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Abstract

A depth-averaged random walk scheme is applied to investigate the process of solute
transport, including advection, diffusions and reaction. Firstly, the model is used to solve
an instantaneous release problem in a uniform flow, for which analytical solutions exist.
Its performance is examined by comparing numerical predictions with analytical
solutions. The advantage of the random walk model includes high accuracy and small
numerical diffusion. Extensive parametric studies are carried out to investigate the
sensitivity of the predictions to the number of particles. The result reveals that the particle
number influences the accuracy of the model significantly. Finally, the model is applied
to track a pollutant cloud in the Thames Estuary, where the domain geometry and bed
elevation are complex. The present model is free of fictitious oscillations close to sharp
concentration gradients and displays encouraging efficiency and accuracy in solving the
solute transport problems in a natural aquatic environment.

1 Introduction

Pollutant transport in various water bodies has been studied intensively since it can give rise to a
range of serious environmental problems and cause significant economic loss (Rajar, 1997). In natural
environments, many water bodies can be described as shallow water, such as estuarine, coastal and
inland flows. The horizontal scale of these flows is normally much larger than its depth. Therefore, it is
assumed that the solute is well-mixed vertically over the water column, allowing a depth-integrated
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approach to investigate the solute transport process. This paper focuses on the solute transportation in
shallow water bodies specifically.

With the development of computing techniques, various modern numerical schemes have been
applied to such problems (Lin, 1997) (Gupta I, 2004) (Begnudelli L, 2006) (Benkhaldoun F, 2007).
These schemes can be classified into either Eulerian or Lagrangian methods. Previously, most of the
research is based on Eulerian approaches to solve the standard advection-diffusion equation using finite-
difference or finite-element techniques (Liang D F. R., 2006) (Mingham C G, 2001). However, it has
been proved that these grid-based approaches are flawed in resolving steep concentration gradients, and
trend to produce numerical diffusion (Liang D F. R., 2006). By contrast, Lagrangian methods use
discrete massless particles as indicators to represent solute or pollutant clouds, and these particles are
tracked independently in flows. Thus, the Lagrangian approach can usually yield an accurate estimation
(Zhang, 2007). Nowadays, thanks to the dramatic progress in the quality and speed of computers, the
computational price for the Lagrangian approach could be well paid. Its merits, such as conservative
and free from artificial diffusion, become more and more outstanding. Compared with Euler methods,
the Lagrangian methods are better suited to the simulation of complex phenomena, where high
contamination gradients are involved.

The computational cost for Lagrangian approaches depends on two factors: the number of particles
to present the pollutant cloud, and the size of the computational time step that the model applied. The
choice of these two factors is crucial to the efficiency of the random walk model, and it is necessary to
manually tune the number of particles and the size of the time step. This paper investigates the
sensitivity of the predictions to the particle number in the depth-averaged random walk model. Firstly,
the test cases consider the instantaneous release problem in uniform flows, which involves both the
advection and diffusion phenomena. Then, the paper describes the applications of the random walk
model to simulate a fictitious release problem over a real terrain.

2 Depth-averaged Advection-diffusion equation

The governing formula of solute transportation in water bodies is the advection-diffusion equation.
Advection is the transportation of a substance by a fluid due to the fluid’s bulk motion. In this process,
we assume that the solute material exactly follows the flow. Diffusion is the process whereby mass
transports from higher concentration to lower concentration in flow due to random movements. It is
assumed that the diffusive substances would not affect the motion of flows. In other words, the flow
field is independent of the existence of the diffusive materials. With these assumptions, the conservation
of solute mass is presented as:
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where ¢ is time; d is the water depth; c is the water quality indicator, representing the depth-averaged
concentration of the solute; u# and v are the velocity components along x and y-axis respectively; D,
Dsy, Dyx and D,y constitute the dispersion-diffusion tensor of depth-averaged mixing, whose principal
direction coincides with the flow direction; gs is the sources term of the governing equation, representing
the increase (¢s > 0) or decrease (¢s < 0) in the total amount of the solute.
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3 Depth-averaged random-walk method

3.1 Equation reformation

In this paper, Eq. 1 is recast in a form that utilises a consistent particle-tracking algorithm (J6zsa,
1989). A new concentration variable, C = cd, is introduced. Then, the depth-averaged advection-
diffusion equation can be written as:
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The source term ¢s in Eq. 1 is neglected in Eq. 2. The concentration C is considered as a probability
density function. The modified advective velocities in Eq.3 and Eq.4 allow this particle-tracking scheme
to simulate diffusion using a consistent random-walk technique. Then, the random walk model is carried
out by the advective transport and the diffusive transport for each time step.

3.2 Advective transport

As most of the input flow field is solved by a grid-based method, it is necessary to evaluate the
advective velocities in Eq. 3 and Eq.4 at each position of particles. The advective velocities, u and v,
are computed using Taylor series expansions up to second-order about the nearest non-zero velocity
node in the grid cell containing the particle. Then, a second-order accurate iterative technique is used
to calculate the new particle position as:

xX,(t+AM)=x (1) + UM (5)

y,(t+A) =y () +V At (6)

3.3 Diffusive transport

The particles are subjected to diffusion after the advective stage of a time step. The random
streamwise and transverse velocity components are generated as:

A_l , DS ngdu* (7)
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Ul =r 2D,
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The random numbers r; and 72 are independent and normally distributed with zero mean and
standard deviation of unity; Ds and D: are the streamwise and transverse diffusion coefficients measured
parallel and perpendicular to the local velocity vector, respectively; &s and & are dimensionless constants
for streamwise dispersion and transverse diffusion respectively. For open channel flows in natural
environments, the typical values are & = 13.0 and & = 1.2 (RA, 1991). The shear velocity u« can be
calculated as Eq. 9 using Chézy coefficient.

u, —ﬁ-\/u2 +v ©

" Chézy

The relationship between the streamwise-transverse system and Cartesian coordinate can be
expressed as:

D, D, cos@ sin@ || D, 0 |[cosd -sinf

D, D, —sin@ cos@ || 0 D, | sind cosd
where 0 = tan~!(v/u ) is defined as the angle between the local flow direction and the x-axis. Then, the
transformation between the two coordinates can be expressed as:

D_ =D, cos’ 6+ D,sin’ 0 (11)
D, =D, =(D,-D,)sinfcosd (12)
D, =D, sin’ 6+ D,cos’ 0 (13)
U, =U;cos@—-U,sin6 (14)
U,=U,;sinf+U, cosd (15)

Finally, particle’s new coordinates after one-time step can be evaluated as:

x,, =x,(+At)+U At (16)
Voow =V, (t+ A1) +U At (17)
3.4 Boundary condition

Particles follow a “random walk” tratrectory with the flow inside the computational domain. The
boundary treatment is designed to prevent them from crossing solid boundaries. In this study, the fully
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reflective boundary condition is applied to particles that penetrate the solid boundaries after
implementing Eqs. 16-17. When the time step is not large, such a treatment then reflects the particles
back into the computational domain.

4 Model verification

The present test case is an instantaneous release problem in uniform flows. As shown in Figure 1,
the direction of the uniform flow u = 1 m/s is along the x-axis (6 = 0) and the water depth is set to be H
=1 m. The test domain extends from 0 to 800m in both the x and y directions to eliminate boundary
effects. The total amount of solute material M = 233.06 kg is released suddenly at the location (xo, y0)
= (0, 400 m) when ¢ = 0 s. The Chézy coefficient, in this case, is fixed at 40 m"%/s, and the time step is
1s. The streamwise dispersion and lateral diffusion constants at 13.0 and 1.2 respectively and the mixing
coefficients are calculated to be Dy = 1.02 m*/s and Dy, = 0.094 m?/s. In the following discussion, Py =
233 and P represent the total number of particle used in the model.
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Figure 1: The instantaneous release problem in a uniform flow

Figure 2 shows a qualitative illustration of the solute transport process predicted by the random walk
model with different configurations of particle number. It is notable that the major axis of the ellipses
patches is in line with the flow direction, and the cloud experienced rapid elongation in the path. The
reason is that the magnitude of the streamwise dispersion is more than ten times larger than that of the
lateral diffusion. In general, when the particle number increases, the contour turns out to be more notable.
The simulation cannot generate the significant contours when the particle number is small. Larger
particle numbers significantly improve the visual inspection of the elliptical patches for solute
distribution.
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Figure 2: Evolution of the pollutant cloud with time
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Figure 3: Variation of peak concentration with time
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Figure 4: Variation of relative error with time

To get a quantitative analyse, the predicted results are compared with analytical solutions. For this
case, the analytical solution can be expressed as:

Gxgut) (y-yy)

M/H 4Dy 4D
e ,

4zt[D.D, as8)

As shown in Figure 3, variations of peak concentration with different particle numbers are compared
with theoretical values. Small particle numbers tend to produce numerical oscillations. On the contrary,
by setting a more substantial number of particles in the model, the prediction approaches closer to the
analytical solution. To show this convergence trend more clearly, a subfigure of the interval between
400s and 600s is included in Figure 3. The relative errors with different particle number configurations
are compared in Figure 4. The error for small particle numbers jumps beyond 20%, which is
unacceptable in a strict simulation. When the particle number in the model is larger than 10k times Po,
the error decreases below 5%. Also, it can be seen that the relative error distribution is not affected by
the concentration gradient.

C(x,y,t)

5 Application to Thames Estuary

After being tested for the idealised case, the random walk model is applied to simulate a fictitious
release problem in the Thames estuary. The geometry of this real terrain is complex, with extensive
wetting and drying during tidal oscillations. At the initial stage, a passive substance is discharged into
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the water body from the point Q, as shown in Fig. 5(a). The detailed topography information about this
area and physical parameters settings, such as Manning’s roughness and the rate of release, can be found
in (Liang D W. X., 2010).

A sequence of the concentration snapshots across the domain simulated by the random walk model
are presented in Figure 5. As expected, the pollutant cloud oscillates back and forth with the tidal
currents. In the first tidal circle after release, the material spreads over a broader area and becomes less
concentrated as time progresses. For example, the ebbing stage can be seen in figures a, c, and e, while
the flooding stage can be seen in figures b, d, and f. These rational results indicate that the current
random walk model can be applied to real-world cases with an unsteady flow and complex terrain. The
grid-based TVD-Mac method had been applied to the same case in Liang (Liang D W. X, 2010). By
comparison, the random walk model gives an even higher resolution of the concentration distribution,
as this grid-free approach is theoretically able to calculate concentration at any given location.
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Figure 5 Random walk simulation of the development of pollutant concentration field for the Thames
Estuary

6 Conclusions

The traditional random walk model has been extended to solve the depth-integrated advection-
diffusion equation. Firstly, the model is verified by solving an instantaneous release problem in a
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uniform flow. Analytical solutions are used as a reference. The results reveal several merits of this
model, including high accuracy and small numerical diffusion. Extensive parametric studies have been
carried out to investigate the sensitivity of the predictions to the computational parameters. It has been
found that too few particles not only degrade the visual inspection of solute distribution but also produce
unacceptable errors. On the contrary, simulations with sufficient particle numbers achieve good
accuracy with little numerical dissipation. This computational parameter significantly influences the
performance of the current random walk model. In the application, the particle number requires to be
carefully chosen. Finally, the model is successfully applied to solve a hypothetical accident of pollutant
release in the Thames estuary, where the domain geometry is complex and frequent flooding and drying
are observed during a typical tide. The results demonstrate reasonable features of the temporal and
spatial variations, which agree with the previous results based on fine meshes. The future work will be
concentrated on the parametric studies concerning time steps. In practical applications, one needs to
have a comprehensive understanding of the sensitivity of the predictions to computational parameters.
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