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Introduction

@ Compute discrete bio-
inspired systems (Cellular
automata, L-systems)

@ Speed up sequential
rewriting

Algorithmic approach using
@ pregraphs

@ rewriting modulo
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Pregraph definition
A pregraph H is a tuple H = (N, P, PN 1, PP, A, M)

o Ny Nodes @ PV Port-Node
connections

o PPy Port-Port
connections

o Attributes : Ay is a function Ay : Py W Ny — 241

@ Py Ports

e O—0 @ O—0 0
{0, 0 {12, 0) o
Ny =A{a,v,W}
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Pregraph definition
A pregraph H is a tuple H = (N, P, PN 1, PP, A, M)

o Ny Nodes @ PV Port-Node
connections

o PPy Port-Port
connections

o Attributes : Ay is a function Ay : Py W Ny — 241

@ Py Ports

oy Wy Wi Yo
o O—0 m O—0O 0
{(0, 0) {(1/2, 0)} {(1,00

P ={a1, w2, w1,72}
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Pregraph definition
A pregraph H is a tuple H = (Ny, Pu, PN 1, PP, Ax, i)

o Ny Nodes o PNy Port-Node
connections

o PPy Port-Port
connections

o Attributes : Ay is a function Ay : Py W Ny — 241

@ Py Ports

o Oo—0 m Oo—0 0
{(0, 0) {(1/2, 0)} {(1,00
PNH - {(ala Oé), (wlv W)a (w27 W)7 (7277)}
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Pregraph definition
A pregraph H is a tuple H = (N, P, PN 1, PP, Ay M)

o Ny Nodes @ PV Port-Node
connections

@ PPy Port-Port
connections

o Attributes : Ay is a function Ay : Py W Ny — 241

@ Py Ports

a w LA

2
(oWt

{0, 0)) {112, 0} .0}

PP i reduced to its non symmetric port-port connection is
WH = {(ala w2)7 (wl’r)/?)}'
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Pregraph definition
A pregraph H is a tuple H = (Ng, P, PN, PP, A, Anr)

o Ny Nodes @ PV Port-Node
connections

o PPy Port-Port
connections

o Attributes : A\ is a function Ay : Py W Ny — 241

@ Py Ports

G1 W2 W1 V2
(@@=

{(0, 0)} {(1/2, 0)} {(1,0}

AH—( [z,y];+, /), Au(a )—/\H(w2) A (wi) = Apg(ye) =0
Arr(a) = {(0,00}, Au(W) = {(5,0)}, Au(7) = {(1,0)}
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Pregraph definition
A pregraph H is a tuple H = (Ng, P, PN g, PP, An

7)‘H)

o Ny Nodes @ PV Port-Node

connections
@ Py Ports

o PPy Port-Port

connections

o Attributes : A\ is a function Ay : Py W Ny — 241

@@

{(x gy} {(x 2+x!, ya+2y,)} {x 0 v

}

Ag = Qz,yl;+, /), A1) = Au(wa) = Ag(w1) = A (12) =0

Air(0) = {(za )}, A () = {(@y.50)}, A (W) = {(Eog™, vt
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Graph definition

A graph, G, is a pregraph G = (N, P, RV, PP, A, \) such that :

(i) ((p1,p2) € PP and (p1,p3) € PP) = ps = p3 and
Vpe P, (p,p) € FP.

(i) ((p,n1) € RNV and (p,n2) € RBV) = nj = na.

{(1/2, 0)}

{(0, 03} {(1.00

{(1/2, 0)}
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Graph definition

A graph, G, is a pregraph G = (N, P, RV, PP, A, \) such that :

(i) ((p1,p2) € PP and (p1,p3) € PP) = p2 = p3 and
Vp e P,(p,p) & PP.

(i) ((p,n1) € RV and (p,n2) € BV) = nj = no.

{(1/2, 0)}

{0, 0)} Y20 q1.0p

{(1/2, 0)}
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Graph definition

A graph, G, is a pregraph G = (N, P, RV, PP, A, \) such that :

(i) ((p1,p2) € PP and (p1,p3) € PP) = p2 = p3 and
Vp e P,(p,p) & PP.

(i) ((p,n1) € RNV and (p,n2) € RBV) = nj = na.

a; w, Wi Yo
(@)

{(0, 0) {(1/2, 0)} {(1,00
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Equivalence relations over nodes and ports

Definition (=7, =")

Let H = (N, P, PN 1, PP, A, A\i) be a pregraph.
o =" is defined as (PP e PPy)*
o = is defined as (P\ ;o = oDV)*

where e denotes relation composition, ~ the converse of a relation and *
the reflexive-transitive closure of a relation.

{(1/2, 0)}

{(0, O)} {(1,0)

{(1/2, 0)}
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Equivalence relations over nodes and ports

Definition (=7, =V)
Let H = (N, P, PN 1, PP, Am, A\i) be a pregraph.
o =" is defined as (PPy @ PPy)*
o = is defined as (RP\V ;o = oRV)*
where e denotes relation composition, ~ the converse of a relation and *
the reflexive-transitive closure of a relation. )

{(1/2, 0)}

oy M MM gy
{(172, 0)}

[we] = {wa, 22} [wi] = {w1, 21}
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Equivalence relations over nodes and ports

Definition (=7, =V)
Let H = (N, P, PN 1, PP, Am, A\i) be a pregraph.
o =" is defined as (PPy @ PPy)*
o = is defined as (RP\V ;o = oRV)*
where e denotes relation composition, ~ the converse of a relation and *

the reflexive-transitive closure of a relation. )
{(1/2, 0)}
(@00 (¥
op % Wy e gy
[wa] = {w2, T2} (W] ={w, X} [wi] = {w1, 21}

Aude Maignan Parallel Graph Rewriting LPAR-21 2017, May 8/23



Equivalence relations over nodes and ports

Definition (=7, =V)
Let H = (N, P, PN 1, PP, Am, A\i) be a pregraph.
o =" is defined as (PPy @ PPy)*
o = is defined as (RP\V ;o = oRV)*
where e denotes relation composition, ~ the converse of a relation and *

the reflexive-transitive closure of a relation. )
{(1/2, 0)}
@00 (v
op %1 Wl oy e gy

Quotient pregraph H
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Quotient pregraph and Graph isomorphism
Quotient pregraph : H = (N5, Pz, PN, PP, Az, A7)
o Nz ={[n]|neNgu},
o Pz={lp||p€Pu}
o ™Ng = {(lp],[n]) | (p;n) € PN m},

o PPy = {(lpl,ld]) | (p,q) € PPu},
o Az = Ap and A g([z]) = UpcpAn (@) where [2] € Ng W Py

Theorem : Let H and H’ be two isomorphic pregraphs. Then H and H’
are isomorphic.
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Environment Sensitive Rewrite Rule

[

r

I =N, PL RN PPL AN

) r= Ny, Pr, RN, PP AN
part part :
cut part [¥ new part 7"
{(x E,_\yﬁ)) {(XELKB)}
(B (8}
R /E-\»
8 /»)/ - [31 @) O ‘32
19 Ok _ 5 W
» {0 g v { u>—-<>- -'>—<\/ JLESVRP)
Loyel Q¥ g “/ u4\Q. / \Jv
- a )’7 f‘
/—\(/ q1 Y2 J\\— } °‘1 ’wi”’y Vz J\1
qr—— S >——’y1 a»—— >—-<W)—-<> >——V1
o ve) (0, v Mgy Hcu T (x
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Environment Sensitive Rewrite Rule

[

r

I = (N, P, PN, PPy, A N) r = (Np, Pr, PN, PPy, A, Ar)
part part :
cut part [¥ new part 7"
CPA) (o vgh
g
7
6 6 B O 0By
{0 g Y { U 0 '>—< v SRSV
. ' Uy (:,/‘A[,“\Q‘ / 2 )v
{a:,_—<j> >—-<W)—-<> >—— V 3
{x g Ygh CW) {x g v "2y vy o,y
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Environment Sensitive Rewrite Rule

[

r

l:(M,Pl,PNl,WZ,A,)\l) r= (MWPWWWWMAa)‘T)
part part :
cut part [¥ new part 7"

{(x B_}'B)}
g)
® O
B 8 B O 0B,
2 —_—y Py R
((XUYYU»\’: V] >—-O e '>—( \/ {(xv yv))
u ("/h— '~y / \ v,
“ \ a 17 - u} - %
o Y2 _\2/‘ °‘1 Qs v2 J\1
@ @ cx r—— >—-< W G e p— V ,
{(X @ Yo Y24 VW)) {x, v,
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Environment Sensitive Rewrite Rule

[

r

l:(M,Pl,PNl,WZ,A,)\l) r= (MWPWWWWMAa)‘T)
part part :
cut part [¥ new part 7"

B B, 5 v,
gyt {(x Y}
u
Yy a : 2v1
. s @

KCIR

(@
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Environment Sensitive Rewrite Rule

[

r

l:(M,Pl,PNl,WZ,A,)\l) r= (MW’PWWWWMAa)‘T)
part part :
cut part [¥ new part 7"

8, B, u
T {(x Y
u.
vy o 1 2V1
o S ®

@

Y24y v !
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Definition (Matches)

Let [ and g be two graphs. A match m® : [ — g is defined as an injective
graph homomorphism. a : A4; — A, being an injective homomorphism
over attributes.

g [

{(172,V312)} by dy {(32,V312)}
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Definition (Matches)

Let [ and g be two graphs. A match m® : [ — g is defined as an injective

graph homomorphism. a : A4; — A, being an injective homomorphism
over attributes.

b, d, {(312, V312)}

b b,
1 2 f
€ % k) /
e c,
o——0

@ S

mi' : a— E; §— B; v — C,
a1 — e1; ag — eg; B — by;
B2 = ba; 1 — c15 Y2 — Ca.
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Definition (Matches)

Let [ and g be two graphs. A match m® : [ — g is defined as an injective
graph homomorphism. a : A4; — A, being an injective homomorphism
over attributes.

. 1. 3.
a2 @ To = 5iYa — %

3. V3.
Ty — 3598 = 3

Ty — 1;y, — 0.

my? o — B; 8 — D; v — C,
a1 — ba; ag — b3; B — da;
B2 — di; 11 — €35 Y2 = C1.
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Compatible rules
Iy — r1 and ls — ro are said to be compatible iff for all graphs G and
matches m{* : [y = G and m3? : Iy — G,

@ no element of m{*(r{"") is in m32(15**) and

@ no element of ng (r§™) is in mllll (lfut).

g 9 4 o B B B, & Q H
o—o () O::O———"P——&::O —_— 0—0

not compatible

Theorem : The problem of the verification of compatibility of two rules is
decidable.

Considered rewrite systems are consisting of pairwise compatible
rules
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Parallel rewrite step G = G

) R:{Li—)Rili:1...n}
o [ setofvariants [ ={l; »r; |i=1...k}
© M aset of matches M = {m" :l; - G |i=1...k}

First step: A pregraph H = (N, P, PNy, PP, Am, Ag) is computed
using the different matches and rules

o H=(G~— Uf:1m?i(liwt)) & Uf:ﬁnew

7

Second step: G' = H
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Parallel rewrite step G = G

) R:{L@'—)Rili:1...n}
o [ setofvariants [ ={l; »r; |i=1...k}

® M a set of matches M = {m" :l; = G|i=1..

k)

First step: A pregraph H = (N, P, PNy, PP, Am, Ag) is computed

using the different matches and rules

o Ny =(Ng—UkE, %ﬁ(l e Uk New

e Py =(Pg— Uk 173%%([ )) '} Uk Pt
e PNy = ((PNg N (Py x Ng)) — lecut
e PPy = ((PPG N (PH X PH)) Wcu

Second step: G' = H

Aude Maignan Parallel Graph Rewriting

all)

k

o .AH = .AG and )\H = (/\G - Ui:l)‘f::‘_gi(li)) U U;L 1

Anew

)U Uk 1P ’rLew

i
m(ri)
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Parallel rewrite step G = G

) R:{L@'—)Rili:1...n}
o [ setofvariants [ ={l; »r; |i=1...k}
© M aset of matches M = {m" :l; - G |i=1...k}

First step: A pregraph H = (N, P, PNy, PP, Am, Ag) is computed
using the different matches and rules

o NH = (NG - U’]L€_1 cuétl- (ll)) Uf 1N”I’L€’LU

o Py =(Pg— UL 179% e Uk prew
e PNy = ((PNg N (Py x Ng)) — Ulc 173Nc 5, )) W Uk_l']?/\/’”ef-’(r
o PPy = ((PPc N (Pu x Pu)) — PPC“a,(l )) WUk, ”ew(”)
o Ay = Ag and \g = (Ag—U )\C“L(l))UU LA

m{(r;)
Second step: G’ = H Theorem : H is a graph
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% K d1
e2 cl c3

[S] = {5, Y},
[51] = {Slayl}v [52] = {527y2}'
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Full Parallel Rewrite Relation

Full parallel matches : M the maximal subset of
Mz(g) = {mi* : li = g | mi?

s.t. Vmit, mg* € M,m{* & m3?
Full parallel rewriting : g = ¢

)

is a match and l; — r; is a variant}.

{112, v312)}

{10}

Y2y
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Full Parallel Rewrite Relation

Full parallel matches : M the maximal subset of
Mz(g) = {mi* : li = g | mi?

s.t. Vmit, mg* € M,m{* & m3?
Full parallel rewriting : g = ¢

g

is a match and l; — r; is a variant}.

[ —r
@ —— © @@
6 matches!
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Full Parallel Rewrite Relation

Full parallel matches : M the maximal subset of

Mg(g) ={mi* :l; = g | m{* is a match and I; — r; is a variant}.
s.t. Vm{t, mg* € M, m{" % m3>.

Full parallel rewriting : ¢ = ¢

Aude Maignan

Parallel Graph Rewriting LPAR-21 2017, May 17 /23



Full Parallel Rewrite Relation and distinguishing attributes

Full parallel rewriting : g = ¢

g

{(1/2,V3/2)}

{1} {2}

{1}
{3} {3}

@ o——0
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Full Parallel Rewrite Relation

Full parallel rewriting : g = ¢

g

%{1}{2} X
€2 0{1} {2}04
€1 €

o——0
{3} {3}

® ©

1 match!

Aude Maignan Parallel Graph Rewriting

@

and distinguishing attributes

[ —r

{1} {2}

{1}
{3}

{3}
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Full Parallel Rewrite Relation and distinguishing attributes

Full parallel rewriting : g = ¢

9=m g

%{1}{2}(&2 ————
& 0{1} {2}0%

€ )
® 5 o ©
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Parallel Rewrite Relation up to Automorphisms

Symmetry condition :

Vh® € H(l), 3 h'* € H(r), such that Vz € r"V h%(z) = h'*(z)
Matches up to automorphism

there exists an auto. h®: [ — [ such that m§' = mb52 o he
Rewriting up to automorphisms

MEE = {mi" :l; = G |mj" is a match up to auto}.

Rewrltlng up to automorphisms : ¢ Zauto g’

g

{(1/2,V3/2)}
By 3
— U, v, Q%
{xy y.,» ()
u, V2
a ‘ vy, oM
@ — @
w
2k gy 1
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Parallel Rewrite Relation up to Automorphisms

Symmetry condition :

Vh® € H(l), 3 h'* € H(r), such that Vz € r"V h%(z) = h'*(z)
Matches up to automorphism

there exists an auto. h®: [ — [ such that m§' = mb52 o he
Rewriting up to automorphisms

MEE = {mi" :l; = G |mj" is a match up to auto}.

Rewrltlng up to automorphisms : ¢ Zauto g’

g

[ —r
B. B,
b 3 ue, e
/ <\ / \ yygh [y
@ € :o @ @ . s @ : W?«xw‘yw»w: 2
o———
1 match up to automorphism! (instead of 6)
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Parallel Rewrite Relation up to Automorphisms

Symmetry condition :

Vh® € H(l), 3 h'* € H(r), such that Vz € r"V h%(z) = h'*(z)
Matches up to automorphism

there exists an auto. h®: [ — [ such that m§' = mb52 o he
Rewriting up to automorphisms

MEE = {mi" :l; = G |mj" is a match up to auto}.

Rewrltlng up to automorphisms : ¢ Zauto g’
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Parallel rewriting and determinism

Theorem : The rewrite relation = is deterministic :

For all graphs G, (G = G1 and G = G3) implies that G; and G are
isomorphic.

Theorem : The rewrite relation =+, is deterministic :
For all graphs G, for all R satisfying the symmetry condition (G =qut0 G}
and G =auto G5) implies that G/ and GY, are isomorphic.
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Example : Koch snow flake
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Example : Koch snow flake

rule 1
®
B B,
L) Y1
ay Yo
® ;@
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Conclusion

@ Algorithmic approach of parallel graph rewriting
@ Rules can overlap

@ Two deterministic parallel rewrite strategies

Future work
o Software

@ Theoretical extensions

» Stochastic parallel rewriting
» Conditional parallel rewriting
> Bloc parallel rewriting
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