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Introduction

Compute discrete bio-
inspired systems (Cellular
automata, L-systems)

Speed up sequential
rewriting

Algorithmic approach using

pregraphs
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Pregraph definition

A pregraph H is a tuple H = (NH ,PH ,PNH ,PPH ,AH , λH)

NH Nodes

PH Ports

PNH Port-Node
connections

PPH Port-Port
connections

Attributes : λH is a function λH : PH ]NH → 2AH

NH = {α, γ,W}
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connections
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Pregraph definition

A pregraph H is a tuple H = (NH ,PH ,PNH ,PPH ,AH , λH)

NH Nodes

PH Ports

PNH Port-Node
connections

PPH Port-Port
connections

Attributes : λH is a function λH : PH ]NH → 2AH

PPH reduced to its non symmetric port-port connection is
PPH = {(α1, w2), (w1, γ2)}.
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Pregraph definition

A pregraph H is a tuple H = (NH ,PH ,PNH ,PPH ,AH , λH)

NH Nodes

PH Ports

PNH Port-Node
connections

PPH Port-Port
connections

Attributes : λH is a function λH : PH ]NH → 2AH

AH = (Q[x, y]; +, /), λH(α1) = λH(w2) = λH(w1) = λH(γ2) = ∅
λH(α) = {(0, 0)}, λH(W ) = {(12 , 0)}, λH(γ) = {(1, 0)}
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Pregraph definition

A pregraph H is a tuple H = (NH ,PH ,PNH ,PPH ,AH , λH)

NH Nodes

PH Ports

PNH Port-Node
connections

PPH Port-Port
connections

Attributes : λH is a function λH : PH ]NH → 2AH

AH = (Q[x, y]; +, /), λH(α1) = λH(w2) = λH(w1) = λH(γ2) = ∅
λH(α) = {(xα, yα)}, λH(γ) = {(xγ , yγ)}, λH(W ) = {(xα+xγ2 ,

yα+yγ
2 )}
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Graph definition

A graph, G, is a pregraph G = (N ,P,PN ,PP,A, λ) such that :

(i) ((p1, p2) ∈ PP and (p1, p3) ∈ PP) =⇒ p2 = p3 and
∀p ∈ P, (p, p) 6∈ PP.

(ii) ((p, n1) ∈ PN and (p, n2) ∈ PN ) =⇒ n1 = n2.
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Equivalence relations over nodes and ports

Definition (≡P , ≡N)

Let H = (NH ,PH ,PNH ,PPH ,AH , λH) be a pregraph.

≡P is defined as (PPH • PPH)∗

≡N is defined as (PN−H• ≡P •PN )∗

where • denotes relation composition, − the converse of a relation and ∗

the reflexive-transitive closure of a relation.

H
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Let H = (NH ,PH ,PNH ,PPH ,AH , λH) be a pregraph.

≡P is defined as (PPH • PPH)∗

≡N is defined as (PN−H• ≡P •PN )∗

where • denotes relation composition, − the converse of a relation and ∗

the reflexive-transitive closure of a relation.

[w2] = {w2, x2} [w1] = {w1, x1}
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Equivalence relations over nodes and ports

Definition (≡P , ≡N)

Let H = (NH ,PH ,PNH ,PPH ,AH , λH) be a pregraph.

≡P is defined as (PPH • PPH)∗

≡N is defined as (PN−H• ≡P •PN )∗

where • denotes relation composition, − the converse of a relation and ∗

the reflexive-transitive closure of a relation.

[w2] = {w2, x2} [W ] = {W,X} [w1] = {w1, x1}
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Equivalence relations over nodes and ports

Definition (≡P , ≡N)

Let H = (NH ,PH ,PNH ,PPH ,AH , λH) be a pregraph.

≡P is defined as (PPH • PPH)∗

≡N is defined as (PN−H• ≡P •PN )∗

where • denotes relation composition, − the converse of a relation and ∗

the reflexive-transitive closure of a relation.

Quotient pregraph H̄
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Quotient pregraph and Graph isomorphism

Quotient pregraph : H = (NH ,PH ,PNH ,PPH ,AH , λH)

NH = {[n] | n ∈ NH},
PH = {[p] | p ∈ PH},
PNH = {([p], [n]) | (p, n) ∈ PNH},
PPH = {([p], [q]) | (p, q) ∈ PPH},
AH = AH and λH([x]) = ∪x′∈[x]λH(x′) where [x] ∈ NH ] PH

Theorem : Let H and H ′ be two isomorphic pregraphs. Then H̄ and H̄ ′

are isomorphic.
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Environment Sensitive Rewrite Rule

l r

l = (Nl,Pl,PN l,PP l,A, λl)
env part lenv

cut part lcut

r = (Nr,Pr,PN r,PPr,A, λr)
env part : renv

new part rnew
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Definition (Matches)

Let l and g be two graphs. A match ma : l→ g is defined as an injective
graph homomorphism. a : Al → Ag being an injective homomorphism
over attributes.

g l
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Definition (Matches)

Let l and g be two graphs. A match ma : l→ g is defined as an injective
graph homomorphism. a : Al → Ag being an injective homomorphism
over attributes.

g

ma1
1 : α→ E; β → B; γ → C;
α1 → e1; α2 → e2; β1 → b1;
β2 → b2; γ1 → c1; γ2 → c2.

l

a1 : xα → 0; yα → 0;

xβ → 1
2 ; yβ →

√
3
2 ;

xγ → 1; yγ → 0.
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Definition (Matches)

Let l and g be two graphs. A match ma : l→ g is defined as an injective
graph homomorphism. a : Al → Ag being an injective homomorphism
over attributes.

g

ma2
2 : α→ B;β → D; γ → C;
α1 → b2; α2 → b3; β1 → d2;
β2 → d1; γ1 → c3; γ2 → c1.

l

a2 : xα → 1
2 ; yα →

√
3
2 ;

xβ → 3
2 ; yβ →

√
3
2 ;

xγ → 1; yγ → 0.
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Compatible rules

l1 → r1 and l2 → r2 are said to be compatible iff for all graphs G and
matches ma1

1 : l1 → G and ma2
2 : l2 → G,

no element of ma1
1 (renv1 ) is in ma2

2 (lcut2 ) and

no element of ma2
2 (renv2 ) is in ma1

1 (lcut1 ).

not compatible

Theorem : The problem of the verification of compatibility of two rules is
decidable.

Considered rewrite systems are consisting of pairwise compatible
rules
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Parallel rewrite step G⇒I,M G′

R = {Li → Ri | i = 1 . . . n}
I set of variants I = {li → ri | i = 1 . . . k}
M a set of matches M = {mai

i : li → G | i = 1 . . . k}

First step: A pregraph H = (NH ,PH ,PNH ,PPH ,AH , λH) is computed
using the different matches and rules

H = (G− ∪ki=1m
ai
i (l

cut
i )) ] ∪ki=1r

new
i

Second step: G′ = H
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M a set of matches M = {mai

i : li → G | i = 1 . . . k}

First step: A pregraph H = (NH ,PH ,PNH ,PPH ,AH , λH) is computed
using the different matches and rules

NH = (NG − ∪ki=1N cut
m
ai
i (li)

) ] ∪ki=1N new
ri

PH = (PG − ∪ki=1Pcutm
ai
i (li)

) ] ∪ki=1Pnewri

PNH = ((PNG ∩ (PH ×NH))− ∪ki=1PN cut
m
ai
i (li)

) ] ∪ki=1PN new
m
ai
i (ri)

PPH = ((PPG ∩ (PH × PH))− ∪ki=1PPcutm
ai
i (li)

) ] ∪ki=1PPnewm
ai
i (ri)

AH = AG and λH = (λG − ∪ki=1λ
cut
m
ai
i (li)

) ∪ ∪ni=1λ
new
m
ai
i (ri)

Second step: G′ = H
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Parallel rewrite step G⇒I,M G′

R = {Li → Ri | i = 1 . . . n}
I set of variants I = {li → ri | i = 1 . . . k}
M a set of matches M = {mai

i : li → G | i = 1 . . . k}

First step: A pregraph H = (NH ,PH ,PNH ,PPH ,AH , λH) is computed
using the different matches and rules

NH = (NG − ∪ki=1N cut
m
ai
i (li)

) ] ∪ki=1N new
ri

PH = (PG − ∪ki=1Pcutm
ai
i (li)

) ] ∪ki=1Pnewri

PNH = ((PNG ∩ (PH ×NH))− ∪ki=1PN cut
m
ai
i (li)

) ] ∪ki=1PN new
m
ai
i (ri)

PPH = ((PPG ∩ (PH × PH))− ∪ki=1PPcutm
ai
i (li)

) ] ∪ki=1PPnewm
ai
i (ri)

AH = AG and λH = (λG − ∪ki=1λ
cut
m
ai
i (li)

) ∪ ∪ni=1λ
new
m
ai
i (ri)

Second step: G′ = H Theorem : H is a graph
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R = { }, I = {l1 → r1, l2 → r2},M = {ma1
1 ,m

a2
2 }.

[S] = {S, Y },
[s1] = {s1, y1}, [s2] = {s2, y2}.
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Full Parallel Rewrite Relation

Full parallel matches : M the maximal subset of
MR(g) = {mai

i : li → g | mai
i is a match and li → ri is a variant}.

s.t. ∀ma1
1 ,m

a2
2 ∈M,ma1

1 6≈ m
a2
2 .

Full parallel rewriting : g ⇒M g′

g
l→ r
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Full Parallel Rewrite Relation and distinguishing attributes

Full parallel rewriting : g ⇒M g′

g
l→ r
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Full Parallel Rewrite Relation and distinguishing attributes
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Parallel Rewrite Relation up to Automorphisms

Symmetry condition :
∀ha ∈ H(l), ∃ h′a ∈ H(r), such that ∀x ∈ renv, ha(x) = h′a(x)
Matches up to automorphism
there exists an auto. ha : l→ l such that mb1

1 = mb2
2 ◦ ha

Rewriting up to automorphisms
Mauto
R,G = {mai

i : li → G |mai
i is a match up to auto}.

Rewriting up to automorphisms : g ⇒auto g
′

g
l→ r
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l→ r
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Parallel rewriting and determinism

Theorem : The rewrite relation ⇒ is deterministic :
For all graphs G, (G⇒ G1 and G⇒ G2) implies that G1 and G2 are
isomorphic.

Theorem : The rewrite relation ⇒auto is deterministic :
For all graphs G, for all R satisfying the symmetry condition (G⇒auto G

′
1

and G⇒auto G
′
2) implies that G′1 and G′2 are isomorphic.
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Example : Koch snow flake
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Example : Koch snow flake

rule 1
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Conclusion

Algorithmic approach of parallel graph rewriting

Rules can overlap

Two deterministic parallel rewrite strategies

Future work

Software

Theoretical extensions
I Stochastic parallel rewriting
I Conditional parallel rewriting
I Bloc parallel rewriting
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