

Loosely speaking, the number p,(B) determines a degree to which a belongs to the filter gen-
erated by the closed set B.

Proposition 2. Let a € Mx. The mapping
pa Kx —[0,1]
sending each B € Kx to pa(B) is continuous in the Vietoris topology.
Proof. We write p, = mino a, where @ is as in Proposition iv) and
min : Kpg,1; — [0, 1]

takes B € Kjp,1) to its minimal element, where the hyperspace K| 1) is endowed with the Vietoris
topology and [0, 1] has the usual Euclidean topology. Since @ is continuous, we need only show
that min is continuous. This is carried out routinely by checking that, for each b, ¢ € [0, 1], the
pre-images of subbasic open sets [0,b) and (c, 1] under min are subbasic opens in Kjg 1. O

Let C'(Kx) be the MV-algebra of all continuous functions x — [0, 1].
Proposition 3. The mapping p:a € Mx — p, € C(Kx) has the following properties:
(i) po =0, p(1) = 1;
(ii) p is injective;
(111) pasb > Pa D po;

() if ar,...,an € Mx, then ppn o, = NiZy pa, -
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Thus p is an embedding of the meet-semilattice reduct (Mx,A,1) of Mx into the meet-
semilattice (C(Kx), A, 1). Let par, be the corresponding image of Mx. Instead of the whole
MV-algebra C(Kx), we can use the MV-algebra generated by the meet-semilattice (ppry, A, 1),
but its structure does not seem more clear. There is, however, a direct description of each
element of pys, based on the values in its range. Let a € Mx and y € a(X). Then

pa'(y) ={B e kx \{0}|a(B) C[y.1], y € a(B)}.

It is easy to see that p,'(y) is a lattice of sets, which is a closed subset of Kx. Hence each
function p, attains a constant value over some sublattice of KCx.

Since the MV-algebra C(Kx) is our analogue of the domain for the Mébius transform, which
can be identified with a finitely-additive measure, we will consider as a plausible candidate for a
generalized Mobius transform any bounded measure m : C(K') — R in the sense of [I], where
K’ = Kx \ {0}. Then, observing the identity (2), put

vm(a) =m(p,), a€ Mx. (4)

As proved in [6], the function vy, has the following form:

1
venla) = / (b1 — o) (a (1)) dt, (5)

where each f; : Kx — R is the so-called totally monotone capacity [3).

Theorem 1 ([6]). Letv: Mx — R be such that

o) = [ (51— B (a7 (1)

for some totally monotone capacities B;. Then there exists a unique bounded measure m, on
C(K'y) such that v(a) = my(pa), for every a € Mx. Moreover, we have m,_, = m, for every
bounded measure m on C(K).

The previous theorem singles out the class of functions v : Mx — R having a generalized
Mobius transform: they are exactly those functions v fulfilling the equation (5] for some Choquet
capacities 81 and (2. In particular, if v has the generalized Mobius transform, then v must be
a difference of two totally monotone functions on Mx. Although we were not able to describe
the class of such functions in purely algebraic terms, we can identify some of its important
members. The following functions possess the generalized M&bius transform:

(i) Each homomorphism of M into the standard MV-algebra [0, 1].

(ii) Every bounded measure and, a fortiori, every state on Mx.

(iii) Every function vg(a) = min{a(z) | z € B}, where B € K.
)

(iv) Each convex combination of functions from (iii) and their pointwise limits.
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